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Introduction

Abstract

Starting with an analysis of chiral edge currents in 2D electron gases
exhibiting the quantum Hall e↵ect, I will discuss the role of anomalous
chiral edge currents and of anomaly inflow in 2D insulators with explicitly
broken parity and time-reversal and in time-reversal invariant 2D
topological insulators exhibiting edge spin-currents. I will derive the
topological Chern-Simons theories that yield the correct response
equations for the 2D bulk of such materials.

Anomalous commutators would appear in an analysis of conductance
quantization in quantum wires and of the ED of left-right asymmetric
plasmas in the early Universe that exhibit a magnetic instability. These
matters were discussed on previous occasions, so I won’t discuss them.

After an excursion into the theory of 3D topological insulators, including
“axionic insulators”, I discuss a model of Dark Matter and Dark Energy
involving an axion coupled to the instanton density of a gauge field.
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General goals of analysis

I Classify bulk- and surface states of (condensed) matter/of
matter and energy in the Universe, etc., using concepts and
results from gauge theory, current algebra & GR: E↵ective
actions (= generating functionals of connected current Green
fcts.! transport coe�cients!), gauge-invariance, anomalies &
their cancellation, “holography”, etc.

I Extend Landau Theory of Phases and Phase Transitions to a
Gauge Theory of Phases of Matter.

Applications

I Fractional Quantum Hall E↵ect (1989 - 2012)

I Topological Insulators and -Superconductors (1994 - 2014)

I Higher-dimensional cousins of QHE ) Cosmology: Primordial
magnetic fields in the universe, matter-antimatter asymmetry,
dark energy, etc. (2000 - · · · )



The chiral anomaly

Anomalous axial currents (for massless fermions):
In 2D:

@µj
µ
5 =

↵

2⇡
E , ↵ :=

e2

~ , [j05 (~y , t), j
0(~x , t)]

(ACC)
= i↵�

0
(~x � ~y)

In 4D:
@µj

µ
5 =

↵

⇡
~E · ~B ,

and

[j05 (~y , t), j
0(~x , t)]

(ACC)
= i

↵

⇡
~B(~y , t) ·r~y�(~x � ~y)



1. Anomalous Chiral Edge Currents in Incomp. Hall Fluids

From von Klitzing’s lab journal () 1985 Nobel Prize in Physics):

) 1985 Nobel Prize in Physics



Setup & basic quantities

2D EG confined to ⌦ ⇢ xy - plane , in mag. field ~B0 ? ⌦; ⌫ such that
RL = 0. Response of 2D EG to small perturb. em field, ~Ek⌦, ~B ? ⌦,
with ~B tot = ~B0 + ~B , B := |~B |, E := (E1,E2).

Field tensor: F :=

0

@
0 E1 E2

�E1 0 �B
�E2 B 0

1

A = dA, (A: vector pot.)



Electrodynamics of 2D incompressible e�-gases

Def.:
jµ(x) = hJµ(x)iA, µ = 0, 1, 2.

(1) Hall’s Law

j(x) = �H
�
E (x)

�⇤
, (RL = 0!) ! broken P ,T (1)

(2) Charge conservation

@

@t
⇢(x) +r · j(x) = 0 (2)

(3) Faraday’s induction law

@

@t
B tot
3 +r^ E (x) = 0 (3)

Then
@⇢

@t

(2)
= �r · j (1)

= ��Hr^ E
(3)
= �H

@B

@t
(4)



ED of 2D e�-gases, ctd.

Integrate (4) in t, with integration constants chosen as follows:

j0(x) := ⇢(x) + e · n, B(x) = Btot
3 (x)� B0 )

(4) Chern-Simons Gauss law

j0(x) = �HB(x) (5)

Eqs. (1) and (5) ) jµ(x) = �H "µ⌫� F⌫�(x) (6)

Now

0
(2)
= @µj

µ (3),(6)
= "µ⌫�(@µ�H)F⌫� 6= 0, (7)

wherever �H 6= const., e.g., at @⌦. – Actually, jµ is bulk current
density, (jµbulk), 6= conserved total electric current density:

jµtot = jµbulk + jµedge , @µj
µ
tot = 0, but @µj

µ
bulk

(7)

6= 0 (8)



Anomalous chiral edge currents

We have that

supp jµedge = supp(r�H) ◆ @⌦, j
edge
? r�H .

“Holography”: On supp(r�H),

@µj
µ
edge

(8)
= �@µjµbulk |supp(r�H)

(6)
= ��HEk|supp(r�H) (9)

Chiral anomaly in 1+1 dimensions!

Edge current, jµedge ⌘ jµ5 , is anomalous chiral current in 1 + 1 D: At
edge,

e

c
Btotvk = (rVedge)

⇤, Vedge : confining edge pot.



Skipping orbits, hurricanes and fractional charges

Analogous phenomenon in classical physics: Hurricanes!

~B ! ~!earth, Lorentz force ! Coriolis force ,rVedge ! r pressure .

Chiral anomaly in (1 + 1)D:

@µj
µ
5 = �e2

h

� X

species ↵

Q2
↵

�
Ek

with (9)) �H =
e2

h

X

↵

Q2
↵, (10)

where Q↵ · e is fractional electric charge of quasi-particle species ↵.



Edge- and bulk e↵ective actions
Apparently, if �H /2 e2

h Z then there exist fractionally charged
quasi-particles propagating along supp(r�H)!
Chiral edge current d. Jµedge = generator of U(1)- current algebra

(free massless fields!) Green functions of Jµedge obtained from 2D
anomalous e↵ective action �@⌦⇥R(Ak) = · · · , where Ak is
restriction of vector potential, A, to boundary @⌦⇥ R.
Anomaly of �H�@⌦⇥R(Ak) – consequence of fact that Jµedge is not
cons. – is cancelled by the one of bulk e↵ective action, S⌦⇥R(A):

jµbulk(x) = hJµ(x)iA ⌘
�S⌦⇥R(A)

�Aµ(x)
(6)!
= �H"

µ⌫�F⌫�(x), x /2 @⌦⇥ R

) S⌦⇥R(A) =
�H
2

Z

⌦⇥R
A ^ dA+ �H�@⌦⇥R(Ak) (11)

Chern-Simons action on manifold with boundary!



Classification of abelian 2D EG’s
(10) ) N species of gapless quasi-particles, charges eQ1, ..., eQN ,

propagating along edge $ N chiral scalar Bose fields ('↵)N↵=1,
Jµ↵ = @µ'↵, with propagation speeds (v↵)N↵=1, such that:

1. Anomalous edge current:

Jµedge = e
NX

↵=1

Qi@
µ'↵, Q = (Q1, ...,QN), �H =

e2

h
Q · Q

2. Vertex operators creating physical states (charge $ statistics)

: expi
� NX

↵=1

q↵j '↵

�
: , qj =

0

B@
q1j
...
qNj

1

CA 2 �, j = 1, ...,N (12)

3.
�
q↵j
�
analogous to CKM matrix, Q 2 �⇤. Classifying data are:

{�, Q 2 �⇤, (qj)Nj=1, v = (v1, ..., vN)},



Success of classification – comparison with data

� = odd-integral lattice, Q 2 �⇤ ) ( e
2

h )
�1�H 2 Q (!) ,. . .



2. Chiral Spin Currents in Planar Topological Insulators

So far, we have not paid attention to electron spin, although there
are 2D EG exhibiting the fractional quantum Hall e↵ect where spin
plays an important role. Won’t study these systems, today.
Instead, we consider time-reversal-invariant 2d topological
insulators (2D TI) exhibiting chiral spin currents.
Pauli Eq. for a spinning electron:

i~Do t = �
~2
2m

g�1/2Dk

�
g1/2gkl

�
Dl t , (13)

where m is the mass of an electron, (gkl) = metric of sample,

 t(x) =

 
 "
t (x)

 #
t (x)

!
2 L2(R3)⌦C2 : 2-component Pauli spinor

i~D0 = i~@t + e'� ~W0 · ~�| {z }
Zeeman coupling

, ~W0 = µc2~B +
~
4
~r^ ~V (14)



U(1)em ⇥ SU(2)spin-gauge invariance

~
i
Dk =

~
i
@k + eAk �m0Vk � ~Wk · ~�, (15)

where ~A is em vector potential, ~V is velocity field describing mean
motion (flow) of sample, (~r · ~V = 0),

~Wk · ~� := [(�µ̃~E +
~
c2
~̇V ) ^ ~�]k

| {z }
spin-orbit interactions

,

and µ̃ = µ+ e~
4mc2

( Thomas precession).
Note that the Pauli equation (13) respects U(1)em ⇥ SU(2)spin -
gauge invariance.
We now consider an interacting 2D gas of electrons confined to a
region ⌦ of the xy - plane, with ~B ? ⌦ and ~E , ~V k⌦. Then the
SU(2) - conn., ~Wµ, is given by W 3

µ · �3, (WM = 0, for M = 1, 2).



E↵ective action of a 2D TI

Thus the connection for parallel transport of the component  " of
 is given by a+w , while parallel transport of  # is determined by
a�w , where aµ = �eAµ +mVµ,wµ = W 3

µ . These connections are
abelian, (phase transformations). Under time reversal,

a0 ! a0, ak ! �ak , but w0 ! �w0, wk ! wk . (16)

The dominant term in the e↵ective action of a 2D insulator is a
Chern-Simons term. If there were only the gauge field a, with
w ⌘ 0, or only the gauge field w , with a ⌘ 0, a Chern-Simons
term would not be invariant under time reversal, and the dominant
term would be given by

S(a) =

Z
dtd2x {"E 2 � µ�1B2} (17)

But, in the presence of two gauge fields, a and w , satisfying (16):



E↵ective action of a 2D TI, ctd.

Combination of two Chern-Simons terms is time-reversal invariant:

S(a,w) =
�

2

Z
{(a+ w) ^ d(a+ w)� (a� w) ^ d(a� w)}

= �

Z
{a ^ dw + w ^ da}

This reproduces (17) for phys. choice of w ! (% J.F., Les Houches
’94!) – The gauge fields a and w transform independently under
gauge transformations, and the Chern-Simons action is anomalous
under these gauge trsfs. on a 2D sample space-time ⇤ = ⌦⇥ R
with a non-empty boundary, @⇤. The anomalous chiral boundary
actions,

±��
�
(a± w)|k

�
,

cancel anomaly of bulk action! Are generating functionals of conn.
Green functions of two counter-propagating chiral edge currents:



Edge degrees of freedom: Spin currents
One of the two counter propagating edge currents has “spin-up”
(in +3-direction, ? ⌦), the other one has “spin down”. Thus, a
net chiral spin current, s3edge , can be excited to propagate along the
edge; but there is no net electric edge current!
Response Equations, (2 oppositely (spin-)polarized bands):

j(x) = 2�(rB)⇤, and

sµ3 (x) =
�S(a,w)

�wµ(x)
= 2�"µ⌫�F⌫�(x) (18)

) edge spin current – as in (7)!

We should ask what kinds of quasi-particles may produce the
(bulk) Chern-Simons terms

S±(a± w) = ±�
2

Z
{(a± w) ^ d(a± w),



where, apparently + stands for “spin-up” and � stands for “spin-down”.
Well, it has been known ever since the seventies 1 that a two-component
relativistic Dirac fermion with mass M > 0 (M < 0), coupled to an
abelian gauge field A, breaks parity and time-reversal invariance and
induces a Chern-Simons term

+
(�)

1

2⇡

Z
A ^ d A

We thus argue that a 2D time-reversal invariant topological insulator with
chiral edge spin-current exhibits two species of charged quasi-particles in
the bulk, with one species (spin-up) related to the other one (spin-down)
by time reversal, and each species has two degenerate states per wave
vector mimicking a 2-component Dirac fermion (at small wave vectors).

1the first published account of this observation – originally due to Magnen,
Sénéor and myself – appears in a paper by Deser, Jackiw and Templeton of 1982



3. 3D Topological Insulators, Axions

Encouraged by the findings of the last section, we propose to
consider insulators in 3D with two filled bands “communicating”
with each other, confined to a region

⇤ := ⌦⇥ R, @⇤ 6= ;

of space-time. Again, we are interested in the general form of the
e↵ective action describing the response of such materials to
turning on an external em field. Until the mid nineties:

S⇤(A) =
1

2

Z

⇤
dt d3x {~E · "~E � ~B · µ�1~B}, (19)

where " is the tensor of dielectric constants of the material and µ is
the magnetic permeability tensor. The action in (19) is dimension-
less. Particle theorists taught us in the seventies that one could
add another dimensionless term:



An e↵ective action with a topological term

S⇤(A)! S (✓)
⇤ (A) := S⇤(A) + ✓ I⇤(A), (20)

where I⇤ is a topological term (“instanton number”) given by

(2⇡2) I⇤(A) =
1

2

Z

⇤
dt d3x ~E · ~B =

Z

⇤
FA ^ FA =

Stokes

Z

@⇤
A ^ dA

(21)
The partition function of an insulator is given by

Z(✓)
⇤ (A) = exp

�
iS (✓)

⇤ (A)
�
,

with S (✓)
⇤ as in (20). In the thermodynamic limit, ⌦% R3, it is

periodic in ✓ with period 2⇡ and invariant under time reversal i↵

✓ = 0,⇡



Surface degrees of freedom

Conventional insulator $ ✓ = 0. For ✓ = ⇡, Z(✓)
⇤ (A) displays a boundary

term given by

exp
� i

2⇡

Z

@⇤
A ^ dA

�
, (22)

see (21). This is the partition function of (2 + 1)D two-component
charged, “relativistic” Dirac fermions on @⇤, coupled to external em field;
(’76, ’82, ’84,...). Two species of charged quasi-particles (“spin-up” and
“spin-down”) with a conical Fermi surface that propagate along the
surface of an insulator may appear in certain insulators with two bands
communicating with each other. (Further possible surface degrees of
freedom will be considered elsewhere.)
One may wonder whether it might make sense to view ✓ as the
(ground-state) expectation value of a dynamical field, ', and replace the
term ✓ I⇤(A) by

I⇤(',A) :=
1

2⇡2

Z

⇤
' FA ^ FA + S0('), (23)



Axionic topological insulators

where S0(') is invariant under shifts

' 7! '+ n⇡, n 2 Z (24)

with minima at ' = n⇡, n 2 Z. The field ' is a pseudo-scalar field,
called “axion field”. As a speculation, one may argue that axions
may emerge in certain topological insulators with anti-ferromagn.
short-range order and with two bands with conical Fermi surfaces
and communicating with each other ! anomalous axial vector
current, jµ5 ! The time derivative of the axion then would have the
interpretation of a chemical potential conjugate to axial-vector
charge, (% F-Pedrini, 2000(!), ... , Hehl et al., 2008, S.-C. Zhang
et al., 2010):

Z
' FA ^ FA = �const.

Z
d' ^ j⇤5 (chiral anomaly !) (25)



Instabilities of axionic topological insulators
Assuming that (23) might be term in the e↵ective action of a new kind
of 3D topological insulator, one may want to study its properties:
By (24), the bulk of such a material will exhibit domain walls across
which ' changes by ⇡. Applying insight described after (22), we predict
that domain walls carry gapless two-component charged Dirac fermions,
which give rise to a non-vanishing conductivity, (i.e., to a break-down of
insulating nature of the material, % F-Werner, 2014).
Axion electrodynamics exhibits interesting instabilities: Time Reversal
Invariance and Parity can be spontaneously broken inside bulk of axionic
TI, (F-Pedrini, 2000). A related instability has been pointed out by
Ooguri and Oshikawa (2012) on the basis of simple calculations:
Above a certain critical field strength, Ec , an external electric field
applied to an axionic topological insulator is screened, with excess field
converted into a magnetic field!

Courtesy Ooguri & Oshikawa



4. Implications of Chiral Anomaly in Cosmology?

� 6 basic puzzles in cosmology:

1. Matter–Antimatter asymmetry in the Universe

2. The Universe is expanding (for ever?)

3. The expansion of the Universe is accelerated  DE?

4. There appear to be comparable amounts of Visible Matter,
Dark Matter and Dark Energy in the Universe 2; but what are
Dark Matter and Dark Energy made of ?

5. There exist tiny, but very homogeneous magnetic fields
extending over intergalactic distances in the Universe

6. Neutrini have a tiny rest mass – why & what is their role in
cosmology?

There are fairly precise empirical data supporting these claims; but
we don’t know the nature of Dark Matter and Dark Energy!

2was this always the case?



The ABF-proposal in a nutshell

Party line – until proven wrong: There must be one mechanism at the
root of all these facts and solving the puzzles.
Our proposal: A new axion-type field, ', is introduced in the standard
model; ' may actually describe new gravitational degrees of freedom.
A toy model: ' is a scalar field with a self-interaction potential

V (') = �e'/f

and is coupled to an invisible gauge field through an anomalous current
as in (23), (25): A term

↵ ('/f ) tr(~E · ~B)

then appears in the Lagrangian density, leading to an equation of motion

�e'/f = ↵ tr(~E · ~B), (**)

assuming that '̈, H'̇ ⇡ 0, (H = ȧ/a = Hubble “constant”)



An instability leading to Dark Energy

The equations of motion for ~E , ~B exhibit an instability leading to
growth of the “instanton density” tr(~E · ~B), which may approach a
non-zero constant, as time increases: “Instanton condensation”;
(same mechanism as in Ooguri-Oshikawa!) Then the potential
energy density of ',

V (')
(⇤⇤)
= ↵ tr(~E · ~B),

approaches a constant; but its kinetic energy density tends to 0.
) ' leads to Dark Energy, while ~E and ~B describe Dark Matter:

0 < |tr(~E · ~B)|  1

2
tr(~E 2 + ~B2) ) ⇢DM 6= 0!

If ↵ is fairly large (strong coupling), Dark Energy may dominate
over Dark Matter. In any event, they appear to have comparable
values: Tracking!



Conclusions
Well, this is a little sketchy; but I hope the main ideas are plausible.

————–

To conclude, I hope that I may have convinced you that the Chiral
Anomaly and axions have diverse applications to concrete problems in
Physics. This talk is a report on what I consider to be some of my main
contributions to Physics... I hope it has been entertaining!

Sincerely,



Appendix

This appendix contains extracts of my 1994 Les Houches Lectures
and of a contribution to the book “Mathematical Physics 2000”
(A. Fokas (Imperial College, London), A. Grigoryan (Imperial
College, London), T. Kibble (Imperial College, London), and B.
Zegarlinski (Imperial College, London). I especially recommend
Eqs. (6.26), (6.52) and (6.54) of the first reference to the reader’s
attention: Here time-reversal invariant 2D topological insulators
with edge spin-currents are described (implicitly) for the first time
– among many other things that look somewhat interesting.



Appendix: An Analogue of the QHE in 5D/4D, and
Applications in Cosmology

Work started with Anton Alekseev and Vadim Cheianov
Main results with Bill Pedrini (& Philipp Werner), 1998-2000
E↵orts continued with
Alexey Boyarsky, Oleg Ruchayskiy; Ali Chamseddine, Baptiste
Schubnel & Daniel Wyler, 2009 - present
Some new results with
Stephon Alexander & Robert Brandenberger

General Theme: Anomalies and axions, with applications in
cosmology; e.g., to:
Growth of primordial magnetic fields in the universe,
matter-antimatter asymmetry, origin of dark energy.



Some basics concerning cosmology
Thanks to Robert Brandenberger, whose advice is gratefully
acknowledged.

Friedmann-Lemâitre metric for a spatially flat Universe:

ds2 = dt2 � a(t)2d~x2 (26)

Friedmann equations:

H2 = ⇢, ⇢̇ = �3H(⇢+ p), with H(t) =
ȧ(t)

a(t)| {z }
Hubble const

(27)

where ⇢ is the energy density and p the pressure. If matter and
radiation are distributed isotropically then the energy-momentum
tensor, T , is given by

(Tµ⌫) = diag(⇢, p, p, p)



More basics

(Dark) Matter, DM: p ⇡ 0 ) a(t) / t2/3, ⇢DM(t) / t�2

Radiation, rad: p =
⇢

3| {z }
Tµ
µ=0 (s.i .)

) a(t) / t1/2, ⇢rad(t) / t�2

Dark Energy, DE: p = �⇢ ) ⇢̇ = 0) H2 = ⇢DE = const.
) a(t) = eHt

At very early times, Universe was very hot ) masses of particles
negligible, radiation dominated; local thermal equilibrium at
temperature T (t), with

T (t) / a(t)�1 / t�1/2

I now sketch a model for DE – sketch of a unified approach to
items 3 – 5 somewhat premature.



A new gravitational degree of freedom

If one analyzes how the Standard Model couples to gravity one
finds that there may be an additional scalar field, ', in the theory,
which, after turning o↵ its interactions with other degrees of
freedom except gravity, has the action

S(') =

Z
d4x
p
|g |
⇥
@µ'g

µ⌫@⌫'� �e'/f
⇤
, (28)

where � is some self-interaction constant and f is a scale parameter
with the dimension of inverse length. The field e'/f measures a
distance in “internal space”, hence describes new gravitational
degrees of freedom.
One of the problems we have to understand is the matter–anti-
matter asymmetry in the Universe. If there were a natural reason
for a non-zero chemical potential, µL, conjugate to the charge QL

the problem of matter-antimatter asymmetry would be solved:



Relation between the field ' and a chemical potential

We would add a term �µLQL in the exponent of the density matrix
describing local thermal equilibrium favoring leptons over
anti-leptons. In the Lagrangian formalism, this term corresponds to
adding a term

f �1
Z

d' ^ j⇤L (29)

to the action of the Standard Model 3, see (25), with

µL = f �1'̇, (current algebra!)

and the field ' is interpreted as the one introduced in (28).
Integrating by parts in (29), we find that

(29) = �f �1
Z
' dj⇤L + boundary term

3note that j⇤L is the Hodge dual of the lepton current, jµ, thus a 3-form!



The role of the anomaly

The current jµL is anomalous, with

dj⇤L = ↵ tr(F ^ F ) + terms / lepton masses

Thus, the action functional for the field ' in the presence of
leptons contains a term

↵ f �1
Z
' tr (F ^ F ) = 2↵ f �1

Z
d4x
p
|g |' ~E · ~B ,

where ~E and ~B are the electric and magnetic components of the
field tensor F , resp.
Next we derive the equations of motion for the fields ', ~E and ~B in
a Friedmann-Lemâitre Universe, assuming that these fields only
depend on time, t; (see also F-Pedrini, Ooguri-Oshikawa). ETC.



More about the primordial plasma

We start by summarizing some of the laws describing a primordial
plasma of charged, light particles in the universe.
The chiral anomaly says that

@µJ
µ
5 =

↵

⇡
~E · ~B , (1)

where ↵ is the fine structure constant.
Let T denote the temperature of the primordial plasma, and µ5

the “axial chemical potential” conjugate to the conserved charge

Q5 :=

Z

{t=const.}
d3x (J05 (~x , t)�

↵

2⇡
"0⌫⇢�A⌫F⇢�), (2)

counting the di↵erence of charge of left-handed and of
right-handed light leptons. Pseudo-scalar charge density:

⇢5(~x , t) := hJ05 (~x , t)iT ,µ5 ,



Implications of chiral anomaly

q5(t) ⌘ q5(t;T , µ5) := spatial average of ⇢5(~x , t). (3)

Response of q5 to the chemical potential µ5:

q5(t;T , µ5) ⇡ µ5
@q5
@µ5

(t;T , µ5 = 0) ⇡ µ5

6
T 2, (4)

with q5(t;T , µ5 ⌘ 0) = 0. The second equation in Eq. (4) is valid
for relativistic particles in a weak magnetic field, (T 2 � e|~B |,
T � µ5). The chiral anomaly implies that

µ̇5 =
6

T 2
q̇5(T , µ5) =

6↵

⇡T 2
~E · ~B . (5)

and, as shown by ACF, that

~j(x) = h~J(x)iT ,µ5 =
↵

⇡
µ5
~B(x)

| {z }
contr. from anomaly

+ �~E (x)| {z }
Ohm-Hall law

. (6)



An instability derived from the anomaly

The first term on the right side of Eq. (6) can be derived from the
anomalous equal-time commutator

[J05 (~y , t), J
0(~x , t)] =

↵

⇡
~B(~y , t) · ~r�(~y � ~x)

and from expression (8), below, for the equilibrium state of the
plasma. Inserting Eq. (6) into Ampère’s law and applying
Faraday’s induction law, we find that

@~B

@t
=

1

�
⇤~B +

↵

⇡

µ5

�
~r^ ~B . (7)

Solutions to this equation exhibit an instability – exp. growth of ~B ,
(as will be shown shortly).



Local thermal equilibrium

On large scales, temperature, T = ��1, and axial chem. pot. µ5

depend on location in space-time. Thus, state of local thermal
equilibrium (LTE) of primordial plasma described by density
operator
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where uµ(x) = 4-velocity field of plasma. Gauge invariance leads
to the constraint

d(�µ5) ^ F |⌃ ⌘ 0.

Next, we propose to find a generally covariant form of Eq. (6)
linear in the electromagnetic field tensor Fµ⌫ :
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Axial chemical potential and axion

where ✓5 ⌘ � is a pseudo-scalar field. The spatial components of
this equation in co-moving coordinates are
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Comparing this equation with Eq. (6), we find that

µ5 = uµ@µ✓5. (10)

Important Remark: The first term on the right side of Eq. (9) can be
derived from an action principle. Upon variation with respect to the
electromagnetic vector potential Aµ (F = dA), the term
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yields precisely the first term on the R.S. in (9).



Equations of motion of axion

Expression (11) suggests that the field ✓5 describes an axion coupled to
the electromagnetic field.
How do field equations for ✓5 look like? Inspiration from Eqs. (5)
and(10): Let’s assume that we work in coordinates where the plasma is
at rest. Then µ5 = ✓̇5, and hence Eq. (5) yields
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Eq. (5’) suggests that the field equation for ✓5 is one of the following
equations:
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6 , which is an inhomogeneous wave equation; or
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which is an inhomogeneous di↵usion equation for ✓̇5 ⌘ �̇ = µ5. ETC.


