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Topic A: A posteriori analysis techniques for the propagation of numerical waves

Numerical methods for singular PDEs
We analyze the performance of finite element schemes for the sin-
gular elliptic operator Aλ = −∆−λ/|x |2 with Dirichlet boundary
conditions (see [PA3]). The range of admissible λ’s is ensured by
the optimal Hardy inequality.
Due to the presence of the singularity, the standard elliptic regu-
larity property fails for Aλ and therefore, the classical FE method
provides weaker convergence rates than for the Laplacian. We
then analyze whether the lack of regularity can be compensated in
the computational cost by mean of well chosen numerical meshes.
We apply an adaptive FEM in which the error is quantified and
distributed on heterogeneous meshes that are finer at the origin
x = 0.
In the 2-d case, we have performed some simulations using an a
posteriori algorithm. The figure below corresponds to the critical
Hardy constant λ = 1.

Transmutation techniques

In [A1] we analyzed the observability and control properties of ab-
stract linear conservative systems and their time-discrete counter-
parts. We obtained a representation formula expressing solutions
of the continuous model in terms of the solution of the corre-
sponding time-discrete one.
As an application, we showed how observability properties for the
time continuous model yield uniform (with respect to the time-
step) observability results for its time-discrete approximation coun-
terparts, provided the initial data are suitably treated by filtering
out the spurious high frequency components.
The main output of this approach is the estimate on the time under
which we can guarantee uniform observability for the time-discrete
models. Besides, using a reverse representation formula, we also
proved that this estimate on the time of uniform observability for
the time-discrete models is sharp. We then conclude with some
general comments and open problems. In particular, the analysis
of this issues for non-conservative time-discrete schemes raises
several interesting questions for future research.

Efficient mesh adaptivity and application to ocean models

Various mesh adaptivity procedures are widely used in modern
finite element calculations as they help to get sufficiently accurate
numerical results for reasonably small costs (computational time,
computer memory, etc). In most cases, the mesh adaptivity is
driven by the information on the error distribution over the current
mesh obtained via the so-called a posteriori error estimates. We
implemented mesh adaptativity in a model for ocean flows.
The Quasi-Geostrophic Equation (QGE) is a simplified model of
large scale oceanic or atmospheric flows and it’s often used in
climate modeling.
For the QGE, we consider the pure streamfunction form

−∆ψt + Re−1∆2ψ + J(ψ,∆ψ)− Ro−1ψx = Ro−1F ,
where ψ, Re, and Ro are the streamfunction, the Reynolds num-
ber, and Rossby number, respectively, while

J(ψ,∆ψ) = ψx ∆ψy − ψy ∆ψx

is the Jacobian, and F is the external forcing. To completely spec-
ify the system we consider the boundary conditions ψ = ∂ψ

∂n = 0.

Large-scale ocean currents typically form strong western bound-
ary currents such as the Gulf Stream in the North Atlantic and
the Kurishio Current in the North Pacific. These currents form
boundary layers which cause numerical oscillations. Additionally,
on realistic domains, such as the North Atlantic, the C 1 FE dis-
cretization provides weaker rates of convergence than predicted in
[PA2]. Mesh refinement near re-entrant corners has been shown to
improve the rates of convergence. Thus, an adaptive FE method
based on a posteriori error is important to be able to tackle both
of the above mentioned difficulty when modelling ocean currents
in realistic domains, such as the North Atlantic.
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Bi-grid techniques for numerical waves on non-uniform meshes
The objective is to design bi-grid techniques (BT) for the numer-
ical approximation of the wave equation (WE) on non-uniform
meshes (NUM).
The BT due to R. Glowinski [PA1] is a filtering technique able to
cure the lack of uniform propagation with respect to the mesh size
parameter h for the finite difference (FD) numerical schemes for
the WE on uniform meshes [A9], [PA1]. It consists in considering
initial data on a coarser grid and constructing the values at the
remaining nodes of the fine grid by linear interpolation. In [A24],
we consider the FD approximation of the 1-d WE on a NUM
obtained by applying a smooth transformation g to the uniform
mesh (gj = g(xj), xj = jh):

u′′j (t)− 2
gj+1 − gj−1

(uj+1(t)− uj(t)

gj+1 − gj
− uj(t)− uj−1(t)

gj − gj−1

)
= 0.

We take g(x) = tan(πx/4) and Gaussian wave packets initial
data concentrated around x 0 = 0 and oscillating at frequency
ξ0 ∈ (0, π].
The projection on the bi-grid space of these initial data produces
three wave packets: two propagating in the same direction as the
original Gaussian wave packet, corresponding to ξ0 and ξ0 − π,
and one propagating in the opposite direction, corresponding to
2π − ξ0 (Figure 1.(a)-(b)).

For ξ0 = π/2, the bi-grid solution remains trapped in the inte-
rior of the domain as for the original unfiltered data. This holds
since the intersection between the red area in the phase portrait
in Figure 2 and the vertical section through x 0 = 0 is an interval
of length larger than π (Figure 1.(c)).
A rigorous analysis of the convergence of these methods and their
adaptation to the multi-d case is still to be done.

(a) ξ0 = 5π/8, bi-
grid 1/2

(b) ξ0 = 5π/8, no
bi-grid

(c) ξ0 = π/2, bi-
grid 1/2

(d) ξ0 = π/2, bi-
grid 1/4

Figure: Bi-grid solutions of the FD wave equation on the grid gh = tan(πxh/4)

Figure: Phase portrait of the FD wave equation on the grid gh = tan(πxh/4)

Wave propagation in heterogeneous media
The propagation of 1-dimensional waves in highly heterogeneous
media can be described by the equation

Lu := ρ(x) ∂2
t u − ∂x

(
a(x) ∂xu

)
= 0 , (1)

where the coefficients ρ and a (besides the usual boundedness
and strict hyperbolicity assumptions) are supposed to be irregular,
namely non-Lipschitz.
We proved (see [A21]) that, even in this setting, the system is
still controllable, even if the control has to be found in a space
which is possibly larger than the classical L2 one. This was possible
thanks to weak observability estimates, which involve a “loss of
derivatives”. We also gave a sharp classification of the relation
between regularity of the coefficients and kind of observability
estimates one can expect.
The starting point for such a study was a careful analysis of the
operator L coming into play in equation (1). In [A18] and [A19],
for instance, we considered the more general instance of any space
dimension and non-Lipschitz coefficients depending both on time
and space variables. There, we proved well-posedness results for
the Cauchy problem for L in suitable Sobolev spaces.

Perspectives
Numerical methods for singular PDEs:
1 Elliptic problems with multipolar singularities and their asymp-
totic behavior when they collapse into a point.

Bi-grid techniques for numerical waves on non-uniform meshes:

1 Design and analyze bi-grid techniques for the numerical approx-
imations of the 2-d wave equation on non-uniform meshes.

2 Design adaptive conjugate gradient algorithms for the control of
waves, by local filtering of oscillating solutions.

Numerical microlocal analysis:

1 Define the symbol of a numerical approximation scheme for the
wave equation on heterogeneous grids.

2 Describe possible high frequency numerical pathologies induced
by the heterogeneity of the numerical grids.

Analytical aspects of wave propagation:

1 Prove observability estimates for wave equations with rough co-
efficients in higher dimensions.

2 Consider the non-linear case.
Transmutation techniques:

1 Consider non-conservative time-discretization schemes.
2 Analyse the case when the time-discretization parameter changes
in an adaptative manner.
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Topic B: Dispersive properties in discrete heterogeneous media

Dispersion for the Schrödinger equation on networks

Motivation: We consider the Schrödinger equation on a network
formed by a tree with the last generation of edges constituted by
infinite segments.
Our main contributions: In [B1], we give an explicit description of
the solution of the linear Schrödinger equation with constant co-
efficients defined on a tree and prove dispersive estimates, which
in turn are useful for solving nonlinear Schrödinger equations.
The main result is the following one: The solution of the linear
Schrödinger equation on trees is of the form

e it∆Γu0(x) =
∑
λ∈R

aλ√
|t|

∫
Iλ e i φλ(x ,y)

t u0(y) dy ,

with φλ(x , y) ∈ R, Iλ ∈ {Ie}e∈E ,
∑
λ∈R |aλ| <∞, and it satisfies

the dispersion inequality
‖e it∆Γu0‖L∞(Γ) ≤ C√

|t|
‖u0‖L1(Γ), t 6= 0.

We also have considered the time dependent one-dimensional

Schrödinger equation with multiple Dirac delta potentials of dif-
ferent positive strengths

Hα = −∆ +
∑n

j=1αjδ(x − xj).

We prove that the classical dispersion property holds. The result
is obtained in a more general setting of a Laplace operator on a
tree with δ-coupling conditions at the vertices.
In paper [B2] we analyze the dispersion for one dimensional wave
and Schrödinger equations with BV coefficients. In the case of the
wave equation we give a complete answer in terms of the variation
of the logarithm of the coefficient showing that dispersion occurs
if this variation is small enough but it may fail when the variation
goes beyond a sharp threshold. For the Schrödigner equation we
prove that the dispersion holds under the same smallness assump-
tion on the variation of the coefficient. But, whether dispersion
may fail for larger coefficients is unknown for the Schrödinger
equation.

Controllability for Schrödinger equations

We consider the controlled Schrödinger equation:
i ż = −∆z + V (x)z + u(t)Q(x)z , x ∈ D,

z |∂D = 0,
z(0, x) = z0(x),

where D b Rd , ∂D ∈ C∞, d ≥ 1, V ,Q ∈ C∞(D,R) are given
potentials, u is the control and z is the state.
State of the art: In [PB2, PB3] it is proved that the 1 − d
Schrödinger equation is exactly controllable in finite time in a
neighborhood of any finite linear combination of eigenfunctions
of the Laplacian. In [PB4] it is proved that 1 − d Schrödinger
equation is globally exactly controllable in infinite time.
Our main contributions : In [B7], we prove that (1)-(1) is ex-
actly controllable in infinite time near any point which is a finite
linear combination of eigenfunctions of the Schrödinger operator,
extending the results of [PB4] to the multidimensional case.

It is well known that the linearized system around the trajectory
e−iλk ,V tek,V with u = 0 and z0 = ek,V is not controllable in finite
time (since there is no gap condition for the frequencies ωmk,V =

λm,V − λk,V ).
We find a space H where the nonlinear problem is well posed
and the linearized problem is controllable in infinite time. Ap-
plying the inverse function theorem in the space H, we get the
controllability for (1)-(1). This space H is sufficiently large so to
contain the Sobolev space H3d . Thus, in particular, we prove the
controllability in H3d .
The result is optimal in the sense that the multidimensional
Schrödinger equation (1)-(1) is not exactly controllable in finite
time.

Wave propagation in descrete non-uniform meshes

State of the art: The solution of the constant coefficient
wave equation propagates at constant velocity along straight
characteristic lines reflecting on the boundary according to
the Descartes-Snell law [PB1]. When the continuous model is
replaced by a numerical scheme (e.g. FD = finite differences) on
an uniform mesh, the numerical solution still propagates along
straight characteristics, but possibly at arbitrarily small group
velocities [B4].

Figure: Solutions and phase portrait of the FD approximations of the 1 − d
wave equation on the grid gh = tan(πxh/4)

Our main contributions: Consider the FD approximation of the

wave equation on a non-uniform mesh gh obtained by applying
a diffeomorphic transformation g to the uniform one. Define
the associated dispersion relation as p(x , ξ) := 2 sin(ξ/2)/g ′(x)

and the Hamiltonian system of bi-characteristic rays (x(t), ξ(t))

by formula 8.5.7, pp. 302, [B5]. Set y(t) := g(x(t)) and
y 0 := g(x 0). In Fig. 1 we represent three numerical solu-
tions on the interval [−1, 1], with homogeneous Dirichlet bound-
ary conditions, corresponding to the Gaussian initial data uh,0 =

exp(−γ(xh − x 0)2) exp(ixhξ0/h) with γ = h−0.9, x 0 = 0, ξ0 =

π, π/2, π/4. From the phase portrait drawing (y(t), ξ(t)) on the
horizontal/vertical axes, we observe the following three shapes of
concentrated solutions for the mesh gh = tan(πxh/4); • one non-
propagating wave corresponding to ξ0 = π; • waves trapped in the
interior of the domain without getting reflected on the boundary,
corresponding to cyclic trajectories on the phase portrait which do
not reach the endpoints y = ±1 (ξ0 = π/2); • waves reflected
on the boundary (ξ0 = π/4). When g : [0, 1] → [0, 1] is strictly
concave, by multiplier techniques, we obtain the following uniform
observability inequality for all T > T̃ ? := 2(1 + θ0) [B3]:

[
T − 2(1 + θ0)

]
Eh

g (uh,0,uh,1) ≤ 1+θ0
2
∫ T
0

∣∣∣∣ uN(t)
hN+1/2

∣∣∣∣2 dt,

where θ0γ? > 1, γ? := min(1/g ′)′ and Eh
g (uh,0,uh,1) is the total

energy of the solutions. In Fig. 2, we note three behaviors of
the Gaussian wave packets starting at y 0 = 0.5: • reflection
on both endpoints (ξ0 = π/3); • reflection on both endpoints
with diffraction at y = 0 (ξ0 = π/2); • reflection on the right
endpoint (ξ0 > π/2). The time T̃ ? obtained by multipliers is
not optimal. The sharp one, obtained by analyzing the system of
bi-characteristic rays, is

T ? := 2maxx0∈[0,1]

∫ 1
x0

1√
c2(x)−c2(x0)

dx , c := 1/g ′.
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Figure: Solutions and phase portrait of the FD scheme on the grid gh =

log(xh + 1)/ log(2)

Perspectives

1 Analysis of dispersive properties for discrete models on networks.
2 General coupling conditions on the nodes of the trees:
A(v)f(v) + B(v)f ′(v) = 0 where the joint matrix (A(v),B(v))

has maximal rank and A(v)B(v)T = B(v)A(v)T .
3 Analysis of dispersive properties for numerical schemes on non-
uniform meshes.

4 Generalize the existing estimates on clusters of eigenfunctions to
numerical schemes for equations in bounded domains and man-
ifolds. Give examples where these estimates fail. Characterize
the schemes and or frequency ranges where they are fulfilled.

5 To build transparent boundary conditions and efficiency analysis
of the method of perfectly matched layers.

6 Find phase portrait-type criteria to identify all the possible shapes
of the 2− d discrete bi-characteristic rays.

7 Analyze the reflection-transmission on grids interconnected
through interfaces.
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Topic C: Numerical Analysis of Optimal Design Problems

New Challenges on Wave Optimal Control and Observation

In [C9] the optimal observability problem for the homogeneous
1-dimensional wave equation over the set (0,T ) × (0, π) with
Dirichlet conditions is analysed. The aim of the study is, for a
given L ∈ (0, 1), to maximize the largest observability constant

CT (χω) = inf


∫ T
0
∫
ωy(t, x)2 dx dt

‖(y 0, y 1)‖2L2(0,π)×H−1(0,π)

:

(y 0, y 1) ∈ L2(0, π)× H−1(0, π) \ {(0, 0)}

 ,
over all measurable subsets of (0, π) of measure Lπ, where y(t, x)

denotes the solution of the homogeneous wave equation with ini-
tial data (y 0, y 1).
The main result states that this optimal value is Lπ/2 and it
is attained only for L = 1/2, 0 < L < 1. In this case the
optimal problem has an infinite number of solutions. For L 6=
1/2 a convexified minimisation problem is proposed for which the
existence of solutions is proved. The non gap between the original
and the relaxed problem is also proved.

In [C10] similar problems are adressed for the optimal location of
controllers. The minimisation of the L2((0,T ) × (0, π))-norm of
the HUM control steering the system to the equilibrium with re-
spect to the support of the control is analysed. Different phenom-
ena appear depending on the choice of the initial data, resulting
on sets ω with a finite or inifnite number of connected sets, like
Cantor sets, for instance.

Different optimal sets ω depending on the initial data and the volume fraction
L.

Finite Element Approximation to Optimal Design Problems

In [C2] we consider the Finite Element numerical analysis of the
1 − d problem of optimal mixture of two materials in order to
minimise a given functional, the state equation being

− d
dx

(
(αχω + β(1− χω))

du
dx

)
= f , in (0, 1),

u(0) = u(1) = 0,
where α, β > 0 are fixed and f ∈ L1(0, 1).
The problem is to find ω in the class of measurable subsets of
(0, 1) with |ω| ≤ κ, for a fixed κ > 0, so that the unique solution
of the problem uω ∈ H1

0(0, 1) minimises a given functional of the
form
J (ω) =

∫
ω
F1

(
x , uω,

duω
dx

)
dx +

∫
(0,1)\ω

F2

(
x , uω,

duω
dx

)
.

To solve this we either directly discretise this problem, or a relaxed
version of it.
The challenge now is to extend these techniques to more complex
problems and, in particular, to the multi-dimensional case. We
have shown that:

•The approximation method consisting in solving a discrete fi-
nite element version of the optimal design problem leads to a
convergent algorithm for approximating the optimal continuous
shape.

•An approach using the discretisation of the relaxed problem yields
a better approximation and convergence rate with less compu-
tational cost, even in the case that there exists a solution to the
original problem.

Ω = (0, π)2, with Dirichlet boundary conditions. Row 1: L = 0.2; Row 2:
L = 0.4; Row 3: L = 0.6; Row 4: L = 0.9. From left to right: N = 2 (4
eigenmodes), N = 5 (25 eigenmodes), N = 10 (100 eigenmodes).

Continuous Adjoint Apporach in Aerodynamic Optimisation

In [C1] we formulate the countinuous adjoint approach for the
shape optimisation of an obstacle immersed in a fluid governed by
the Reynolds-averaged Navier-Stokes equations. We deal with the
Spalart-Allamaras turbulence model, which is widely used in aero-
dynamic industry. The distance to the surface is also incorporated
to the model, as a new variable solving the Eikonal equation:{

|∇u(x)| = F (x) x ∈ Ω

u(x) = 0 x ∈ ∂Ω

Previous results by other authors focused just on the discrete ad-
joint approach. We compare the accuracy of the sensitivity deriva-
tives obtained with the continuous approach and the ones obtained
with the classical continuous adjoint with frozen viscosity.

A finite volume method is used for the space discretisation in
both direct and adjoint approaches. A time-marching strategy in
pseudotime is used in order to achieve the steady solution of the
system.

Convergence history of the turbulent and frozen viscosity adjoint methods (left)
and density-adjoint variable fields for drag objetctive function using the turbu-
lent and the frozen viscosity adjoint methods (right).

Averaged Controllability of Parametrized Systems
We analyze the problem of controlling uncertain systems submit-
ted to parametrized perturbations. More precisely, we consider the
problem of controlling the expected or averaged value of the sys-
tems states starting from a given and known initial datum and by
means of a single control, independent of the parameters involved.
Our study is limited to linear systems in which the operator gov-
erning the dynamics depends on a parameter taking into account
the uncertainty of the system.

We introduce the problem of averaged controllability according to
which the average of the states with respect to the uncertainty
parameter is the quantity of interest. We show that the problem is
equivalent to an averaged observability inequality for the adjoint
system whose distinguished feature is that all the components,
regardless the value of the uncertain parameter, take the same
final state.
We address finite-dimensional systems and elliptic and parabolic
equations as well.

Perspectives
In optimal control problems, the cost of control has deterministic
lower and upper bounds 0 < k,K < ∞. The upper bound
corresponds to the worst-case scenario. It makes sense to consider
random random data to be controlled and to wonder about the
value of the probability that the cost of control is lower thatn c
for any k < c < K . Our aims in this context are:
1 Characterise the cost of control as a random variable using ex-
isting results in probability theory (see [PC3]).

2 Study the dependence of that variable with respect to the param-
eters of the random data (expected value, standard deviation,
etc.).

Another open problem in the context of uncertain switching con-
trol (see [C5] and [C11]), is to develop control strategies for sys-
tems in which parameters switch randomly through time.

The following problems in optimal design of PDEs will be ad-
dressed:
1 To design projected conjugate gradient algorithms (see [PC1])
inspired in [PC2] for the bi-grid adaptive filtering of the wave
equation.

2 Optimal design problems for scalar elliptic equations with coeffi-
cients mixing two types of materials in several space dimensions.

3 Optimal design problems related with elastic waves, wave-guides
and quantum dots.

4 Optimal damping for wave equations.
5 Analysis of the convergence of numerical approximation of opti-
mal sets for the observation and control of wave equations.

6 Further analyze the notion of averaged controllability and its
systematic development in the context of parameter dependent
PDE.

References
[C1] Bueno-Orovio A., Castro C., Palacios F., Zuazua E., Continuous Adjoint Approach for the Spalart-Allmaras Model in Aerodynamic Optimization, AIAA Journal 50(3), 631-646, 2012.
[C2] Casado-Diaz J., Castro C., Luna-Laynez M., Zuazua E., Numerical Approximation of a One-dimensional Elliptic Optimal Design Problem, SIAM J. Multiscale Analysis (9)3, 1181-1216, 2011.
[C5] Lü Q., Zuazua E., Robust Null-controllability for Heat Equations with Unknown Switching Control Mode, submitted.
[C9] Privat Y., Trélat E., Zuazua E., Optimal Observation of the One-dimensional Wave Equation, submitted.
[C10] Privat Y., Trélat E., Zuazua E., Optimal Location of controllers for the one-dimensional wave, submitted.

[C11] Zuazua E., Switching Control, JEMS, 13, 85-117, 2011.
[PC1] Ciarlet P., Introduction to Numerical Linear Algebra and Optimization, Cambridge University Press, 1989.
[PC2] Ignat L., Zuazua E., Convergence of a Two-grid Algorithm for the Control of the Wave Equation, JEMS, 11, 351-391, 2009.
[PC3] Imhof J.P., Computing the Distribution of Quadratic Forms in Normal Variables, Biometrika 48, 419-426, 1961.



NUMERIWAVES Project ERC FP7 - 246775 New analytical and numerical methods in wave propagation
2013

Principal Investigator: Enrique Zuazua
Current members: U. Biccari, M.-B. Tran, F. W. Chaves-Silva, J. Escartín, F. Fanelli, E. Foster, L. I. Ignat, M. Lazar, H. Nersisyan,
A. Pozo, S. Sonner
Collaborators: R. DeVore, D. Dutykh, E. Feireisl, S. Gerbi, A. Munch, A. Porretta
Support and Staff: I. Elespe, M. A. Benítez
Past members: C. Audiard, M. Biswas, V. Darrigrand, M. Ersoy, D. Giacomo, P. Keraval, U. Koley, R. Lecaros, Q. Lü, A. Marica, L.
Provenzano, J.-P. Puel

Topic D: Numerical Methods for Flow Control in the Presence of Shocks

Unsteady mixed flows in non uniform closed water pipes: a Full Kinetic Approach

Objectives: Our aim is to develop efficient numerical approxima-
tion schemes for the modeling of unsteady mixed flows in closed
water pipes. The model under consideration is the so-called PFS
(Pressurized and Free Surface, see [D3]) :

∂t(A) + ∂x(Q) = 0,

∂t(Q) + ∂x

(
Q2

A + p
)

= −g AZ ′ + Pr − G − KQ|Q|
A ,

where A is the equivalent wet area, Q the discharge and z = Z (x)

is the altitude of the main pipe axis. The terms Pr(x ,A,E ),
G(x ,A,E ) and K (x ,A,E ) denote respectively the pressure source
term, a curvature term and the friction.
Our main contributions: In [D4], we provide an efficient numerical
kinetic scheme, the so-called FKA, for “Full Kinetic Approach”. It
allows to deal with multiple transition points when the changes of

state between free surface and pressurized flow occur. We intro-
duce two approaches, namely, the “ghost waves approach” and
the “Full Kinetic Approach” to treat these transition points. We
show that this kinetic numerical scheme has the following proper-
ties: it conserves the wet area, under a CFL condition it preserves
the wet area positive, it treats “naturally” the drying and flooding
area and it preserves every stationary flow.

(a)Wiggert’s test
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(b)Numerical results

Numerical experiment versus laboratory experiment : Wiggert’s test

The two-dimensional alternating descent method

Objectives: Our aim is to develop the alternating descent method
(a strategy to compute numerical approximations of minimizers for
optimal control problems governed by scalar conservation laws, in
the presence of shocks) in 2-D. We consider the cost functional
to be minimized J : L1(R2)→ R, defined by

J(u0) =
∫
R2
|(u(x ,T )− ud(x)|2dx ,

where u(x , t) is the unique entropy solution of
∂tu+div(f (u)) = 0, in R2×(0,T ); u(x , 0) = u0(x), x ∈ R2,

and ud is a given target function. We assume that u(x , t) has a
single shock curve Σ =

⋃
t∈[0,T ] Σt.

Our main contributions: The Gateaux derivative of J in the direc-
tion (δu0, δϕ0), can be written as follows:
δJ(u0)[δu0, δϕ0] =

∫
R2

p(x , 0)δu0dx −
∫

Σ0
q(x , 0)[u]Σ0δϕ0dσ,

where (p, q) is the adjoint state pair corresponding to (u,Σ) and
δu0 and δϕ0 are the perturbations of the solution and the location
of the shock at t = 0, respectively. For a given initialization of
u0, in each step of the descent iteration process we proceed in the
following two sub-steps:
1 Compute the first direction to change the profile but not the
position of the shock.

2 Use the second direction to move the shock without changing
the profile of the function at t = 0 far from it.

(a)Classical: J = 5.6 · 10−5 after >100 iterations (b)Alternating: J = 1.5 · 10−6 after 56 iterations

Minimizer and achieved final state

Local exact controllability for 1-D
compressible Navier-Stokes equations

Objectives: The boundary controllability of the compressible
Navier-Stokes equations is a particularly relevant problem in this
area of control of viscous compressible fluids:

∂tρ + div(ρu) = 0, in Ω× (0,T ),

ρ (∂tu + u · ∇u)− ν∆u +∇p(ρ) = 0, in Ω× (0,T ),

u(0) = u0, ρ(0) = ρ0, in Ω,

p(ρ) = Cργ

Here ρ is the density; u the velocity; p(ρ) is the pressure, assumed
to satisfy p′(ρ) > 0, typically p(ρ) = Cργ, C > 0, γ ≥ 1 and
ν > 0 is the constant viscosity. The problem is to find a solution
of this system (the boundary conditions are not prescribed and play
the role of controls) such that at time T we have (u(T ), ρ(T )) =

(ū, ρ̄) where ū and ρ̄ are constants.
Our main contributions: In [D6], we show that for any T > L/|ū|
and (ρ̄, ū) ∈ R∗+×R∗ there exists ε > 0 such that for all (ρ0, u0) ∈
H3(0, L)2 satisfying ||(ρ0, u0) − (ρ̄, ū)||(H3)2 ≤ ε, there exists a
controlled trajectory (ρ, u) such that ρ ∈ H1((0,T )× (0, L)) and
u ∈ H1((0,T ); L2(0, L)) ∩ L2((0,T );H2(0, L)) satisfying

(ρ(T ), u(T )) = (ρ̄, ū).

The method of proof needs ū 6= 0 and the result requires the
control time to be large enough: T > L/|ū|. Furthermore, it
can be shown that the linearized problem around (ρ̄, 0) is not
controllable, but this does not prove that the nonlinear problem is
not controllable near ū = 0.

Sensitivity analysis of 1-D steady
forced scalar conservation laws

Objectives: In [D1] we consider a simplified model problem based
on the 1-D scalar steady driven conservation law ∂x f (v(x)) + v(x) = g(x), x ∈ R,

lim
x→±∞

v(x) = 0.
Our main goal is to perform a rigorous sensitivity analysis of so-
lutions v with respect to perturbations of the forcing term g .
Our main contributions: Let vε = v + ε(δv)ε ∈ L1 ∩ L∞(R) be
the solution of the perturbed problem with forcing gε = g + εδg ,
where v ∈ L1 ∩ L∞(R) is the unique solution of the equation.
Then

(δv)ε→ δv weakly-* inM(R) as ε→ 0,
where (δv) is the unique duality solution of the linear problem

∂x (f ′(v)δv) + δv = δg .
Moreover, the sensitivity of the shock location with respect to
variations of the forcing term may be characterized as follows:

δϕ = lim
ε→0

ϕε − ϕ
ε

=
[f ′(v)δv ]0

[v ]0
where ϕ and ϕε stand for the shock location of the reference
solution v and the perturbed one vε = v + εδvε.

Multiple steady shocks

Large-time behavior of numerical schemes for 1-D scalar conservation laws

Objectives: Scalar hyperbolic conservation laws require numerical
schemes that are able, in particular, to capture shocks correctly.
For this to be possible, they usually add artificial viscosity. At the
continuous level:

∂tu + ∂x f (u) = ε∂xxu, x ∈ R, t > 0,
with f strictly convex, develops different behaviors for ε = 0 and
ε > 0: solutions converge to the so-called N-wave in the first
case, while a diffusive wave is achieved in the latter. One could
expect the same the same situation at the discrete level, that is,
that numerical viscosity distorts the large-time profile.
Our main contributions: In [D10] we have shown that there are
monotone conservative schemes, such as Lax-Friedrichs, that de-
velop a parabolic performance, while others (such as Engquist-
Osher and Godunov) persist on the good large-time behavior. The
key point is to preserve the following quantities for all n ≥ 0:

pn = −min
k∈Z

k∑
j=−∞

unj and qn = max
k∈Z

∞∑
j=k

unj ,

where unj is the approximated solution for the conservation law in
the cell (xj−1/2, xj+1/2)× [tn, tn+1), with xj+1/2 = ∆x(j−1/2) and
tn = n∆t. This is equivalent to the continuous case, where the
quantities
p(t) = −min

x∈R

∫ x

−∞
u(y , t)dy and q(t) = max

x∈R

∫ ∞
x

u(y , t)dy

are constant for all t ≥ 0. p0 and q0 give us, precisely, the support
of the discrete N-wave, which is defined as:

Np0,q0(x , t) =

x/t, −
√
2p0t ≤ x ≤

√
2q0t

0, elsewhere
Using self-similar variables, this phenomenon is perceived even bet-
ter, since the support of the solutions does not grow. This allows
to reduce drastically the number of nodes and time-iterations.

Large-time profile for Lax-Friedrichs, Engquist-Osher and Godunov.

Perspectives

1 Effect of singularities of solutions of models in fluid mechanics
on the efficiency of optimization algorithms.

2 Extension of the alternated descent method for general hyper-
bolic systems in 1-D (well-posedness of the adjoint problem with
corresponding inner Dirichlet boundary conditions, region of in-
fluence of shocks...).

3 Controllability properties of systems describing propagation of
the sonic boom from the aircraft to the ground level, which is
known as the augmented Burgers equation.

4 Possible use of the alternated descent method for viscous sys-
tems, as, for instance, the augmented Burgers equation.
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Task E: Numerical Versions of Qualitative PDE Theory

Kinetic Equations : Theory and Numerics

•Domain decomposition methods for the Kolmogorov
Equation: In [E4], we design parallel schemes based on the
Schwarz waveform relaxation methods to solve numerically the
Kolmogorov equation. Theoretical and numerical results are
provided.

• Long time behavior of some kinetic models: In [E11], we
solve the conjecture of L. Desvillettes and F. Salvarani about the
convergence rate to equilibrium for Goldstein-Taylor and related
models. We also apply our technique to study the convergence
toward equilibrium for the linearized Boltzmann equation. In the
context of the linearized Boltzmann equation, C. Mouhot has
proved exponential decays in the case of hard potential. For the
soft potential case, R.M. Strain and Y. Guo have proved results
about the almost exponential decay. We prove the exponential
decay for the hard potential case and the almost exponential
decay for the soft potential case with weaker assumptions on
the collision kernel.

•Nonlinear approximation theory for the homogeneous
Boltzmann equation: A challenging problem in solving the
Boltzmann equation numerically is that the velocity space is ap-
proximated by a finite region. Therefore, non-physical conditions
have to be imposed on the equation in order to keep the velocity
domain bounded. In [E18], we introduce the first nonlinear ap-
proximation theory for the Boltzmann equation. Our nonlinear
wavelet approximation is non-truncated and based on a nonlin-
ear, adaptive spectral method associated with a new wavelet
filtering technique and a new formulation of the equation. The
approximation is proved to converge and perfectly preserve most
of the properties of the equation. Previous strategies could be
considered as special cases of our approximation with different
wavelet basis. The work provides the first bridge between the
two important theories: kinetic and nonlinear approximation.

Singular Behavior of Parabolic Systems

We have studied the singular behavior of parabolic systems in
which one or more equations degenerates into elliptic equations.
Essentially, we want to understand what happens with the classical
properties of control theory, such as controllability or observabil-
ity when an equation or model is replaced by another which is
supposed to be simpler. We analyse the control and observation
properties of parabolic systems under singular perturbations in
which some of its components degenerate into elliptic equations.
This problems arise in various areas such as biology, cardiology or
fluid mechanics and are relevant in industrial applications. How-
ever, it is not well understood if this kind of simplification can
be done from a control theory point of view. The main reason is
due to the fact that we are considering systems having different
physical properties and therefore, at least a priori, different control
properties.

We have shown in [E22] the uniform null controllability of degen-
erating linear parabolic systems with respect to the degenerating
parameter and have applied these ideas to analyze in [E26]
the nonlinear monodomain model, a parabolic-ellipitc system
appearing in electrocardiology as a simplification of a nonlinear
parabolic system modelling electrical activities in the heart.

We have shown that the monodomain model actually has
its control properties as consequence of the controllability of a
family of nonlinear parabolic systems.

We also analyzed the uniform controllabity of the parabolic
Keller-Segel system of chemotaxis, showing its uniform controlla-
bilty around solutions of its paraboli-elliptic version.

Attractors for a Class of Semilinear Degenerate PDEs

In [E12], [E13], we show that the theory of semigroups and global
attractors extends to a large class of semilinear evolution equations
involving degenerate elliptic operators.
As model problems we consider the semilinear heat and damped
wave equation in a bounded domain with homogeneous Dirichlet
boundary conditions, where the classical Laplacian is replaced by
an operator L, that is X-elliptic with respect to the family of
vector fields X � tX1, . . . ,Xmu.
This class contains on the one hand hypoelliptic operators such
as Sub-Laplacians on Carnot groups (e.g., the Kohn Laplacian on
the Heisenberg group), and on the other hand, ∆λ-operators (e.g.,
Grushin-type operators).

The local well-posedness is established under subcritical growth
restrictions on the nonlinearity f, which are determined by the
geometry and functional setting naturally associated to the family
of vector fields X.
Assuming additionally that f is dissipative, the global existence of
solutions follows, and we can characterize their long time behavior
using methods from the theory of infinite dimensional dynamical
systems. We show the existence and finite fractal dimension of the
global attractor and the convergence of solutions to an equilibrium
solution as time tends to infinity.

Anisotropic Heat Kernels

We obtain the asymptotic expansion of the solutions of some
anisotropic heat equations when the initial data belong to poly-
nomially weighted Lp-spaces. We mainly address two model ex-
amples. In the first one, the diffusivity is of order two in some
variables but higher in the other ones. In the second one we con-
sider the heat equation on the Heisenberg group.
In the case of the heat equation on the Heisenberg group we obtain
the following asymptotic expansion.

Theorem
For any f P L1pR2n�1, 1 � |z|2 � |θ|q the solution u of problem

utpz, θ, tq � ∆Hnupz, θ, tq with initial data f satisfies the following���up�, tq �
� ³

Hn f
	
Ht �

°2n
j�1

� ³
Hn zjf pz, θq

	
ZjHt

���
L1pR2n�1q

À t�1}p1 � |z|2 � |θ|qf }L1pR2n�1q, t ¡ 0,
where Zj, j � 1, . . . , 2n are the first 2n vector fields of the Lie
algebra on Hn.

Large-time Behavior of Solutions for the Augmented Burgers Equation

One of the main research interests in aeronautics is related to the
production of civil supersonic aircrafts. A big issue in this topic is
the creation of sonic booms, which arise when a plane flies above
the speed of sound. Related to this phenomenon, we studied
a simplified version of the Augmented Burgers equation, which
describes the propagation of the sonic boom from the aircraft to
the ground level. The corresponding model is as follows:$&

%
ut � uux � uxx � ux � K � u � u, px, tq P R � p0,8q
upx, 0q � u0pxq, x P R

(1)

where the kernel K is defined as Kpzq :� χp0,8qpzqe�z.

We have proved the existence and uniqueness of solution for any
initial data u0 P L1pRq X L8pRq, using a fixed point argument. By
means of a scaling method and some time-decay estimates of the
Lp-norms of the solutions, we also obtained that

lim
tÑ8

t
1
2p1�

1
pq } uptq � uMptq} Ñ 0 (2)

where uM is the self-similar profile which is solution of$&
%

ut � uux � 2uxx � 0, px, tq P R � p0,8q
upx, 0q � Mδ0, x P R,

(3)

and M is the mass of u0. In other words, we showed that the
non-local term asymptotically doubles the viscosity.

Perspectives
1 Build a numerical scheme that reproduces the large-time behavior of the Augmented Burgers Equation.
2 Study the convergence to equilibrium of the Boltzmann equation arising in quantum mechanics, where the equation is of order 3 while
the classical one is of order 2. Study the convergence to equilibrium of the Fokker-Planck equation arising in neuroscience, where the
equation is considered on a bounded domain with Robin boundary condition while classical ones are defined on the whole space.

3 Study the adaptive spectral method in the nonlinear approximation theory of the Boltzmann equation for modeling gas flows arising in
aerospace applications.

4 Show the existence of attractors for semilinear degenerate parabolic problems under critical growth restrictions on the nonlinearity.
5 Establish Hardy inequalities for ∆λ-operators and study its application to control; in particular, for degenerate heat and wave equations
with quadratic singularities.
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Topic F: Other topics

Controllability and stabilization of non-hyperbolic PDEs

Control in long time horizons
We analyze the convergence of optimal control problems for an
evolution equation in a finite time-horizon of length T towards
the limit steady state ones as T tends to infinity. We focus on
linear problems [F28]. We first consider linear time-independent
finite-dimensional systems and show that the optimal controls and
states exponentially converge in the transient time to the ones of
the corresponding steady state model. For this to occur suitable
observability assumptions need to be imposed. We then extend
the results to infinite dimensional systems including the linear heat
and wave equations. The problem is mainly open in the nonlinear
context.

Control of chemotaxis
Chemotaxis is a biological phenomenon describing the change of
motion when a population formed of individuals (such as amoebae,
bacteria, endothelial cells etc.) reacts in response (taxis) to an
external chemical stimulus spread in the environment where they
reside. The Keller-Segel system is the most important model in
chemotaxis, appearing some times as a parabolic-parabolic system
or a parabolic-elliptic one.

We have shown [F27] the local exact controllability of the
parabolic-parabolic Keller-Segel around a constant solution of the
parabolic-elliptic system. Moreover, we show that this controlla-
bility is uniform, with respect to the degenerating parameter, when
the parabolic-parabolic system converges to the parabolic-elliptic
one.

Robust control
We analyze the null controllability for heat equations in the pres-
ence of switching controls [F15]. The switching pattern is a priori
unknown so that the control has to be designed in a robust man-
ner, based only on the past dynamics, so to fulfill the final control
requirement, regardless of what the future dynamics is. We build
this control strategy when the switching controllers are located on
two non trivial open subsets of the domain where the heat process
evolves. Our construction is based on earlier works by Lebeau and
Robbiano on the null controllability of the heat equation. It is
relevant to emphasize that our result is specific to the heat equa-
tion as an extension of a property of finite-dimensional systems
that we fully characterize but that it may not hold for wave-like
equations.

Control of fractional evolution problems
We analyse evolution problems involving the fractional Laplace
operator A = (−∆)s, s ∈ (0, 1) on a bounded domain Ω ⊂ Rn

and for a time t ∈ [0,T ]. In particular we consider the case of
the fractional wave equation

utt + (−∆)s+1u = 0 (1)
and the fractional Schrödinger equation

iut + (−∆)su = 0.
Our main goal is to study the controllability of this kind of phe-
nomena.
•Fractional wave equation: we consider (1) with Dirichlet
boundary conditions. We use the multiplier method and the
Pohozaev identity for the fractional Laplacian [PF1] in order to
get upper and lower estimates for the energy associated to the
process in terms of the boundary contribution. This leads to
controllability for s ≥ 0.

•Fractional Schrödinger equation: similar results hold for
s ≥ 1/2.

Nonlocal evolution problems

We obtain bounds for the decay rate in the Lr(Rd)-norm for the
solutions to a nonlocal and nonlinear evolution equation, namely,

ut(x , t) =
∫
Rd

K (x , y)|u(y , t)− u(x , t)|p−2(u(y , t)− u(x , t)) dy ,

with x ∈ Rd , t > 0.
Here we consider a kernel K (x , y) of the form K (x , y) = ψ(y −
a(x)) +ψ(x − a(y)), where ψ is a bounded, nonnegative function
supported in the unit ball and a is a linear function a(x) = Ax .
To obtain the decay rates we derive lower and upper bounds for
the first eigenvalue of a nonlocal diffusion operator of the form
T (u) = −

∫
Rd

K (x , y)|u(y) − u(x)|p−2(u(y) − u(x)) dy , with
1 ≤ p < ∞. The upper and lower bounds that we obtain are
sharp and provide an explicit expression for the first eigenvalue in
the whole Rd :

λ1,p(Rd) = 2
(∫

Rd
ψ(z) dz

) ∣∣∣∣∣ 1
| detA|1/p − 1

∣∣∣∣∣
p
.

Qualitative properties of stochastic PDEs
In [F14] we study the positivity of solutions of a class of semi-
linear parabolic systems of stochastic PDEs by considering random
approximations. In particular, we are interested to characterize
the class of stochastic perturbations that preserve the positivity
of solutions if the corresponding unperturbed deterministic system
possesses this property.
For the family of random approximations we derive explicit nec-
essary and sufficient conditions such that the solutions preserve
positivity. These conditions imply the positivity of solutions of the
stochastic system for both, Itô’s and Stratonovich’s interpretation
of stochastic differential equations. The conditions are easy to
verify in applications and play an important role for the validation
of stochastic models.
Considering random approximations we obtain sufficient condi-
tions for the positivity of solutions of stochastic PDEs. For sys-
tems of stochastic ODEs we can derive explicit necessary and
sufficient conditions for the positivity of solutions by a different
method. In [F1] we formulate a positivity criterion for systems of
stochastic ODEs and apply it to characterize the class of viable
stochastic Hodgekin-Huxley-type models. Moreover, we present
numerical simulations to illustrate our result.

Generalisations of H-measures and applications
Classical H-measures introduced by Tartar (1990) and indepen-
dently by Gérard (1991) are not well suited for the study of
parabolic equations. We introduce a new parabolic variant [F3]
(and call it the parabolic H-measure), for which we prove the lo-
calisation and propagation principle, establishing a basis for more
demanding applications of parabolic H-measures, similarly as it
was the case with classical H-measures. In particular, the prop-
agation principle enables us to write down a transport equation
satisfied by the parabolic H-measure associated to a sequence of
solutions of a Schrödinger type equation. In a similar way one can
construct generalisations of H-measures adopted to other type
problems.

τ

ξO

T

T0

ρ(T )

ρ2(T )

S
S0

ρ(S)

ρ2(S)

S′

ρ2(S)
ρ2(T )

Geometry and scaling for the parabolic H-measures

These tools have been used in the study of compactness properties
of an Lp sequence (un) of weak solutions to (pseudo-)differential
equations with variable coefficients [F2]. In particular, the study
includes differential operators of hyperbolic, parabolic or ultra-
parabolic type, but also fractional differential operators.
Although the very sequence does not have to converge strongly in
Lsloc for any s ≥ 1, from the viewpoint of applications it is almost
always enough to analyse the sequence of solutions averaged with
respect to the velocity variable (

∫
Rm
ρ(p)un(x , p)dp), ρ ∈ Cc(Rm

p ),
which can be strongly precompact in Lsloc(Rd

x ) for an appropriate
s ≥ 1 even when the sequence (un(x , p)) is not. Such results are
usually called velocity averaging lemmas.
Probably the only possible way to tackle the heterogeneous veloc-
ity averaging problem is through a variant of defect (H-) measures.
Development of appropriate analytical tools allow us to obtain a
(heterogeneous) velocity averaging result in the Lp framework for
any p > 1. Furthermore, the coefficients can be discontinuous,
and are assumed to belong to some Ls space for an appropriate
s > 1.

Perspectives

Controllability and stabilization of non-hyperbolic PDEs:
1 Control of chemotaxis around more general trajectories.
Generalisations of H-measures and applications:
1 To investigate the propagation of initial effects for the
Schrödinger type problems by means of the propagation property
for the parabolic H-measures.

2 To obtain a velocity averaging result in the Lp framework, p > 1,
under genuine non-degeneracy conditions.

Qualitative Properties of Stochastic PDEs:
1 Necessary conditions for the positivity of solutions of stochastic
systems of PDEs.

Control of fractional evolution problems:
1 To properly formalise the control problem for the fractional
Schroödinger equation;

2 To analyse the proposed problems from a numerical point of view
as well.

Nonlocal evolution problems:
1 (Sub)critical nonlocal convection-diffusion problems

ut = J ∗ u − u + G ∗ u2 − u2, 1 < q ≤ 2
and their variants.

2 Convection diffusion problems with general integral terms J and
G not necessarily in convolution form.
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