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MOTIVATION

Control problems for PDE are interesting for at least two reasons:

1.- They emerge in most real applications. PDE as the models of
Continuum and Quantum Mechanics. Furthermore, in real world,
there is something to be optimized, controlled, optimally shaped, etc.

2.- Answering to these control problems often requires a deep un-
derstanding of the underlying dynamics and a better master of the
standard PDE models.

Surprisingly enough, this has led to an important ensemble of new
tools and results and some fascinating problems are still widely open.



Furthermore, these kind of techniques are of application in some other
fields, such as inverse problems theory and parameter identification
issues.



In this talk we focus on the following two issues with a very geometric
flavor.

1.- Sharp observability estimates for heat equations

2.- Optimal design for waves



1.- Sharp observability estimates for heat
equations



THE CONTROL PROBLEM

Let n ≥ 1 and T > 0, Ω be a simply connected, bounded domain of
Rn with smooth boundary Γ, Q = (0, T )×Ω and Σ = (0, T )× Γ:






ut −∆u = f1ω in Q

u = 0 on Σ
u(x,0) = u

0(x) in Ω.

(1)

1ω denotes the characteristic function of the subset ω of Ω where the
control is active.

We assume that u
0 ∈ L

2(Ω) and f ∈ L
2(Q) so that (1) admits an

unique solution
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u = u(x, t) = solution = state, f = f(x, t) = control

Well known result (Fursikov-Imanuvilov, Lebeau-Robbiano,...) : The
system is null-controllable in any time T and from any open non-empty
subset ω of Ω.

In other words, for all u0 ∈ L
2(Ω) there exists a control f ∈ L

2(ω ×
(0, T )) such that the corresponding solution satisfies

u(T ) ≡ 0.





The control of minimal L
2-norm can be found by minimizing

J0(ϕ
0) =

1

2
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0
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ω

ϕ
2
dxdt +

�

Ω
ϕ(0)u0

dx (2)

over the space of solutions of the adjoint system:





−ϕt −∆ϕ = 0 in Q

ϕ = 0 on Σ
ϕ(T, x) = ϕ

0(x) in Ω.

(3)

Obviously, the functional is continuous and convex from L
2(Ω) to R

and coercive because of the observability estimate:

� ϕ(0) �2
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ϕ
2
dxdt, ∀ϕ0 ∈ L

2(Ω). (4)



This estimate,

� ϕ(0) �2
L2(Ω)≤ C

�
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�

ω

ϕ
2
dxdt, ∀ϕ0 ∈ L

2(Ω), (5)

was proved by Fursikov and Imanuvilov (1996) using Carleman in-
equalities. In fact the same proof applies for equations with smooth
(C1) variable coefficients in the principal part and for heat equations
with lower order potentials.

On has in fact
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Open problem # 1.1: Characterize the best constant A in this in-
equality:

A = A(Ω, ω).

The Carleman inequality approach allows establishing some upper
bounds on A depending on the properties of the weight function.
But this does not give a clear path towards the obtention of a sharp
constant.





Lower bounds.

L. Miller (2003) , by inspection of the heat kernel, proved

A > �
2
/2

where � is the length of the largest geodesic in Ω \ ω.

Recall that:

G(x, t) = (4πt)−n/2 exp
�−|x|2

4t

�
.

then, the following upper bound holds for the Green function in Ω:

GΩ(x, y, t) ≤ Ct
−n/2 exp

�−d
2(x, y)

(4 + δ)t

�
.







Open problem # 1.2: To get sharp lower bounds. Can the lower
bound A > �

2
/2 be improved?

Note it is hard to guess any better lower bound. This would amount
to find solutions of the heat equation exhibiting higher concentration
effects than the Gaussian heat kernel itself.



Upper bounds.

Several works have also been devoted to get upper bounds on the
best constant A using Carleman inequalities, Kannai’s tranform and
the control of waves under the so-called Geometric Control Condi-
tion (GCC) (Miller), one-dimensional tools from non-harmonic Fourier
series, moment problems and number theory (Fatorinni-Russell, Sei-
dman; Tucsnak and Tenenbaum,...).

But, as far as we know, until recently the only sharp result was the
one by Fatorinni & Russell (1971) showing that A = �

2
/2 in one space

dimension.



GCC

The observability inequality for waves propagation phenomena

holds if and only if the support of the dissipative mechanism,

Γ0 or ω, satisfies the so called the Geometric Control Condition

(GCC) (Ralston, Rauch-Taylor, Bardos-Lebeau-Rauch,...)

Rays propagating inside the domain Ω following straight lines that
are reflected on the boundary according to the laws of Geometric
Optics. The control region is the red subset of the boundary. The
GCC is satisfied in this case. The proof requires tools from Microlocal
Analysis.



This ray analysis yields sharp results for wave propagation phenomena.

Its link to diffusion processes is less clear....



Recently, in a joint work with S. Ervedoza we have shown that, when-
ever the GCC is fulfilled for the wave equation, in time T , then we
have the following upper bound for the diffusion process:

A ≤ T
2
/8.

Note that for a ball Ω, with control on a neighborhood of the bound-
ary,

T = 2�.

We thus get the sharp upper bound in this case:

A ≤ �
2
/2.

We use an inverse Kannai transform.



The Kannai transform allows transferring the results we have ob-
tained for the wave equation to other models and in particular to the
heat equation (Y. Kannai, 1977; K. D. Phung, 2001; L. Miller, 2004)

e
t∆

ϕ =
1√
4πt

� +∞

−∞
e
−s

2
/4t

W (s)ds

where W (x, s) solves the corresponding wave equation with data (ϕ,0).

Wss −∆W = 0 + Kt −Kss = 0 → Ut −∆U = 0,

Wss −∆W = 0 + iKt −Kss = 0 → iUt −∆U = 0.

This can be actually applied in a more general abstract context (Ut +
AU = 0) but not when the equation has time-dependent coefficients.



Our proof is based on an inverse Kannais transform that, to the best
of our knowledge, was unknown until now:

W (s) =
�

R+

1

(4πt)1/2
sin

�
sS

2t

�
exp

�
s
2 − S

2

4t

�

U(t) dt.

Note however, that, even under the GCC there are no sharp upper
bounds for other domains. For instance for the square with obser-

vation on two consecutive sides we have:
1

2
≤ A ≤ 1.



Open problem # 1.3: Get sharp upper bounds for other domains
fulfilling the GCC.

Open problem # 1.4: Get some upper bounds for domains that do
not fulilll GCC.

Open problem # 1.5: In 1− d results by Alessandrini and Escauriaza
show that observability holds for bounded measurable coefficients.
Getting sharp constants is an interesting open problem.

Open problem # 1.6: Possible connections with well known results
on decay rates for damped wave equations in which both microlocal
quantities and spectral ones enter, that only coincide in 1 − d (see
Section #1)???
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2.- Optimal design for waves



In view of the results above, linking the observability inequalities of
the heat and wave equations to the GCC geometric condition, several
relevant optimal design problems arise.

In particular, for instance, can one characterize the optimal subset

ω of Ω so that the GCC is fulfilled in a minimal time, for a given

volume fraction 0 < γ = |ω|/|Ω| < 1?
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