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Control and Numerics : Continuous versus Discrete
Approaches

Enrique Zuazua
BCAM - Basque Center for Applied Mathematics,

Mazarredo 14, 48009, Bilbao, Basque Country, Spain
Ikerbasque - Basque Foundation for Science,

Alameda Urquijo 36-5, Plaza Bizkaia, 48011, Bilbao, Basque Country, Spain
zuazua@bcamath.org

Control Theory and Numerical Analysis are two disciplines that need to be combined when
facing most control related relevant applications. This isparticularly the case for problems involving
Partial Differential Equation (PDE) modelling.

There are two possible approaches. The continuous one, consisting on developing the control
theory at the PDE level and, once controls are fully characterized, to implement the numerical ap-
proximation procedure. And the discrete one, consisting indoing the reverse, i. e. first discretizing
the model and then controlling the resulting discrete system.

In this lecture we shall compare these two approaches in the context of the control of the wave
equation as a typical model for structural control. As we shall see, a number of unexpected phenom-
ena occur and challenging problems arise both from a mathematical and computational viewpoint.

We shall in particular discuss the added complexity that heterogeneous numerical grids intro-
duce.

Most of the issues we shall discuss arise and are relevant in other closely related topics such us
inverse problems theory and the optimal shape design in aeronautics.

The content of this lecture is mainly based on recent joint work with S. Ervedoza and A. Marica.
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The Convergence of Runge–Kutta Methods
Combined with Richardson Extrapolation

István Faragó
Institute of Mathematics, Department of Applied Mathematics

Eötvös Loránd University
Pázmány P. s. 1/C, 1117 Budapest, Hungary

faragois@cs.elte.hu

For the numerical modelling of different nature the ordinary differential equations are typical and
widely used tool. To their numerical handling, in general, we apply different Runge–Kutta meth-
ods. To increase the efficiency of the method, to increase theorder of convergence we apply the
Richardson extrapolation, which is an efficient general tool to enhance the accuracy of time inte-
gration schemes. In this talk we investigate the convergence of the combination of any diagonally
implicit (including also the explicit) Runge–Kutta methodwith active Richardson extrapolation and
show that the obtained numerical solution converges under rather natural conditions. We also inves-
tigate some other qualitative properties of the combined schemes, particularly the A-stability of the
schemes. We give an elementary proof of the convergence of the implicit Euler method for the scalar
equation.

References

[1] Faragó, I., Havasi, Á. and Zlatev, Z. (2010). Stability of the Richardson Extrapolation applied
together with theθ -method,Journal of Computational and Applied Mathematics, 235, 507–
517.

[2] Faragó, I., Havasi, Á. and Zlatev, Z. (2010). Efficient implementation of stable Richardson
Extrapolation algorithms,Computers and Mathematics with Applications, 60, 2309–2325.

[3] Faragó, I., Havasi, Á. and Zlatev, Z. The Convergence of Diagonally Implicit Runge–Kutta
Methods Combined with Richardson Extrapolation,Computers and Mathematics with Appli-
cations (submitted)
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Diagnosing Large Systems from Multivariate Time
Series; Application to a Case Study in Thermal Power

Plants

J. M. Blanco1, L. Vazquez2, F. Peña1, D. Diaz2

1Department of Nuclear Engineering and Fluid Mechanics
University of the Basque Country.

Alameda de Urquijo, s/n 48013 Bilbao. Spain
2Electrical Engineering Department, University of Oriente.

Avenida las Américas, s/n Esquina Casero 90400 Santiago de Cuba. Cuba
jesusmaria.blanco@ehu.es, lvazquez@fie.uo.edu.cu, fpfbg@telefonica.net, ddiaz@fie.uo.edu.cu

One of the main goals for large systems is to identify which time-segment of instrumental
recorded measurements allows characterizing accurately their operation mode under a so called
"quasi steady state". Regulated-outputs for operational diagnosis in short and long term series must
be identified from time dependent variables. Filters are required to process signals together with
the noise associated, so a detailed analysis of time series but also digital signal processing is also
necessary.

The appropriate combination of the regulated-outputs together with a set of suggested key mod-
ules, allowed a tailor-made enhanced algorithm for diagnosis proposals to be carefully built, based
on "moving windows".

In this research, a novel diagnosis procedure on an existingsteam generator operating at base
load in a power plant of reference has been addressed. Setting points for a group of key variables
was considered as reference values. Outcomes can be appliedto early warning systems according to
specific requirements. Finally, its contribution to the assessment of compliance with environmental
regulations was also successfully achieved.

References

[1] Blanco, J. M. and Peña, F. (2008). Analytical study of theeffects of the clogging of a mechan-
ical precipitator unit in air preheaters in a high-performance thermoelectric power plant based
on available data.ASME J. Eng. for Gas Turbines and Power, 130(2), 22001–22007.

[2] McGregor, J.F. (2004), Data-based latent variable methods for process analysis, monitoring
and control.Comput. Aided Chem. Eng., 18, 87–98.

[3] Barelli, L. Barluzzi, E. and Bidini, G. (2011). Modelingof a 1 MW cogenerative internal
combustion engine for diagnostic scopes,Appl. Energy, 88, 2702–2712.
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Numerical Solution of Nonlinear Nonsymmetric
Transport Systems

János Karátson1, Tamás Kurics1

Institute of Mathematics, Department of Applied Mathematics
Eötvös Loránd University

Pázmány P. s. 1/C, 1117 Budapest, Hungary
karatson@cs.elte.hu, kuricst@cs.elte.hu

A numerical solution method for nonlinear transport systems is presented. The complete algo-
rithm consists of the following components: implicit (Backward Euler) discretization in time and
finite element discretization in space, and an outer-inner iteration for the arising elliptic problems
involving a damped inexact Newton method for the outer nonlinear and a preconditioned conju-
gate gradient iteration for the inner linear problems. The key ingredient is the separate equivalent
preconditioning for the inner linear problems [1], which leads to independent auxiliary problems,
further, mesh independent superlinear convergence holds [2] for both the outer and inner iterations.

Numerical experiments are given for a model problem consisting of a system of 10 PDEs [3],
describing transport of pollutants in an air pollution model.

References

[1] Axelsson, O., Karátson J., Equivalent operator preconditioning for elliptic problems,Numer.
Algorithms, 50 (2009), Issue 3, p. 297-380.

[2] Antal I., Karátson J., A mesh independent superlinear algorithm for some nonlinear nonsym-
metric elliptic systems,Comput. Math. Appl. 55 (2008), 2185-2196.

[3] Zlatev, Z., Computer treatment of large air pollution models, Kluwer Academic Publishers,
Dordrecht-Boston-London, 1995.
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Finite-Element Approaches for Schrödinger
Operators with Inverse Square Potentials

Cristian Cazacu1
1BCAM-Basque Center for Applied Mathematics

Mazarredo, 14, E-48009 Bilbao-Basque Country-Spain
cazacu@bcamath.org

In this talk we discuss the performance of finite element (FE)schemes based on piecewise linear
elements, when solving elliptic equations for Schrödingeroperators with singular potentials, i.e.

Aλ :=−∆−
λ
|x|2

, λ > 0.

The range of parametersλ for which the problem is well-posed is determined by the optimal constant
in the Hardy inequality (e.g.[2]). We will assume that the right hand sidef ∈ L2(Ω), whereΩ ⊂R

N ,
N ≥ 1, is a domain containing the singularityx = 0 either in interior or on the boundary.

Due to the presence of the singularity, the standard elliptic regularity fails and therefore, the
classical FE method provides weaker convergence rates thanfor the Laplacian (which corresponds
to λ = 0).

In order to improve the computational cost, we build some extensions of the classical FE approx-
imations (see for instance the pioneering works [1], [3]). Hence, we improve the convergence rates
by using non-uniform meshes which are adapted to the singularity of the potential.

References

[1] Black, T. and Belytschko, T. (1999). Convergence of corrected derivative methods for second-
order linear partial differential equations.,Internat. J. Numer. Methods Engrg., 44, 177–203.

[2] Hardy, G. H. and Littlewood, J. E. and Pólya, G. (1988). Inequalities.,Cambridge University
Press.

[3] Morin, P. and Nochetto, R. and Siebert, K. (2002). Convergence of adaptive finite element
methods.,SIAM Rev., 44, 631–658.
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Wave Propagation in Non-Uniform Meshes: a Wigner
Measure Approach

Aurora Marica1, Enrique Zuazua1,2
1BCAM - Basque Center for Applied Mathematics

Alameda Mazarredo, 14, E – 48009 Bilbao Basque Country, Spain
2Ikerbasque - Basque Foundation for Science,

Alameda Urquijo 36-5, Plaza Bizkaia, 48011, Bilbao, Basque Country, Spain
marica@bcamath.org, zuazua@bcamath.org

This talk is devoted to analyze the propagation properties of the 1− d wave equation approxi-
mated by finite difference schemes on non-uniform meshes obtained as diffeomorphic transforma-
tions of uniform ones. We point out new phenomena with respect to the well-known ones in the
homogeneous case (see for example the survey article [1]) asthe fact that the rays of Geometric
Optics are curved and that they can have oscillating trajectories inside the computational domain
without reflections at the boundary of the domain (see Fig. 1). All these phenomena may be under-
stood by simply looking the phase portrait of the Hamiltonian system of the bi-characteristic rays.
The presentation is based on the ongoing work [2].

Figure 1: Three examples of pathological numerical rays andwave packets for the finite difference
discretization of the 1-d wave equation in a non-uniform grid and the corresponding phase portrait
of the bi-characteristic rays.

References

[1] Ervedoza S. and Zuazua E., The wave equation: control andnumerics, in Control and stabi-
lization of PDEs, P. M. Cannarsa and J. M. Coron eds.,Lecture Notes in Mathematics, CIME
Subseries, Springer Verlag, to appear.

[2] Marica A. and Zuazua E., Propagation of 1-d waves in regular discrete heterogeneous media:
a Wigner measure approach, in progress.
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Global Analysis for Spread of an Infectious Disease
via Human Transportation

Yukihiko Nakata1, Gergely R̈ost2
1BCAM - Basque Center for Applied Mathematics

Alameda Mazarredo, 14, E – 48009 Bilbao Basque Country, Spain
2Bolyai Institute, University of Szeged

H-6720 Szeged, Aradi vértanúk tere 1., Hungary
nakata@bcamath.org

We investigate the global dynamics of epidemic models describing disease transmission dynam-
ics between two regions, which are connected via bidirectional or unidirectional human transporta-
tion. We generalize the model developed in [1] which allows us to consider different characters of
regions such as population size and transportation rate. Iftwo regions are connected via bidirectional
transportation, the basic reproduction numberR0 characterizes the existence of equilibria as well as
the global dynamics. The disease free equilibrium always exists and it is globally asymptotically
stable ifR0 < 1, while for R0 > 1 an endemic equilibrium occurs which is globally asymptotically
stable. For the proof we use a Lyapunov functional found in [2] and apply the theory of asymptoti-
cally autonomous system [3]. If the two regions are connected via unidirectional transportation, the
disease free equilibrium always exists, but forR0 > 1 two endemic equilibria can appear. In this
case, the regional reproduction numbers determine which one of the two is globally asymptotically
stable. We illustrate the stability regions of equilibria in a parameter plane and discuss how human
transportation between regions influences the spread of thedisease.

References

[1] Liu J. Wu and Zhou Y. (2008). Modeling disease spread via transport-related infection by a
delay differential equation,Rocky Mountain J. Math., 38, 1525–1540.

[2] Nakata Y. (2011). On the global stability of a delayed epidemic model with transport-related
infection,Nonlinear Analysis: Real World Applications, 12, 3228–3234.

[3] Thieme H. R. (1992). Convergence results and a Poincaré-Bendixson trichotomy for asymp-
totically autonomous differential equations,J. Math. Biol., 30, 755–763.
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A Rigorous Computational Method to Enclose the
Eigendecomposition of Interval Matrices

Roberto Castelli
BCAM - Basque Center for Applied Mathematics

Alameda Mazarredo, 14, E – 48009 Bilbao Basque Country, Spain
rcastelli@bcamath.org

Computing eigenvalues and eigenvectors of matrices is a central problem in many fields of ap-
plied sciences involving mathematical modelling. When applied to real-life phenomena, any model
needs to consider the occurrence of diverse errors in the data, due for instance to inaccuracy of
measurements or noise effects. Such uncertainty in the datacan be represented by intervals.

In this talk we discuss a method, introduced in [1], to compute rigorous enclosure of eigende-
compositions of intervaln× n complex valued matricesA. More precisely, we propose a method
to construct (if possible) a list of balls{Bi : i = 1, . . . ,n} such that, for everyA ∈ A and for each
i = 1, . . . ,n, there existsxi = (λi,vi) ∈ Bi such thatAvi = λivi, where the solutionxi is unique up to
a scaling factor of vi.

The method is based on the notion ofradii polynomials which combines analytical estimates
and rigorous numerics and aims at demonstrating existence and local uniqueness of solutions of
nonlinear equations. The method reveals to be efficient and reasonable fast even in case of large
matrices.

References

[1] Castelli, R. and Lessard J.-P. (2011). A method to rigorously enclose eigendecompositions of
interval matrices,Submitted, 2011
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Investigation of a Proton Exchange Membrane Fuel
Cell Model by Parameter Fitting with Different

Parameter Estimation Techniques

Ágnes Havasi1, Róbert Horváth2, Tamás Szabó3,
1Institute of Geography and Earth Sciences, Department of Meteorology

Eötvös Loránd University
Pázmány P. s. 1/A, 1117 Budapest, Hungary

2Budapest University of Technology and Economics, Egry J. u. 1,
H-1111, Budapest, Hungary

3 BCAM - Basque Center for Applied Mathematics
Alameda Mazarredo, 14, E – 48009 Bilbao Basque Country, Spain

rhorvath@math.bme.hu

The functioning and the achievable power of a proton exchange membrane fuel cell (PEMFC) are
determined by several parameters simultaneously. Part of these cannot be measured directly, and can
only be calculated from approximate formulas. In our model of a PEMFC cathode these parameters
include the effective conductivity of the solution phase, the exchange current density of the cathode
and the limiting current of the cathode. Our aim is to study the real values of these parameters
and their behavior as a function of the cell conditions. To this aim the unknown parameters are
determined by fitting the model results to measurements.

During the measurements, the current density is measured asa function of the cell potential. For
the solution of the parameter fitting problem we use three minimization methods: the Levenberg-
Marquardt method, the trust region method and the simulatedannealing method. We compare the
efficiency of the methods and investigate the behavior of theobtained parameters as a function of
temperature, pressure and nafion content.
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Operator Splitting for Distributed Delay Equations

András Bátkai1, Petra Csomós2, Bálint Farkas1
1Institute of Mathematics, Department of Applied Mathematics

Eötvös Loránd University
Pázmány P. s. 1/C, 1117 Budapest, Hungary

2Department of Mathematics, University Innsbruck
Technikerstraße 13, A-6020 Innsbruck, Austria

batka@cs.elte.hu

We provide a general product formula for the solution of nonautonomous abstract delay equa-
tions. After having shown the convergence we obtain estimates on the order of convergence for
differentiable history functions. Finally, the theoretical results are demonstrated on some typical
numerical examples.

References

[1] Bátkai A., Csomós P., Farkas B. and Nickel G. (2011). Operator splitting for non-autonomous
evolution equations,J. Funct. Anal., no. 260, 2163–2190.

[2] Bátkai A., Csomós P. and Farkas B. (2012). Operator splitting for non-autonomous delay equa-
tions, submitted, arXiv:1202.4389
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Numerical Methods for the Computation of Stability
Boundaries for Structured Population Models

Julia Sánchez1, Philipp Getto1, Andre M. de Roos2, Jean-Philippe Lessard3
1 BCAM - Basque Center for Applied Mathematics

Alameda Mazarredo, 14, E – 48009 Bilbao Basque Country, Spain
2 Institute for Biodiversity and Ecosystem Dynamics, University of Amsterdam

Sciencepark 904 (Room C3.212), 1098 XH Amsterdam, The Netherlands
3 Département de Mathématiques et de Statistique, Université Laval

Pavillon Alexandre-Vachon, local 1455 Québec, Canada

jsanchez@bcamath.org, getto@bcamath.org, A.M.deRoos@uva.nl,jean-philippe.lessard@mat.ulaval.ca

Structured population models allow to describe the dynamics of a population taking into account
processes at the individual level, such processes differ due to physiological characteristics like the
size or the age of the individual. The models consist of dynamical systems described by integral or
delay-differential equations. The population reach an equilibrium in which the number of individuals
does not change in time. Structure affects the stability properties of a population in the neighborhood
of an equilibrium [1] [2]. In order to analyze stability properties, it is useful to compute existence
and stability boundaries for a positive equilibrium in parameter planes [3] with continuation meth-
ods. Taking into account that the type of integral equationsof our models can not be implemented for
a curve continuation with the existent software (Matcont, CL_Matcont, COCO), the computation of
existence and stability boundaries needs the implementation of new algorithms that combine numer-
ical methods to solve nonlinear systems of equations (Newton-like methods) and nonlinear systems
of ODE (Runge-Kutta methods) with numerical differentiation and curve continuation methods.

References

[1] Diekmann O., Gyllenberg M., Metz J.A.J., Nakaoka S., de Roos A.M. (2010). Daphnia re-
vised: local stability and bifurcation theory for physiologically structured population models
explained by way of an example.J. Math. Biol., 61, 277-318.

[2] de Roos A.M., Metz J.A.J., Evers E., Leipoldt A. (1990). Asize dependent predator-prey
interaction: who pursues whom?J. Math. Biol., 28, 609-643.

[3] de Roos A.M., Diekmann O., Getto P., Kirkilionis M.A. (2010) Numerical equilibrium Analy-
sis for Structured Consumer Resource Models.Bulletin of Mathematical Biology, 72, 259-297.
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Variable Preconditioning in Complex Hilbert Space
and its Application to the Nonlinear Schrödinger

Equation

Balázs Kovács1, János Karátson1
1Institute of Mathematics, Department of Applied Mathematics

Eötvös Loránd University
Pázmány P. s. 1/C, 1117 Budapest, Hungary

koboaet@cs.elte.hu, karatson@cs.elte.hu

The aim of this talk is to develop an iterative method using stepwise variable preconditioning for
the solution of equationsF(u) = b in a complex Hilbert space, and to carry out numerical experi-
ments for the nonlinear Schrödinger equation. Thereby we apply time discretization which yields
nonlinear elliptic boundary value problems, serving as good examples for our method.

Semilinear parabolic problems arise in many models in meteorology, chemistry and physics, for
instance, reaction-diffusion or convection-reaction-diffusion equations, air pollution models. There
are also complex problems like Schrödinger type equations.There are many ways to solve such
problems numerically. One of the main differences is whether spatial or temporal discretization is
applied first, in our case we do the second one (in the first case, for example splitting methods are
often used). To be precise, we use the Implicit Euler method,therefore we end up in a nonlinear
elliptic boundary value problem on each time step, waiting for its numerical solution, which we
do by an iterative, finite element based method. We would liketo solve these problems by the
thoroughly investigated elliptic iterative theory, see e.g. [1].

The above techniques for nonlinear problems have been usually studied in real Hilbert spaces.
Since we would like to apply a method to the complex nonlinearSchrödinger equation, we extend
the variable preconditioning method [2] to a complex Hilbert space. This is a kind of quasi-Newton
method. In our construction only the real part has to be approximated, and we also need some
common norm in which we can compare the contractivity of eachstep, where it is also natural to use
the real part of the analogous norms used in the above mentioned paper [2]. A convergence theorem
is given and numerical experiments for the nonlinear Schrödinger equation are presented.

References

[1] Faragó I., Karátson J. (2002). Numerical Solution of Nonlinear Elliptic Problems via Precon-
ditioning Operators: Theory and Application.Advances in Computation, Volume 11, NOVA
Science Publishers, New York.

[2] Karátson J., Faragó I. (2003). Variable preconditioning via quasi-Newton methods for nonlinear
problems in Hilbert space,SIAM J. Numer. Anal., Vol. 41, No. 4, pp. 1242-1262.
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On Discrete Maximum Principles

Sergey Korotov
BCAM - Basque Center for Applied Mathematics

Alameda Mazarredo, 14, E – 48009 Bilbao Basque Country, Spain
Ikerbasque - Basque Foundation for Science,

Alameda Urquijo 36-5, Plaza Bizkaia, 48011, Bilbao, Basque Country, Spain
korotov@bcamath.org

In this talk we shall overview some recent results on discrete maximum principles (DMPs) for
finite element (FE-) type approximations for elliptic-typeproblems. The validity of DMPs often
depends on certain geometric characteristics of meshes employed in FE simulations, which brings
new geometric and algorithmic difficulations for mesh generation and mesh adaptivity. This and
related issues will also be addressed to.
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Convergent Matrix Splitting for Linear Algebraic
Equations Possessing the Discrete Maximum Principle

Miklós E. Mincsovics
Institute of Mathematics, Department of Applied Mathematics

Eötvös Loránd University
Pázmány P. s. 1/C, 1117 Budapest, Hungary

mincso@cs.elte.hu

Modelling real-life phenomena usually leads to a system of linear algebraic equations containing
millions of variables. To solve (more exactly, to give an approximate solution to) this problem we
can choose an iterative method based on some matrix splitting. Naturally, we need to guarantee the
convergence of the method.

In this talk we define a matrix splitting type which is convergent for linear algebraic equations
possessing the discrete maximum principle. This type of linear algebraic equations arise when we
discretize linear elliptic problems. We show other nice properties of this matrix splitting type, too.
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Optimal Control in Polymer Crystallization
through a Free Boundary Problem

Ramón Escobedo1, Luis A. Fernández2
1AEPA-Euskadi, Pte Deusto 7, 48014 Bilbao, Vizcaya, Spain
2Departamento de Matemáticas, Estadística y Computación

Universidad de Cantabria, Av. de Los Castros s/n, Santander 39005, Spain
escobedor@gmail.com, lafernandez@unican.es

Polymer crystallization processes can be viewed as the timeevolution of the degree of crys-
tallinity, a magnitude describing the volume fraction occupied by crystals in a sample material,
resulting from the application of an external cooling temperature below the melting critical tempe-
rature threshold. From the industrial viewpoint, the optimal cooling strategy should focus primarily
on two main competitive interests: the shortening of the duration of the cooling process and the
avoidance of excessively low applied temperatures [1].

An optimal control problem for a deterministic non-isothermal polymer crystallization model is
presented where the cost functional takes into account these two interests. When trying to solve the
optimal control problem numerically, the key relation between the total cooling energy injected into
the sample and the total amount of crystallized polymer was found. Noticeably, this relation was
found first numerically; later, the analytical expression was derived, allowing the formulation of a
free boundary problem framework under which the main features of the crystallization process are
approximated also analytically. In particular, expressions are found for the temperature field, the
position of the crystallization front and the duration of the crystallization process.

The optimal control problem is then solved by obtaining explicit expressions of the optimal
controls. This is carried out for arbitrary applied coolingtemperature profiles, i.e. arbitrary cooling
strategies, including single cooling strategies, where the cooling temperature is applied to only one
side of the sample [2], double cooling strategies, where both sides of the sample are cooled [3],
and radial cooling, where a hollow cylindrical sample is cooled from inside. These results support
the idea that the free boundary problem framework is a powerful tool for optimizing the cooling
strategies in multidimensional samples used in industrialpolymer crystallization.

(A) (B) (C)

 5
 10

 15
 20  0

 0.2
 0.4

 0.6
 0.8

 1 40

 45

 50

 55

 60

 65

 70

 75

T(x,t)

Time (x103 s)

x (m)

T(x,t)

 1

 3

 5  0  0.2  0.4  0.6  0.8  1

 40

 45

 50

 55

 60

 65

 70
T(x,t)

t (x103 s)
x (m)

T(x,t)

 5  10 15 20 25 30 35 40  0.2
 0.4

 0.6
 0.8

 1 40

 45

 50

 55

 60

 65

 70

 75

T(r,t)

Time x(103 s)
r (m)

Figure 1: Temperature field for the three different cooling strategies: (A) Single cooling atx = 0, (B)
Double cooling atx = 0 andx = L, and radial cooling with an internal cylinder of radiusrc = 0.1.
Applied temperature is taken constant,u = 40oC, melting threshold temperature isTf = 70oC.

References

[1] Escobedo, R. and Capasso, V. (2005). Moving bands and moving boundaries with decreasing
speed in polymer crystallization,Math. Mod. Meth. Appl. Sci. 15, 325–341.

[2] Escobedo, R. and Fernández, L. A. (2010). Optimal control of chemical birth and growth pro-
cesses in a deterministic model,J. Math. Chem. 48, 118–127.

[3] Escobedo, R. and Fernández, L. A. (2012). Optimal cooling strategies in polymer crystalliza-
tion, J. Math. Chem. 50, 313–324.
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A Posteriori Error Estimates via Reconstruction for
Time-Dependent Problems

Fotini Karakatsani1

1BCAM - Basque Center for Applied Mathematics
Alameda Mazarredo, 14, E – 48009 Bilbao Basque Country, Spain

fkarakatsani@bcamath.org

We derive residual-based a posteriori error estimates of optimal order for discretizations of the
linear parabolic problem. We first consider the semi-discrete problem in time. The main tool of
our analysis is an appropriate reconstruction of the piecewise linear interpolant of the approximate
solution that leads to a residual of optimal order. Next we study the discretization in space by the
finite element method. The main tool of our analysis is the elliptic reconstruction introduced by
Nochetto and Makridakis, [5]. Finally, we discuss the case of a full discretization. The theoretical
results are justified with numerical experiments.

References

[1] G. Akrivis, C. Makridakis, and R. H. Nochetto. A posteriori error estimates for the Crank–
Nicolson method for parabolic equations.Math. Comp., 75:511–531, 2006.

[2] Bänsch E., Karakatsani F. and Makridakis C. (2011). The effect of mesh modification in time
on the error control of fully discrete approximations for parabolic equations.Applied Numer.
Math.

[3] Bänsch E., Karakatsani F. and Makridakis C. (2011). A posteriori error control for fully discrete
Crank-Nicolson schemes. submitted

[4] Karakatsani F. (2012). A posteriori error estimates forthe fractional-stepϑ -scheme for linear
parabolic equations.IMA J. Numer. Anal., 32(1), 141–162.

[5] Makridakis C. and Nochetto R. H. (2003). Elliptic reconstruction and a posteriori error esti-
mates for parabolic problems.SIAM J. Numer. Anal., 41(4), 1585–1594.
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An IMEX Scheme for Reaction-Diffusion Equations:
Application for a PEM Fuel Cell Model

István Faragó1, Ferenc Izsák1, Tamás Szabó2,
1Institute of Mathematics, Department of Applied Mathematics

Eötvös Loránd University
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The numerical solution of advection-reaction-diffusion problems is a central problem in the nu-
merical analysis. The numerical treatment of the boundary layer effect and the possibly stiff terms
lead to challenging problems. The importance of this topic lies in the applicability of the correspond-
ing models in the natural sciences, in our case for modellingof proton exchange membrane (PEM)
fuel cells.

We present an implicit-explicit (IMEX) method of second order for the numerical solution of
reaction-diffusion equations with pure Neumann boundary conditions. The corresponding method
of lines scheme with finite differences is analyzed: explicit conditions are given for its convergence
in the maximum norm.

As an interesting model problem we consider a one-dimensional model for the overpotential
distribution of a PEM fuel cell. We will have first to convert the conservation equations into a
form of reaction-diffusion equations and verify that the conditions in the corresponding analysis are
satisfied. The thorough computational experiments confirm the applicability of the method and the
theoretical results.
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