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Mixing at low Reynolds Number
An interesting problem for dynamics:
!
Reversibility of the flows in the Stokes regime
!
Hamiltonian and volume preserving dynamics in real space.

An interesting problem for industrial applications:
!
Mixing of very viscous flows
!
Mixing at very small scales (microfluidics)
!
An emblematic industrial case of mixing at low Re:
!
Food processing

Our natural food processor

The stomach is not just a transport device, but a mixer, where food
is mixed with gastric juices to produce the chyme that later passes
to the intestine.

The stomach at work
(peristalsis)

We can see the stomach as a container whose boundary performs
a repeated cycle on the space of shapes to produce transport and
mixing.

Re at the stomach
- Human stomach volume (≈ L3)= 330 mL,
- Viscosity of the chyme : 1 Pa s
- Density of chyme 103 kg/m3
-Typical flow 2.5–7.5 mm/s
!

Re lies in the range 0.2–0.5
!

(deep in the Stokes regime)

Reversibility
Mixing fluid in a container at low Reynolds number — in an
inertialess environment — is not a trivial task. Reciprocating
motions merely lead to cycles of mixing and unmixing.

Borrowed from G. I. Taylor, Low Reynolds Number Flow
(Educational Services Incorporated, 1960), (16 mm film).

Reversibility
In mathematical terms, we could say that after a reciprocal
cycle in the motion of the internal cylinder, the initial
configuration of the fluid has mapped onto itself.
!

If we call TRL(r) the map giving the position of a given element
of the fluid initially located at the position r, after a cycle we
trivially have:

Chaotic advection
To the help of mixing at low Re comes CHAOTIC ADVECTION
!

This uses non-reciprocal cycles to produce chaotic trajectories of the
fluid particles inside the container:

Paradigm of chaotic advection: The
journal bearing flow.
!
The cylinders are now eccentric
and they rotate alternately with
two different (time dependent)
angular velocities

In 2D the flow can be derived from a stream function
which is a solution of the stationary
Stokes equation with no-slip boundary
conditions at both cylinders.
and
are respectively the stream
functions corresponding to
having only the inner or the
outer cylinder rotating while
the other one is kept fixed.
!

Both functions have an
analytical expression which is
too large to fit in this margin
(Ballal & Rivlin 1976).

Typical stirring protocol

Net displacement of one wall with respect to the other

J. M.
Ottino,
1988

Typical stirring protocol

Net displacement of one wall with respect to the other
NOT GOOD TO MIMICK PERISTALSIS

Geometric mixing protocol
-θ0
-θ1

θ1
θ0

A loop in the shape space without net displacement
A BETTER MIMICK FOR PERISTALSIS
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FIG. 1: The journal bearing flow with cylinder radii R1 = 1.0, R2 =
0.3 and eccentricity " = 0.4, taken around a closed square parameter
loop with ✓1 = ✓2 ⌘ ✓ = 2⇡ radians. The four segments of the loop
are plotted in different colours (red, yellow, green, blue) to enable
their contributions to the particle motion to be seen. A trajectory
beginning at (0.0, 0.8) is shown.

Observe that the geometric
mixing protocol induces a map
that is a relatively small
perturbation of the identity.
!
A small perturbation of the
identity map produces by
iteration a trajectory that
resembles a continuous time
dynamical system (flow).
!
(The map can be seen as the
Euler discretization of a flow)

The geometric phase:
a measure of geometric chaos
The geometric phase (a.k.a Berry phase, Hannay angle, etc…) is a
measure of the failure of a system to return to the original
position in the phase space as a parameter performs an adiabatic
closed cycle.
Pedagogical example: Foucault’s pendulum:
!
!
!
!
!
!
!
!
!

Proportional to the solid angle spanned by pole or the area
encircled by the suspension point

The geometric phase:
a measure of geometric chaos
The geometric phase (a.k.a Berry phase, Hannay angle, etc…) is a
measure of the failure of a system to return to the original
position in the phase space as a parameter performs an adiabatic
closed cycle.
Pedagogical example: Foucault’s pendulum:
!
!
!
!
!
!
!
!
!

The geometric phase:
a measure of falling cats

The geometric phase:
a measure of falling rhinos?

The geometric phase:
a measure of geometric chaos
An intuitive way to understand the properties of the phase is
given by the parallel transport of a vector on a sphere.

The angle α by which the
transported vector twists is
proportional to the area
inside the loop.

The geometric phase:
a measure of geometric chaos
Since in general, in dynamics this geometric effect on the phase
comes together with the dynamical evolution, one should
separate the two contributions. Since the latter changes sign
under time reversal and the geometric one does not, we can
define the geometric phase as

where φ is a suitably defined angle in the phase space and φ+
and φ− are respectively the time evolved angle as the cycle
proceeds in one direction and in the opposite direction,
respectively.

In low Re fluid flow the
Lagrangian trajectory of
the parcel evolves just
due to the geometric
effect and does not carry
any further dynamics.
But we maintain the
same definition.

Poincaré map

2

Geometric phase

Evolution of a
material line
after one cycle
Area of the loop
FIG. 2: (a–c) Poincaré maps demonstrate geometric mixing for the journal–bearing flow for the same cylinder radii and eccentricity as in
Fig. 1. Chaotic trajectories are marked in red while regular ones appear in blue. 10 000 iterations of the parameter loop are shown for: (a)
✓ = ⇡/2 radians; (b) ✓ = 2⇡ and (c) ✓ = 4⇡. (d–f) The geometric phase across the domain for the same parameters; the color scale denoting
the phase at a given point is given by the intensity of red, positive, and blue, negative. (g–i) The evolution of a line segment — initial segments
in red; final segments in blue — across the widest gap between the cylinders after one cycle for the same parameters.
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FIG. 3: (a) The L -norm of the field grows quadratically with ✓
for loops with small area. Two distinct loops with equal area are
shown. (b) The final length of a line segment as shown in Figure 2
(g–i) plotted after one cycle for flows with different rotation angles
✓.
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FIG. 3: (a) The L2 -norm of the field grows quadratically with ✓
for loops with small area. Two distinct loops with equal area are
shown. (b) The final length of a line segment as shown in Figure 2
(g–i) plotted after one cycle for flows with different rotation angles
✓.
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FIG. 4: Peristalsis mixing is generated by a geometric phase. (a) The minimal geometry of a model for the stomach. A peristaltic wave
propagates along the upper and lower boundaries of a closed cavity zw (x, t) = 1 + b sin (kx
t) of aspect ratio ⇡. (b) Contours of
concentration of a passive scalar whose initial spatial distribution at T = 0 is given by a blurred step (i.e., tanh z). The temporal evolution of
the spatial concentration is obtained integrating the advection–diffusion equation for P e = 15 ⇥ 103 . (c) The spatial concentration after 20
peristaltic cycles. (d) The geometric phase of the system. Pink solid lines show some representative trajectories with initial conditions marked
by thick black dots.

importance, and in any smaller animal it will be inappreciable.

radius L, a geometric phase of the order of 2 radians.
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FIG. 5: Mixing quality depends on the accumulated geometric phase. (a) The time evolution of the degree of mixing quantified by the
standard deviation of the concentration field in the domain. The black dotted line corresponds to the peristaltic wave; the red solid line to the
standing wave and the green dotted line to the random wave. (b) and (c) show contours of concentration of after the same integration time,
equivalent to 20 peristaltic cycles, shown in fig. 4 (c) for the case of a stationary and random wave, respectively.

diffusion equation for a characteristic Péclet number, P e =
c /Dchyme representative of the mixing process within the
stomach. As the characteristic diffusivity of the chyme is,
at most, of order of the molecular diffusion of large macromolecules Dchyme  10 6 cm2 /s, P e
1 and advective
contributions dominate the mixing process. Figure 4 (c) rep-

does not generate any mixing. This is shown in figure 5 (b)
where the concentration field after 20 cycles of the boundaries
deforming as a standing wave is depicted. Since the induced
geometric phase is null, mixing is only controlled by (slow)
diffusion.
The importance of the geometric mixing in the stomach

The “belly” phase
Does the stomach mix by means of geometric mixing?
!

We do not know, yet, but we do know (experimentally)
that if a container is deformed in a symmetric and periodic
peristaltic fashion, it does not mix. The cycle is now
reciprocal.
!

If, on the contrary, we introduce asymmetry in this
container or in the peristaltic motion, the mixing efficiency
increases in the way predicted by the geometric approach.
!

Might this explain some gastric anomalies?

The “belly” phase
Might this explain some gastric anomalies?
!

It very well might!
!

For one, gastroparesis, a condition usually
associated with a form of stomach fibrillation, a
disorder of the rhythm of the peristalsis, is likely
to reduce the geometric mixing and the transport
function of the organ.

The End

