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THE LIOUVILLE THEOREM FOR NONLOCAL
DIFFUSION OPERATORS (and its relation to irrational
numbers and subgroups of $\mathbb{R}^N$)
The classical Liouville Theorem states that
u 2 L1 (RN ) &

u = 0 in RN

() u ⌘ C 2 R.

In this talk we will revisit this result for the following class of nonlocal
operators
Z
Lµ [ ](x) = P.V.
( (x + z)
(x)) dµ(z),
|z|>0

where µ is any positive symmetric Radon measure such that
Z
min{|z|2 , 1}dµ(z) < +1.
RN

This class of operators naturally includes the fractional Laplacian (
)s for
2
s
2s
s 2 (0, 1), Relativistic Schrodinger operators (
+ m ) m , convolution
operators (J ⇤ )(x)
(x) as well as discretizations of both local and
nonlocal symmetric di↵usion operators.
First, we will treat the one dimensional case. Here we give a precise
classification, in terms of the measure µ, for which the Liouville Theorem
holds. The condition will be related to irrational numbers ([1]).
In RN such a characterization is also proved. This time it will be given
in terms of the group generated by the support of the measure µ ([1]).
This nonlocal result will allow us ([2]) to give a full characterization of
the Liouville property for any operator (local + nonlocal, and not necessarily
symmetric) with constant coefficients satisfying the maximum principle (see
[3]), i.e
Z
Tr( T D2 (x)) + b · r +
(x + z)
(x) z · r (x)1|z|1 d⌫(z) .
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(Norwegian University of Science and Technology).

1

Mazarredo 14, 48009 Bilbao, BasqueCountry, Spain

www.bcamath.org

