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Large fluctuations of Lévy walks and laser-cooled atoms

Erez Aghion

Bar Ilan University, Israel

erezagh5@gmail.com

We use a new approach to study the large fluctuations of Lévy walks with arbitrary coupling
between the step displacement and duration, where the large-deviations principle does not
apply. Large-deviations theory deals with tails of probability distributions and the rare
events of random processes, for example spreading packets of particles. Mathematically, it
is usually applied to study the exponential fall-o↵ of the density of thin-tailed systems. Our
physical motivation is to investigate the spatial distribution Pt(x) of laser-cooled atoms,
where with increasing time, at intermediate length scales, the shape converges to the Lévy
density. This fat-tailed distribution however does not capture important statistical prop-
erties of the di↵using cloud of atoms, since it naively predicts for example a nonphysically
divergent mean square displacement. We focus on the rare events beyond this range, where
the density is explored with the recently proposed non-normalized infinite-covariant density
approach. The small and large fluctuations give rise to a bi-fractal nature of the spreading
packet. We derive general relations which extend our theory to a class of systems with
heavy-tails and multifractal moments.
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Nonlinear elliptic equations with fractional di↵usion

Xavier Cabré
ICREA and UPC, Barcelona, Catalunya – Spain

xavier.cabre@upc.edu

In this talk I will explain basic ideas concerning fractional Laplacians (in particular, their
relation with Lévy flights in Probability) and I will present the essential tools to treat
nonlinear equations involving fractional Laplacians and other integro-di↵erential operators.
We will review their Lagrangian and Hamiltonian structures – two important tools in the
study of fractional semilinear elliptic equations. The last part of the talk will concern
fractional perimeters and nonlocal minimal surfaces – a fractional extension of the classical
theory of minimal surfaces.
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Step-by-step integration for fractional operators

Natalia Colinas–Armijo

University of Palermo, Italy

natalia.colinasarmijo@unipa.it

An approach based on the definition of the Riemann–Liouville fractional operators is pro-

posed in order to provide a di↵erent discretisation technique as alternative to the Grünwald–

Letnikov operator. The proposed Riemann–Liouville discretisation consists in making a

step-by-step integration based upon the discretisation of the function f(t). It is shown

that, as f(t) is discretised as step-wise or piece-wise function, the Riemann–Liouville frac-

tional integral and derivative are ruled by operators very similar to the Grünwald–Letnikov

operator. Applications to unit step function, exponential function and a sample function of

white noise are presented in order to show the accuracy and capabilities of the Riemann–

Liouville discretisation proposed and the Grünwald–Letnikov discrete operators.

This is a joint work with M. Di Paola.
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Fractional equations and time-changed processes

Mirko D’Ovidio
”La Sapienza” University, Roma, Italy

mirko.dovidio@uniroma1.it

We study time fractional equations with general operators in time. Our aim is to underline
the connections between fractional and higher-order equations by considering the proba-
bilistic representation of the solutions. The probabilistic approach is based on time-changed
Feller processes on general spaces and the associated additive functionals.
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Fujita exponent for a class of fractional equations

Mohammud Foondun

University of Strathclyde Glasgow, Scotland

mohammud.foondun@strath.ac.uk

In this talk, we describe various results concerning existence and non-existence of global
solution of a class of non-linear fractional equations. Our equations involve both fractional-
time derivatives as well as the fractional Laplacian. A key aspect of our approach is the use
of subordination to obtain key information about the heat kernel of the fractional operator.
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An overview of numerical solution techniques

for fractional order problems

Byron Jacobs

Wits University, South Africa

byron@jsphere.com

A summary of the typical approaches to numerical simulation of fractional partial (and

ordinary) di↵erential equations, as well as an in depth discussion of modern developments

in the field is presented. Extensions of traditional numerical techniques into the fractional

domain will be briefly discussed elucidating the benefits as well as the open questions

in the field. Focus will be given to the Discrete Time Random Walk framework as a

numerical method, illustrating the advantages and applicability of the method. This method

is derived from phenomenological stochastic processes, which yields a consistent, stable,

explicit numerical method. A discussion on the e↵ects of di↵erent waiting-time and jump

probability distributions is given to illustrate the applicability of the framework.
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Fractional Laplacian: di↵erent views

Mateusz Kwasnicki
Wroc law University of Science and Technology, Poland

mateusz.kwasnicki@pwr.edu.pl

I will discuss the fractional Laplace operator viewed from di↵erent perspectives. We will

begin with the pioneering work of M. Riesz, which already includes most of known explicit

expressions. Next, I will discuss the relation between the fractional Laplacian and stable

processes. Fourier transform will lead to extensions of the fractional Laplacian to various

spaces of tempered distributions. The Ca↵arelli–Silvestre extension technique will be dis-

cussed next, with a link to the theory of linear water waves. In the final part I will discuss

various possible restrictions of the fractional Laplacian to a domain, as well as a number of

regularity results.
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Heavy-tailed fractional Pearson di↵usions

Nikolai N. Leonenko

Cardi↵ University, United Kingdom

LeonenkoN@cardiff.ac.uk

Pearson di↵usions have stationary distributions of Pearson type. They includes Ornstein-
Uhlenbeck, Cox-Ingersoll-Ross, and several others processes. Their stationary distributions
solve the Pearson equation, developed by Pearson in 1914 to unify some important classes
of distributions (e.g.,normal, gamma, beta, reciprocal gamma, Student, Fisher–Snedecor).
Their eigenfunction expansions involve the traditional classes of orthogonal polynomials
(e.g., Hermite, Laguerre, Jacobi), and the finite classes of orthogonal polynomials (Bessel,
Routh–Romanovski, Fisher–Snedecor). The self-adjointness of the semigroup generator of
one dimensional di↵usions implies a spectral representation which has found many useful
applications, for example for the prediction of second order stationary sequences and in
mathematical finance. However, on non-compact state spaces the spectrum of the generator
will typically include both a discrete and a continuous part, with the latter starting at a
spectral cuto↵ point related to the nonexistence of stationary moments. The significance
of this fact for statistical estimation is not yet fully understood. We develop heavy-tailed
fractional Pearson di↵usions, constructing by a non-Markovian inverse stable time change.
Their transition densities are shown to solve a time-fractional analogue to the di↵usion
equation with polynomial coe�cients. Because this process is not Markovian, the stochastic
solution provides additional information about the movement of particles that di↵use under
this model. Anomalous di↵usions have proven useful in applications to physics, geophysics,
chemistry, and finance.

This is joint work with M. M. Meerschaert, A. Sikorskii, N. Suvak and I. Papic.

[1] Avram, F., Leonenko, N.N and Suvak, N. (2013) On spectral analysis of heavy-tailed
Kolmogorov-Pearson di↵usions, Markov Processes and Related Fields, Volume 19, No. 2,
249–298.
[2] Kulik, A.M. and Leonenko, N.N. (2013) Ergodicity and mixing bounds for the Fisher-
Snendecor di↵usion, Bernoulli, Volume 19, No. 5B, 2294–2329.
[3] Leonenko, N.N., Meerschaert, M.M and Sikorskii, A. (2013) Fractional Pearson di↵usion,
Journal of Mathematical Analysis and Applications, Volume 403, 532–546.
[4] Leonenko, N.N., Meerschaert, M.M and Sikorskii, A. (2013) Correlation Structure of
Fractional Pearson di↵usion, Computers and Mathematics with Applications, 66, 737–745.
[5] Leonenko,N.N., Meerschaert, M.M., Schilling, R.L. and Sikorskii, A. (2014) Correlation
Structure of Time-Changed Lévy Processes, Communications in Applied and Industrial
Mathematics, Vol. 6 , No. 1, p. e-483 (22 pp).
[6] Leonenko, N.N., Papic, I., Sikorskii, A. and Suvak, N. (2017) Heavy-tailed fractional
Pearson di↵usions, Stochastic Processes and their Applications, in press.
[7] Leonenko, N.N., Papic, I., Sikorskii, A. and Suvak, N. (2017) Correlated continuous time
random walks and fractional Pearson di↵usions, Bernoulli, in press.



5th FCPNLO - Fractional Calculus, Probability and Non-local Operators
Bilbao – Basque Country – Spain

8–10 November 2017

Analytical and numerical methods

for the time-fractional nonlinear di↵usion

 Lukasz P lociniczak

Wroc law University of Science and Technology, Poland

lukasz.plociniczak@pwr.edu.pl

This talk will consist of a summary about analytical and numerical results concerning
nonlocal in time nonlinear di↵usion. The evolution operator is taken to be the Riemann-
Liouville fractional derivative as a consequence of a physical phenomenon of waiting times.
The resulting equation models the subdi↵usive transport in porous media and has been
found to accurately reproduce the experimental data. The main analytical results will be
briefly summarized. They concern existence and uniqueness, compactly supported solution
and certain inverse problems. On the other hand, the numerical counterpart of them will
mostly be focused on constructing and proving convergence of a family of finite-di↵erence
methods. Due to the non-Lipschitzian nonlinearity in the respective integral equation, the
construction of a fast and convergent numerical method is far from trivial.
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Nonlocal discrete equations

and the fractional discrete Laplacian

Luz Roncal

BCAM - Basque Center for Applied Mathematics, Bilbao, Basque Country – Spain

lroncal@bcamath.org

Let h > 0, we consider the discrete Laplacian on a mesh Zh = hZ, given by

��hu(hj) = � 1

h2
�
u(h(j + 1))� 2u(hj) + u(h(j � 1))

�
.

We present a study of properties of fractional powers of the discrete Laplacian (��h)s on
Zh, for 0 < s < 1, and show how they can be used to approximate solutions to the Poisson
problem for the fractional Laplacian

(��)sU = F, in R. (1)

By using semigroup theory, we are able to define and analyze the fractional powers (��h)s

on Zh. In particular, we provide a pointwise formula with explicit kernel, from which
the nonlocal discrete mean value property for discrete s-harmonic functions is obtained.
Moreover, we prove the maximum principle for the fractional discrete Laplacian, and deduce
Hölder estimates. Then, we perform the analysis of convergence of discrete solutions to
continuous ones. Namely, the solution to the Poisson problem for the fractional Laplacian
(1) can be approximated by using the solution to the discrete Dirichlet problem

(
(��h)su = f, in Bh

R,

u = 0, in Zh \Bh
R,

(2)

where Bh
R = {hj 2 Zh : |hj| < R} and BR = (�R,R) ⇢ R, for R > 0. In order to do

this, we compare our fractional discrete Laplacian to the discretized continuous fractional
Laplacian as h ! 0, getting estimates in `1 for the error of the approximation, under
minimal regularity assumptions. Existence and uniqueness of solutions to the nonlocal
Dirichlet problem (2) are shown. For the latter, the fractional discrete Sobolev embedding
and the fractional discrete Poincaré inequality are proved. Our analysis is mainly performed
in dimension one. We show asymptotic estimates for the kernel in dimension two that can
be extended to higher dimensions. Examples are plotted to illustrate the comparison in
both one and two dimensions.

This is a joint work with Ó. Ciaurri, P. R. Stinga, J. L. Torrea, and J. L. Varona.
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Stability for the fractional Calderon problem

Angkana Rüland
Max-Planck Institute for Mathematics in the Sciences, Leipzig, Germany

Angkana.Rueland@mis.mpg.de

In this talk I discuss stability properties of the fractional Calderon problem in the presence

of rough potentials. Based on a careful analysis of propagation of smallness estimates and

duality arguments, I derive quantitative Runge approximation properties for the fractional

Laplacian in the first part of the talk. In the second part of the talk, these are then used

to obtain logarithmic stability properties for the fractional Calderon problem.

This is a joint work with M. Salo.
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Anomalous di↵usion with finite moments

Oleksii Sliusarenko
BCAM - Basque Center for Applied Mathematics, Bilbao, Basque Country – Spain

osliusarenko@bcamath.org

We present a further improvement of our model for anomalous di↵usion, in which the latter

arises due to the permanent a↵ect of a random environment on a single particle resulting in

a population of di↵erent relaxation times and di↵usion coe�cients. With an introduction

of maximal value of the e↵ective di↵usion coe�cient, we are able to construct a Lévy-flight-

like process with non-diverging higher-order moments that yet possesses typical properties

of a Lévy flight (e.g., power-law asymptotes of the position probability density function,

its time scaling). We compare this improved model to Lévy walks models and suggest its

employment in biophysical problems.

This is a joint work with S. Vitali, V. Sposini, P. Paradisi, A. Chechkin and G. Pagnini.
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Numerical solution for a fractional Fokker–Planck equation

Ercilia Sousa

University of Coimbra, Portugal

lecs@mat.uc.pt

We consider a time-space fractional Fokker–Planck equation with a force and di↵usion

depending on space and time. In the case of time dependent coe�cients the time fractional

operator that typically appears on the right hand side of the equation can not act in those

coe�cients and therefore the di↵erential equation can not be simplified using the standard

technique of transferring the time fractional operator to the left hand side of the equation.

We present a numerical method that takes in consideration the fact that the time fractional

operator does not act in the time dependent coe�cients. Discussions on the stability and

accuracy of the numerical method are included. We also show the numerical solutions of

the Fokker–Planck equation for di↵erent time dependent forces.
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Random di↵usivity from stochastic equations: two models in

comparison for Brownian yet non-Gaussian di↵usion

Vittoria Sposini

Institute for Physics & Astronomy, University of Potsdam, Germany

BCAM - Basque Center for Applied Mathematics, Bilbao, Basque Country — Spain

vsposini@gmail.com

Recently a considerable number of systems have been discovered exhibiting a Brownian yet

non-Gaussian dynamics: these are processes characterised by a linear growth in time of the

mean-squared displacement yet a non-Gaussian probability density function of the parti-

cle displacement. This apparently ubiquitous behaviour observed in very di↵erent physical

systems has been interpreted as resulting from di↵usion in inhomogeneous environments

and mathematically represented through a variability of the di↵usion coe�cient. Indeed

di↵erent models describing a fluctuating di↵usivity have been studied. In this work it is

presented a new set of stochastic equations describing a time dependent random di↵usivity

within a broad spectrum of distributions. In particular we have selected a very generic class

of distributions: the generalised Gamma distribution. Two models for particles spreading

in such variable environments are then studied. The first belongs to the class of generalised

grey Brownian motion while the second follows from the idea of di↵using di↵usivities. They

show significant characteristics which reproduce experimental results from di↵erent biolog-

ical and physical systems. We promote these two physical models for the description of

stochastic particle motion in complex environments.
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Scaling limits of Lévy walks

and their link to fractional material derivatives

Marek Teuerle
Wroc law University of Science and Technology, Poland

marek.teuerle@pwr.edu.pl

Lévy walk process is the most remarkable example of coupled continuous-time random walk.

It is applied in modelling many phenomena: anomalous di↵usion, blinking of nanocrystals,

migration of swarming bacteria, foraging patterns of animals, human movement patterns, to

name only few. In this talk we establish functional convergence for standard and generalized

Lévy walks, then we present the fractional di↵erential equations that governs the dynam-

ics of the scaling limits in unbounded domain. It appears that the established fractional

dynamics includes the fractional material derivatives.
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Limit theorems for

the fractional non-homogeneous Poisson process

Mailan Trinh
University of Sussex, UK

M.Trinh@sussex.ac.uk

The fractional non-homogeneous Poisson process was introduced by subordinating the non-

homogeneous Poisson process with the inverse ↵-stable subordinator. We propose a similar

definition for the (non-homogeneous) fractional compound Poisson process. We give both

finite-dimensional and functional limit theorems for the fractional non-homogeneous Poisson

process and the fractional compound Poisson process. The results are derived by using

martingale methods, regular variation properties and Anscombe’s theorem. Eventually,

some of the limit results are verified in a Monte Carlo simulation.

This is a joint work with N. Leonenko and E. Scalas.

[1] Leonenko N. et al. (2017) The fractional non-homogeneous Poisson process, Statistics

& Probability Letters 120, 147–156.
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Anomalous transport in heterogeneous ensambles of particles

Silvia Vitali
Department of Physics & Astronomy, University of Bologna, Italy

silvia.vitali4@unibo.it

The motion of an heterogeneous ensamble of Brownian particles that di↵er in mass and
radius is studied. The motion of the center of mass of the ensamble is derived as three dif-
ferent stochastic processes. The first corresponds to a superposition of the BM of the single
particles, the second to a ggBm type process and the last to an e↵ective Langevin dynamics
with an e↵ective and time dependent timescale. The equivalence of these approaches is
proven by numerical simulations. The motion of a test particle in such a surround is also
studied at the light of the previous results.

This is a joint work with O. Sliusarenko, V. Sposini, G. Castellani, P. Paradisi and G.
Pagnini.


