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two counter-propagating laser beams !
 → (periodic) standing wave!
(atom-laser electric dipole interaction)

that due to the interference of the two laser beams, V0 is
four times larger than Vtrap if the laser power and beam
parameters of the two interfering lasers are equal.

Periodic potentials in two dimensions can be formed
by overlapping two optical standing waves along differ-
ent, usually orthogonal, directions. For orthogonal po-
larization vectors of the two laser fields, no interference
terms appear. The resulting optical potential in the cen-
ter of the trap is then a simple sum of a purely sinusoidal
potential in both directions.

In such a two-dimensional optical lattice potential, at-
oms are confined to arrays of tightly confining one-
dimensional tubes !see Fig. 4"a#$. For typical experimen-
tal parameters, the harmonic trapping frequencies along
the tube are very weak "on the order of 10–200 Hz#,
while in the radial direction the trapping frequencies can
become as high as up to 100 kHz. For sufficiently deep
lattice depths, atoms can move only axially along the
tube. In this manner, it is possible to realize quantum
wires with neutral atoms, which allows one to study
strongly correlated gases in one dimension, as discussed
in Sec. V. Arrays of such quantum wires have been real-
ized "Greiner et al., 2001; Moritz et al., 2003; Kinoshita et
al., 2004; Paredes et al., 2004; Tolra et al., 2004#.

For the creation of a three-dimensional lattice poten-
tial, three orthogonal optical standing waves have to be
overlapped. The simplest case of independent standing
waves, with no cross interference between laser beams
of different standing waves, can be realized by choosing
orthogonal polarization vectors and by using slightly dif-
ferent wavelengths for the three standing waves. The

resulting optical potential is then given by the sum of
three standing waves. In the center of the trap, for dis-
tances much smaller than the beam waist, the trapping
potential can be approximated as the sum of a homoge-
neous periodic lattice potential

Vp"x,y,z# = V0"sin2 kx + sin2 ky + sin2 kz# "36#

and an additional external harmonic confinement due to
the Gaussian laser beam profiles. In addition to this, a
confinement due to the magnetic trapping is often used.

For deep optical lattice potentials, the confinement on
a single lattice site is approximately harmonic. Atoms
are then tightly confined at a single lattice site, with trap-
ping frequencies !0 of up to 100 kHz. The energy "!0
=2Er"V0 /Er#1/2 of local oscillations in the well is on the
order of several recoil energies Er="2k2 /2m, which is a
natural measure of energy scales in optical lattice poten-
tials. Typical values of Er are in the range of several
kilohertz for 87Rb.

Spin-dependent optical lattice potentials. For large de-
tunings of the laser light forming the optical lattices
compared to the fine-structure splitting of a typical
alkali-metal atom, the resulting optical lattice potentials
are almost the same for all magnetic sublevels in the
ground-state manifold of the atom. However, for more
near-resonant light fields, situations can be created in
which different magnetic sublevels can be exposed to
vastly different optical potentials "Jessen and Deutsch,
1996#. Such spin-dependent lattice potentials can, e.g.,
be created in a standing wave configuration formed by
two counterpropagating laser beams with linear polar-
ization vectors enclosing an angle # "Jessen and Deutsch,
1996; Brennen et al., 1999; Jaksch et al., 1999; Mandel et
al., 2003a#. The resulting standing wave light field can be
decomposed into a superposition of a $+- and a
$−-polarized standing wave laser field, giving rise to lat-
tice potentials V+"x ,##=V0 cos2"kx+# /2# and V−"x ,##
=V0 cos2"kx−# /2#. By changing the polarization angle #,
one can control the relative separation between the two
potentials %x= "# /&#'x /2. When # is increased, both po-
tentials shift in opposite directions and overlap again
when #=n&, with n an integer. Such a configuration has
been used to coherently move atoms across lattices and
realize quantum gates between them "Jaksch et al., 1999;
Mandel et al., 2003a, 2003b#. Spin-dependent lattice po-
tentials furthermore offer a convenient way to tune in-
teractions between two atoms in different spin states. By
shifting the spin-dependent lattices relative to each
other, the overlap of the on-site spatial wave function
can be tuned between zero and its maximum value, thus
controlling the interspecies interaction strength within a
restricted range. Recently, Sebby-Strabley et al. "2006#
have also demonstrated a novel spin-dependent lattice
geometry, in which 2D arrays of double-well potentials
could be realized. Such “superlattice” structures allow
for versatile intrawell and interwell manipulation possi-
bilities "Fölling et al., 2007; Lee et al., 2007; Sebby-
Strabley et al., 2007#. A variety of lattice structures can
be obtained by interfering laser beams under different

(a)

(b)

FIG. 4. "Color online# Optical lattices. "a# Two- and "b# three-
dimensional optical lattice potentials formed by superimposing
two or three orthogonal standing waves. For a two-
dimensional optical lattice, the atoms are confined to an array
of tightly confining one-dimensional potential tubes, whereas
in the three-dimensional case the optical lattice can be ap-
proximated by a three-dimensional simple cubic array of
tightly confining harmonic-oscillator potentials at each lattice
site.

896 Bloch, Dalibard, and Zwerger: Many-body physics with ultracold gases
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periodic lattices with multiple wells per unit cell
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Creating, moving and merging Dirac points with a
Fermi gas in a tunable honeycomb lattice
Leticia Tarruell1, Daniel Greif1, Thomas Uehlinger1, Gregor Jotzu1 & Tilman Esslinger1

Dirac points are central to many phenomena in condensed-matter
physics, from massless electrons in graphene to the emergence of
conducting edge states in topological insulators1,2. At a Dirac
point, two energy bands intersect linearly and the electrons behave
as relativistic Dirac fermions. In solids, the rigid structure of the
material determines the mass and velocity of the electrons, as well
as their interactions. A different, highly flexible means of studying
condensed-matter phenomena is to create model systems using
ultracold atoms trapped in the periodic potential of interfering
laser beams3,4. Here we report the creation of Dirac points with
adjustable properties in a tunable honeycomb optical lattice. Using
momentum-resolved interband transitions, we observe a minimum
bandgap inside the Brillouin zone at the positions of the two Dirac
points. We exploit the unique tunability of our lattice potential to
adjust the effective mass of the Dirac fermions by breaking inver-
sion symmetry. Moreover, changing the lattice anisotropy allows us
to change the positions of the Dirac points inside the Brillouin zone.
When the anisotropy exceeds a critical limit, the two Dirac points
merge and annihilate each other—a situation that has recently
attracted considerable theoretical interest5–9 but that is extremely
challenging to observe in solids10. We map out this topological
transition in lattice parameter space and find excellent agreement
with ab initio calculations. Our results not only pave the way to
model materials in which the topology of the band structure is
crucial, but also provide an avenue to exploring many-body phases
resulting from the interplay of complex lattice geometries with
interactions11–13.

Ultracold gases in optical lattices have become a versatile tool with
which to simulate a wide range of condensed-matter phenomena3,4.
For example, the control of interactions has led to the observation of
Mott insulating phases14–16. In fermionic systems, this provides new
access to the physics of strongly correlated materials. However, the
topology of the band structure is equally important for the properties of
a solid. A prime example is the honeycomb lattice of graphene, where
the presence of topological defects in momentum space—the Dirac
points—leads to remarkable transport properties, even in the absence
of interactions1. In quantum gases, a honeycomb lattice has recently
been realized and investigated using a Bose–Einstein condensate17,18,
but no signatures of Dirac points were observed. Here we study an
ultracold Fermi gas of 40K atoms in a two-dimensional, tunable optical
lattice, which can be continuously adjusted to create square, triangular,
dimer and honeycomb structures. In the honeycomb lattice, we
identify the presence of Dirac points in the band structure by observing
a minimum bandgap inside the Brillouin zone using interband transi-
tions. Our method is closely related to a technique recently used with
bosonic atoms to characterize the linear crossing of two high-energy
bands in a one-dimensional, bichromatic lattice19, but also provides
momentum resolution.

To create and manipulate Dirac points, we have developed a two-
dimensional optical lattice of adjustable geometry. It is formed by three
retro-reflected laser beams of wavelength l 5 1,064 nm, arranged as
depicted in Fig. 1a. The interference of two perpendicular beams, X

and Y, gives rise to a chequerboard lattice of spacing l=
ffiffiffi
2
p

. A third
beam, !X, collinear with X but detuned by a frequency d, creates an
additional standing wave with a spacing of l/2. This yields a potential
of the form

1Institute for Quantum Electronics, ETH Zurich, 8093 Zurich, Switzerland.
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Figure 1 | Optical lattice with adjustable geometry. a, Three retro-reflected
laser beams of wavelength l 5 1,064 nm create the two-dimensional lattice
potential of equation (1). Beams X and Y interfere and produce a chequerboard
pattern, and beam !X creates an independent standing wave. Their relative
position is controlled by the detuning d. b, Top: different lattice potentials can
be realized depending on the intensities of the lattice beams. White regions
correspond to lower potential energies and blue regions to higher potential
energies. Bottom: diagram showing the accessible lattice geometries as a
function of the lattice depths V!X and VX. The transition between triangular (T)
and dimer (D) lattices is indicated by a dotted line. When crossing the dashed
line into the honeycomb (Hc) regime, Dirac points appear. The limit V!X?VX,
V!X?VY corresponds to weakly coupled, one-dimensional chains (1D c). c, The
real-space potential of the honeycomb lattice has a two-site unit cell (sites A and
B) and the primitive lattice vectors are perpendicular. d, Left: sketch of the first
and second Brillouin zones (BZs) of the honeycomb lattice, indicating the
positions of the Dirac points. Right: three-dimensional view of the energy
spectrum showing the linear intersection of the bands at the two Dirac points.
The colour scale illustrates lines of constant energy. We denote the full
bandwidth, W; the minimum energy gap at the edges of the Brillouin zone, EG;
and the Bloch wavevector, qB 5 2p/l.
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tions. Our method is closely related to a technique recently used with
bosonic atoms to characterize the linear crossing of two high-energy
bands in a one-dimensional, bichromatic lattice19, but also provides
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Figure 1 | Optical lattice with adjustable geometry. a, Three retro-reflected
laser beams of wavelength l 5 1,064 nm create the two-dimensional lattice
potential of equation (1). Beams X and Y interfere and produce a chequerboard
pattern, and beam !X creates an independent standing wave. Their relative
position is controlled by the detuning d. b, Top: different lattice potentials can
be realized depending on the intensities of the lattice beams. White regions
correspond to lower potential energies and blue regions to higher potential
energies. Bottom: diagram showing the accessible lattice geometries as a
function of the lattice depths V!X and VX. The transition between triangular (T)
and dimer (D) lattices is indicated by a dotted line. When crossing the dashed
line into the honeycomb (Hc) regime, Dirac points appear. The limit V!X?VX,
V!X?VY corresponds to weakly coupled, one-dimensional chains (1D c). c, The
real-space potential of the honeycomb lattice has a two-site unit cell (sites A and
B) and the primitive lattice vectors are perpendicular. d, Left: sketch of the first
and second Brillouin zones (BZs) of the honeycomb lattice, indicating the
positions of the Dirac points. Right: three-dimensional view of the energy
spectrum showing the linear intersection of the bands at the two Dirac points.
The colour scale illustrates lines of constant energy. We denote the full
bandwidth, W; the minimum energy gap at the edges of the Brillouin zone, EG;
and the Bloch wavevector, qB 5 2p/l.
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“Universal Quantum Simulator”, a certain class of quantum systems which 
would simulate other quantum systems:!
!

• reproducing the quantum behavior of systems that are difficult to access!
• control and analysis of specific effects  (that could be hidden)!
• explore new parameter regimes (even unphysical)!
• substitute “classical” computation

tunability and control of most the parameters!

engineering hamiltonians of other physical systems!

prepare different quantum states!

precise measurements
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Mott insulator transition [Munich 2002]

BKT transition [Paris 2006]

nonlinear instabilities !
[LENS 2003]

beams; or (ii) starting with a Raman-dressed state [12]
(a superposition of jmF ¼ 0; kx ¼ 0i and jmF ¼ "1; kx #
2kLi), we suddenly turn on the rf field.

After holding the lattice on for a time !pulse, we suddenly
turn off the rf and Raman fields, together with the confining
potential. The atoms are projected onto the bare spin-
momentum basis and separate in TOF in the presence of
a magnetic field gradient (along ez), allowing us to resolve
their spin and momentum components.

We observe a detectable population in states with mo-
menta up to jkxj $ 4kL [Fig. 4(b)]. We perform such
experiments for !R=!rf % 3 and 5. We minimize
the effects of interactions by working with small BECs
(% 9& 104 atoms). Figures 4(c) and 4(d) show the fraction
of atoms in each diffracted order evolving with time. We
observe multiple revivals of the initial spin-momentum
state and find symmetry in the population dynamics of
spin-momentum states with opposite momentum and op-
posite spin. The curves represent fits to the populations in all
spin-momentum components. The parameters from the fits
are all within 10% for our calibrated values, demonstrating
that the spin-momentumdynamics arewell described by the
unitary evolution of the initial states under HrfþR [14].

Based on this technique for controlling the Peierls phase
and inspired by recent proposals for creating flux lattices
[1,21], we now describe how this method might be ex-
tended to create a lattice with zero net flux that is topo-
logically equivalent to the Hofstadter model with flux
density n" ¼ 1=3 per plaquette. Because the hopping
phase is only defined modulo 2" (thus n" is only defined
modulo 1), a uniform magnetic field with n" ¼ 1=2 is
equivalent to a staggered field with n" ¼ "1=2. In the

same spirit, a magnetic field staggered along ez with flux
density ( . . . ; 1=3; 1=3;(2=3; . . . ; ) has zero net flux yet is
equivalent to a uniform field with n" ¼ 1=3. These fields
could be generated by the Peierls phases#yðjx; jzÞ ¼ 0 and
#xðjx; jzÞ ¼ (ð2"=3Þmodðjz; 3Þ. Reminiscent of the flux

(a)

(b)

(c)

(d)

FIG. 4 (color online). BEC diffraction from the effective Zeeman lattice. (a) Starting with a rf-dressed (Raman-dressed) state, we
suddenly turn on the Raman (rf) field for a variable time !pulse. (b) Using TOF absorption images of the projected spin-momentum

distributions, we count the number of atoms in each diffracted order and determine its fractional population. Panels (c) and (d) depict
the time evolution of these fractions. The curves are fits to the data, calculated from HrfþR. The fit parameters are (c) rf dressed@ð!rf ;!R;!zÞ ¼ ð3:57; 11:49;(0:04ÞEL and (d) Raman dressed @ð!rf ;!R;!zÞ ¼ ð3:06; 15:14; 0:08ÞEL.

(a) (b)

FIG. 5 (color online). Generation of the 1=3 flux Hofstadter
model. (a) Schematic showing effective 1=3 flux per plaquette
modulo 1. The color scale indicates the effective phase gradient
induced by the vector lattice. Atoms acquire phases as they hop
along ex, in contrast, no phase is acquired by hopping along ez
(see loop). (b) Region (in black) where the Chern numbers in the
lowest three bands are ð1;(2; 1Þ, equivalent to the n" ¼ 1=3
Hofstadter model as a function of the period 3a=2 vector lattice’s
strength. The horizontal axis is its vector contribution to !z and
the vertical is its scalar contribution to the overall lattice poten-
tial. The inclusion of a state-dependent potential spatially mod-
ulates the energy in the lowest dressed band (including the effect
of the scalar potential arising from the adiabatic approximation),
resulting in an unwanted spatial staggering of the lattice poten-
tial. The flat band condition corresponds to the case when the
scalar light shift cancels this unwanted modulation.

PRL 108, 225303 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending
1 JUNE 2012

225303-4

artificial gauge fields 
[NIST 2009-2012]

for three different values of J. In all three cases, the system enters the
localized regime at the same disorder strength, providing compelling
evidence of the scaling behaviour intrinsic to the model described in
equation (1).

In this regime, the eigenstates of the hamiltonian in equation (1)
are exponentially localized, and the tails of diffusing wave packets are
expected to behave like stretched exponentials24. We therefore ana-
lysed the tails of the spatial distributions with an exponential func-
tion of the form fa(x) 5 Aexp(2j(x 2 x0)/lja), the exponent a being a
fitting parameter. Two examples of this analysis, one for weak dis-
order and one for strong disorder, are shown in Fig. 3a, b. The
exponent a exhibits a smooth crossover from a value of two to a
value of one as D/J increases (Fig. 3c), signalling the onset of an
exponential localization. The value a 5 2 that we obtain for small
D/J corresponds to the expected ballistic evolution of the initial
gaussian momentum distribution of the non-interacting condensate.
We note that in the radial direction, where the system is only har-
monically trapped, the spatial distribution is always well fitted by a
gaussian function (a 5 2).

Information on the eigenstates of the system can also be extracted
from the analysis of the momentum distribution of the stationary
atomic states in the presence of the harmonic confinement. The
width of the axial momentum distribution P(k) is inversely propor-
tional to the spatial extent of the condensate in the lattice. We mea-
sure it by releasing the atoms from the lattice and imaging them after
a ballistic expansion.

In Fig. 4, we show examples of the experimental momentum dis-
tributions that are in agreement with the model predictions for the
low-lying eigenstates. Without disorder, we observe the typical grat-
ing interference pattern with three peaks at k 5 0, 62k1, reflecting the
periodicity of the primary lattice. The very small width of the peak at
k 5 0 indicates that the wavefunction is spread over many lattice
sites25. For weak disorder, the eigenstates of the hamiltonian in equa-
tion (1) are still extended, and additional momentum peaks appear at
momentum space distances 62(k1 2 k2) from the main peaks, cor-
responding to the beating of the two lattices. As we further increase
D/J, P(k) broadens and its width eventually becomes comparable
with that of the Brillouin zone, k1, indicating that the extension of
the localized states becomes comparable with the lattice spacing.
From the theoretical analysis of the Aubry–André model, we have a
clear indication that in this regime the eigenstates are exponentially
localized on individual lattice sites.

We note that the side peaks in the two bottom profiles of Fig. 4a, b
indicate that the localization is non-trivial, that is, the tails of the
eigenstates extend over several lattice sites even for large disorder.
The small modulation on top of the profiles is due to the interference
between the several localized states over which the condensate is
distributed. In Fig. 4c, we present the root-mean-squared width of
the central peak of P(k) as a function of D/J, for three different values
of J. The three data sets lie on the same line, confirming the scaling
behaviour of the system. A visibility of the interference pattern,
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Figure 2 | Probing the localization with transport. a, In situ absorption
images of the Bose–Einstein condensate diffusing along the quasi-periodic
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Anderson localization !
[LENS, Paris 2008]

long lived Bloch oscillations [LENS, Innsbruck 2006-2007]
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V(x, y)

~{V!Xcos2(kxzh=2){VXcos2(kx){VYcos2(ky)

{2a
ffiffiffiffiffiffiffiffiffiffiffiffi
VXVY
p

cos(kx)cos(ky)cos(Q)

ð1Þ

where V!X, VX and VY denote the single-beam lattice depths (propor-
tional to the laser beam intensities), a is the visibility of the interference
pattern and k 5 2p/l. We can adjust the two phases continuously, and
choose h 5p and Q 5 0 (Methods). Varying the relative intensities of
the beams allows us to realize various lattice structures (Fig. 1b). In the
following, we focus on the honeycomb lattice, whose real-space poten-
tial is shown in Fig. 1c.

The honeycomb lattice consists of two sublattices, A and B. Therefore,
the wavefunctions are two-component spinors1. Tunnelling between
the sublattices leads to the formation of two energy bands, which are
well separated from the higher bands and have a conical intersection at
two quasi-momentum points in the Brillouin zone—the Dirac points.
These points are topological defects in the band structure, with
respective associated Berry phases of p and 2p. This guarantees their
stability with respect to lattice perturbations, such that a large range of
lattice anisotropies change only the positions of the Dirac points inside
the Brillouin zone. In contrast, breaking the inversion symmetry of the
potential by introducing an energy offset, D, between the sublattices
opens an energy gap at the Dirac points, proportional to D. In our
implementation, D depends only on the value of the phase h and can be
precisely adjusted (Methods). As shown in Fig. 1c, d, the primitive
lattice vectors are perpendicular, leading to a square Brillouin zone
with two Dirac points inside. Their positions are symmetric around the
centre and are fixed to quasi-momentum qx 5 0, owing to the time-
reversal and reflection symmetries of the system20. The band structure
for our lattice implementation is in the two lowest bands topologically
equivalent to that of a hexagonal lattice with six-fold symmetry. For
deep lattices, both configurations then also map to the same tight-
binding Hamiltonian.

We characterize the Dirac points by probing the energy splitting
between the two lowest-energy bands through interband transitions.
The starting point of the experiment is a non-interacting, ultracold gas
of N<50,000 fermionic 40K atoms in the jF, mFæ 5 j9/2, 29/2æ state,
where F denotes the hyperfine manifold and mF the Zeeman state. The
cloud is prepared in the lowest-energy band of a honeycomb lattice
with V!X=ER~4:0(2), VX=ER~0:28(1) and VY=ER~1:8(1), which
also causes a weak harmonic confinement with trapping frequencies
vx/2p5 17.6(1) Hz, vy/2p5 31.8(5) Hz and vz/2p5 32.7(5) Hz.
Here ER 5 h2/2ml2 is the recoil energy, h denotes Planck’s constant
and m is the mass of a 40K atom. Throughout the manuscript, errors in
parenthesis denote the standard deviation. On application of a weak
magnetic field gradient, the atomic cloud is subjected to a constant
force, F, in the x direction, with an effect equivalent to that produced by
an electric field in solid-state systems. The atoms are hence accelerated
such that their quasi-momentum qx increases linearly up to the edge of
the Brillouin zone, where a Bragg reflection occurs. The cloud even-
tually returns to the centre of the band, performing one full Bloch
oscillation21. We then measure the quasi-momentum distribution of
the atoms in the different bands22 (Methods).

Owing to the finite momentum width of the cloud, trajectories with
different quasi-momenta qy are simultaneously explored during the
Bloch cycle (Fig. 2a). For a trajectory far from the Dirac points, the
atoms remain in the lowest-energy band (trajectory 1). In contrast,
when passing through a Dirac point (trajectory 2), the atoms are
transferred from the first band to the second because of the vanishing
energy splitting at the linear band crossing. When measuring the
quasi-momentum distribution, these atoms are missing in the first
Brillouin zone and appear in the second band (Fig. 2a). We identify
the points of maximum transfer with the Dirac points. The energy
resolution of the method is set by the characteristic energy of the
applied force21, EB/h 5 Fl/2h 5 88.6(7) Hz, which is small compared

with the full bandwidth, W/h 5 4.6 kHz, and the minimum bandgap at
the edges of the Brillouin zone, EG/h 5 475 Hz.

To investigate how breaking the inversion symmetry of the lattice
affects the Dirac points, we vary the sublattice offset, D, which is
controlled by the frequency detuning, d, between the lattice beams,
and measure the total fraction of atoms transferred to the second band,
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Figure 2 | Probing the Dirac points. a, Quasi-momentum distribution of the
atoms before and after one Bloch oscillation, of period TB (colour scale, column
density of the absorption image in arbitrary units). The cloud explores several
trajectories in quasi-momentum space simultaneously. For trajectory 1 (blue
filled circle), the atoms remain in the first energy band. In contrast, trajectory 2
(green open circle) passes through a Dirac point at t 5 TB/2. There the energy
splitting between the bands vanishes and the atoms are transferred to the
second band. When measuring the quasi-momentum distribution at t 5 TB,
these atoms are missing from the first Brillouin zone and appear in the second
one. b, Dependence of the total fraction of atoms transferred to the second
band, j, on the detuning, d, of the lattice beams, which controls the sublattice
energy offset, D. The maximum indicates the point of inversion symmetry,
where D 5 0 (h 5p in equation (1)) and the gap at the Dirac point vanishes.
Insets: away from the peak, the atoms behave as Dirac fermions with a tunable
mass. Data show mean 6 s.d. of five consecutive measurements; solid line is a
Gaussian fit to the data.
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when the lattice intensity sufficiently high to localize the atoms !
in the lowest vibrational states of the potential wells

discrete lattice

it is convenient to map the system Hamiltonian onto a tight-binding model 
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6.1.4 Approssimazione di Gutzwiller e diagramma di
fase

Analizziamo adesso le proprietà del ground state dell’hamiltoniana di Bose-
Hubbard, che per semplicità riscriviamo qui sotto nel caso unidimensionale

ĤHB = �J
�

⌅j,j�⇧

â†j âj� +
�

j

⌅jn̂j +
U

2

�

j

n̂j (n̂j � 1) (6.39)

Un generico autostato |⇥⌃ di questa hamiltoniana può essere scritto tra-
mite uno sviluppo sulla base di stati di Fock, autostati degli operatori numero
n̂j

|⇥⌃ =
�

{nj}

c{nj} |n1, n2, · · ·⌃ (6.40)

dove i c{nj} sono i coe⇥cienti dello sviluppo. Tuttavia utilizzare questa ba-
se per un calcolo esatto risulta estremamente impraticabile se il numero di
siti e di atomi considerati supera le poche unità (il numero di stati cresce
fattorialmente, ed i tempi di calcolo diventano estremamente lunghi).

Per ovviare a questo, in letteratura è largamente usata la cosiddetta ap-
prossimazione di Gutzwiller, che consiste nel fattorizzare gli stati corrispon-
denti a ciascun sito del reticolo3

|⇥⌃ =
⇥

j

|⇥j⌃ (6.42)

dove gli stati |⇥j⌃ sono delle combinazioni lineari degli stati numero (Fock)
del singolo sito

|⇥j⌃ =
��

nj=0

f (j)
nj

|nj⌃ . (6.43)

Lo stato fondamentale del sistema può essere quindi trovato minimizzando
l’energia libera

F = ⇧⇤|H |⇤⌃ � µ ⇧⇤|
�

i

n̂i |⇤⌃ (6.44)

rispetto ai coe⇥cienti f (j)
nj (µ è il potenziale chimico legato alla conservazione

del numero di particelle). Senza entrare nei dettagli, quello che si trova nel
caso omogeneo (in assenza di potenziale armonico, ⌅j = 0) è che il sistema è
caratterizzato da una transizione di fase quantistica (dovuta alle fluttuazioni

3Si può dimostrare che che l’approssimazione di Gutzwiller è equivalente alla seguente
approssimazione di campo medio del termine di tunneling [4]

â†i âj ⌅ ⇧â†i ⌃âj + â†i ⇧âj⌃ � ⇧â†i ⌃⇧âj⌃ ⇤ �⇤
i âj + �j â

†
i � �⇤

i�j (6.41)

66

Bose–Hubbard model (bosons)

J, U, ɛ depend on the parameters of the underlying continuous model 
 (those directly accessed in the experiment)

tion is of first order. Crossing the phase boundary at any
nonzero current is therefore connected with an irrevers-
ible decay of the current to zero. Experimentally, the
decrease of the critical momentum near the SF-MI tran-
sition has been observed by Mun et al. !2007". Their re-
sults are in good agreement with the phase diagram
shown in Fig. 15.

In the mean-field picture, states of a SF with nonzero
momentum have an infinite lifetime. More precisely,
however, such states can only be metastable because the
ground state of any time-reversal-invariant Hamiltonian
necessarily has zero current. The crucial requirement for
SF in practice, therefore, is that current-carrying states
have lifetimes that far exceed experimentally relevant
scales. This requires these states to be separated from
the state with vanishing current by energy barriers,
which are much larger than the thermal or relevant zero-
point energy.10 The rate for phase slips near the critical
line in Fig. 15 was calculated by Polkovnikov et al.
!2005". It turns out that the mean-field transition sur-
vives fluctuations in 3D, so in principle it is possible to
locate the equilibrium SF-MI transition by extrapolating
the dynamical transition line to zero momentum. In the
experiments of Fertig et al. !2005", the system showed
sharp interference peaks even in the “overdamped” re-
gime where the condensate motion was locked by the
optical lattice !see Fig. 16". This may be due to localized
atoms at the sample edges, which block the dipole oscil-
lation even though atoms in the center of the trap are
still in the SF regime. A theoretical study of the damped
oscillations of 1D bosons was given by Gea-Banacloche
et al. !2006".

A different method of driving a SF-MI transition dy-
namically was suggested by Eckardt et al. !2005". Instead
of a uniformly moving optical lattice, it employs an os-

cillating linear potential K cos!!t"x̂ along one of the lat-
tice directions !in a 1D BHM, x̂=#jjn̂j is the dimension-
less position operator". For modulation frequencies such
that "! is much larger than the characteristic scales J
and U of the unperturbed BHM, the driven system be-
haves like the undriven one, but with a renormalized
tunneling matrix element Jeff=JJ0!K /"!", where J0!x"
is the standard Bessel function. Since U is unchanged in
this limit, the external perturbation completely sup-
presses the tunneling at the zeros of the Bessel function.
Moreover, it allows one to invert the sign of Jeff to nega-
tive values, where, for example, the superfluid phase cor-
responds to a condensate at finite momentum q=# /d. In
recent experiments by Lignier et al. !2007", the dynami-
cal suppression of tunneling with increasing driving K
was observed through measurement of the expansion
velocity along the direction of the optical lattice after
switching off the axial confinement.

E. Fermions in optical lattices

In this section, we focus on fermions in 3D optical
lattice potentials and experimental results that have
been obtained in these systems. Interacting fermions in a
periodic potential can be described by the Hubbard
Hamiltonian. For now we restrict the discussion to the
case of atoms confined to the lowest-energy band and to
two possible spin states $↑%, $↓% for the fermionic par-
ticles. The single-band Hubbard Hamiltonian thus reads

H = − J #
&R,R!%,$

!ĉR,$
† ĉR!,$ + H.c." + U#

R
n̂R↑n̂R↓

+
1
2

M!2#
R,$

R2n̂R,$. !76"

As in the case of bosonic particles, the zero tempera-
ture phase diagram depends strongly on the filling and
the ratio between the interaction and kinetic energies.
An important difference between the bosonic and fermi-
onic Hubbard Hamiltonian can also be seen in the form
of the interaction term, where only two particles of dif-
ferent spin states are allowed to occupy the same lattice
site, giving rise to an interaction energy U between at-
oms.

Filling factor and Fermi surfaces. A crucial parameter
in the fermionic Hubbard model is the filling factor of
atoms in the lattice. Due to the overall harmonic con-
finement of atoms 'last term in Eq. !76"(, this filling frac-
tion changes over the cloud of trapped atoms. One can,
however, specify an average characteristic filling factor,

%c = NFd3/&3, !77"

with &=)2J /M!2 describing the typical delocalization
length of the single-particle wave functions in the com-
bined periodic lattice and external harmonic trapping
potential !Rigol and Muramatsu, 2004; Köhl et al.,
2005a". The characteristic filling factor can be controlled
experimentally either by increasing the total number of
fermionic atoms NF or by reducing J via an increase of

10This is different from the well-known Landau criterion of
superfluid flow below a finite critical velocity !Pitaevskii and
Stringari, 2003". Indeed, the existence of phase slips implies
that the critical velocity is always zero in a strict sense.
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=
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FIG. 16. Inhibition of transport in a one-dimensional bosonic
quantum system with an axial optical lattice. For lattice depths
above approximately 2Er, an atom cloud displaced to the side
of the potential minimum !see inset" is stuck at this position
and does not relax back to the minimum. From Fertig et al.,
2005.
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precise knowledge of these basis functions important to connect the actual 
experimental parameters with the coefficients of the discrete model

5
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Figure 2. A sketch of the double-well structure and of the tunnelling coefficients
between sites A and B.

of functions localized around each minimum

 ̂(x) ⌘
X

nj

ân j fn j(x), (3)

where â†
nj (ân j ) represent the creation (destruction) operator of a single-particle at site j , and

satisfy the usual commutation rules [ân j , â†
n0 j 0] = � j j 0�nn0 (following from those for the field  ̂).

In the presence of a single well per unit cell, it is known that a basis of localized functions
is provided by the exponentially decaying Wannier functions wnj(x) discussed by Kohn
[13, 14]. In general, this is not the case when there are two wells per unit cell. For example,
for a symmetric double well the Kohn–Wannier functions display the same symmetry of the
local potential structure [13, 16] and thus they cannot be associated with a single lattice site
as they occupy both wells in the unit cell. In the next section, we will show that when the two
lowest Bloch bands are sufficiently close to each other with respect to the third band (as will be
clear from the discussion in sections 3.2 and 4), we can construct a set of generalized Wannier
functions w̃nj(x) that are maximally localized at each minima, by following the approach of
Marzari and Vanderbilt [21] for a composite band. This corresponds to the generalization of
the single-band approximation (in the case of a single-well lattice) to the double-well case, as
we need at least two localized functions in each lattice cell to map the system on the discrete
lattice. Then, in section 4, we will explore the range of validity of this composite band approach,
highlighting the different implications on the structure of different tight-binding models.

In the following, we will restrict the analysis to the two lowest energy bands, in analogy
with the single-band approximation for the Bose–Hubbard model [11]. Then, within this
approximation, the single-particle Hamiltonian can be written as

Ĥ0 '
X

⌫⌫0=A,B

X

j j 0
â†

j⌫ â j 0⌫0 h f j⌫|Ĥ 0| f j 0⌫0 i, (4)

where j is the unit cell index, whereas ⌫ = A, B substitutes the band index n = 1, 2 being
an internal index labelling the left and right sub-wells, respectively (see figure 2). Here
the expansion coefficients correspond to the on-site energies E⌫ = h f j⌫ |Ĥ 0| f j⌫ i, and to the
tunnelling amplitudes between different (sub)wells T j j 0

⌫⌫0 ⌘ �h f j⌫|Ĥ 0| f j 0⌫0 i. In general, it is
customary to further approximate the above expression by neglecting the coupling beyond
nearest neighbours for both the single-well [10] and double-well lattices [25, 28, 29]. This is
a reasonable assumption for a single-well lattice in the tight-binding regime [14, 34], but may
not be fully justified in the range of the typical experimental parameters for a double well, as
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n0 j 0] = � j j 0�nn0 (following from those for the field  ̂).

In the presence of a single well per unit cell, it is known that a basis of localized functions
is provided by the exponentially decaying Wannier functions wnj(x) discussed by Kohn
[13, 14]. In general, this is not the case when there are two wells per unit cell. For example,
for a symmetric double well the Kohn–Wannier functions display the same symmetry of the
local potential structure [13, 16] and thus they cannot be associated with a single lattice site
as they occupy both wells in the unit cell. In the next section, we will show that when the two
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the single-band approximation (in the case of a single-well lattice) to the double-well case, as
we need at least two localized functions in each lattice cell to map the system on the discrete
lattice. Then, in section 4, we will explore the range of validity of this composite band approach,
highlighting the different implications on the structure of different tight-binding models.

In the following, we will restrict the analysis to the two lowest energy bands, in analogy
with the single-band approximation for the Bose–Hubbard model [11]. Then, within this
approximation, the single-particle Hamiltonian can be written as
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j⌫ â j 0⌫0 h f j⌫|Ĥ 0| f j 0⌫0 i, (4)

where j is the unit cell index, whereas ⌫ = A, B substitutes the band index n = 1, 2 being
an internal index labelling the left and right sub-wells, respectively (see figure 2). Here
the expansion coefficients correspond to the on-site energies E⌫ = h f j⌫ |Ĥ 0| f j⌫ i, and to the
tunnelling amplitudes between different (sub)wells T j j 0

⌫⌫0 ⌘ �h f j⌫|Ĥ 0| f j 0⌫0 i. In general, it is
customary to further approximate the above expression by neglecting the coupling beyond
nearest neighbours for both the single-well [10] and double-well lattices [25, 28, 29]. This is
a reasonable assumption for a single-well lattice in the tight-binding regime [14, 34], but may
not be fully justified in the range of the typical experimental parameters for a double well, as
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Analytic expressions for both coefficients can be obtained by means of different approximations
[11, 15].

In the case of two wells per unit cell, the Kohn–Wannier recipe is not sufficient. For
example, for a symmetric double well the Kohn–Wannier functions display the same symmetry
as the local potential structure [13, 16] and thus they occupy both wells and cannot be associated
with a single lattice site. A common approach used in the literature is that of the so-called atomic
orbitals [17–19] that has recently been employed, e.g., for the case of a symmetric double-well
unit cell of 2D graphene-like optical lattices [20]. This method is based on a specific ansatz
according to which tight-binding Wannier functions are constructed from linear combinations
of wave functions deeply localized in the two potential wells of the unit cell.

A more general approach is that proposed by Marzari and Vanderbilt [21], where
maximally localized Wannier functions (MLWFs) are obtained by minimizing the spread of a set
of Wannier functions by means of a suitable gauge transformation of the Bloch eigenfunctions.
This method coincides with the Kohn method for the single-band MLWFs of a 1D potential, but
can be extended to more complex situations when generalized MLWFs for composite bands are
needed. The method is implemented by means of a software package, and is mostly used for
computing MLWFs of real condensed matter systems [22].

In this paper, we consider the case of a 1D periodic potential with a double well per
unit cell [23–29], discussing an alternative method for constructing the low-lying generalized
MLWFs based on the minimal spread requirement of Marzari and Vanderbilt [21], specifically
suited for double-well potentials. In particular, we consider a composite band made of the
two lowest Bloch bands and, differently from [21], we design a two-step gauge transformation
specific for a composite two-band system which can be solved by integrating a set of ordinary
differential equations, with suitable boundary conditions. This allows us to efficiently compute
the tunnelling coefficients and other tight-binding coefficients in terms of the parameter of the
continuous potential. We also remark that, although the approach of Marzari and Vanderbilt [21]
was proposed for degenerate bands, we find that the method works properly in a wider regime,
provided that the first band gap does not exceed the distance between the second and the third
band.

This paper is organized as follows. In section 2, we review the mapping of a many-
body Hamiltonian onto a tight-binding model, discussing in particular the case of a sinusoidal
periodic potential with a double well in the unit cell. Then, in section 3 we describe the gauge
transformation for constructing the generalized MLWFs, giving some examples and comparing
them with those of the single-band approach. Then, in section 4, we discuss the regime of
validity of the composite band approach and compare the predictions of the full and nearest-
neighbour versions of the model by discussing the behaviour of the tunnelling coefficients and
other tight-binding parameters. Final considerations are drawn in the conclusions. Technical
points regarding the mapping on momentum space and the numerical implementation are
discussed in the appendices.

2. Tight-binding models for double-well optical lattices

Let us start by reviewing how tight-binding models are defined from a continuous potential. As
a specific example, here we consider a 1D many-body Hamiltonian for ultracold bosons [10]

Ĥ=
Z

dx  ̂† Ĥ 0 ̂ +
g
2

Z
dx  ̂† ̂† ̂ ̂ ⌘ Ĥ0 + Ĥint (1)
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[13, 14]. In general, this is not the case when there are two wells per unit cell. For example,
for a symmetric double well the Kohn–Wannier functions display the same symmetry of the
local potential structure [13, 16] and thus they cannot be associated with a single lattice site
as they occupy both wells in the unit cell. In the next section, we will show that when the two
lowest Bloch bands are sufficiently close to each other with respect to the third band (as will be
clear from the discussion in sections 3.2 and 4), we can construct a set of generalized Wannier
functions w̃nj(x) that are maximally localized at each minima, by following the approach of
Marzari and Vanderbilt [21] for a composite band. This corresponds to the generalization of
the single-band approximation (in the case of a single-well lattice) to the double-well case, as
we need at least two localized functions in each lattice cell to map the system on the discrete
lattice. Then, in section 4, we will explore the range of validity of this composite band approach,
highlighting the different implications on the structure of different tight-binding models.

In the following, we will restrict the analysis to the two lowest energy bands, in analogy
with the single-band approximation for the Bose–Hubbard model [11]. Then, within this
approximation, the single-particle Hamiltonian can be written as

Ĥ0 '
X

⌫⌫0=A,B

X

j j 0
â†

j⌫ â j 0⌫0 h f j⌫|Ĥ 0| f j 0⌫0 i, (4)

where j is the unit cell index, whereas ⌫ = A, B substitutes the band index n = 1, 2 being
an internal index labelling the left and right sub-wells, respectively (see figure 2). Here
the expansion coefficients correspond to the on-site energies E⌫ = h f j⌫ |Ĥ 0| f j⌫ i, and to the
tunnelling amplitudes between different (sub)wells T j j 0

⌫⌫0 ⌘ �h f j⌫|Ĥ 0| f j 0⌫0 i. In general, it is
customary to further approximate the above expression by neglecting the coupling beyond
nearest neighbours for both the single-well [10] and double-well lattices [25, 28, 29]. This is
a reasonable assumption for a single-well lattice in the tight-binding regime [14, 34], but may
not be fully justified in the range of the typical experimental parameters for a double well, as
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with

h⌫⌫0(k) =
✓
✏A(k) Z(k)
Z⇤(k) ✏B(k)

◆
(14)

and

✏⌫(k) ⌘ E⌫ � 2J⌫ cos(kd) (15)

Z(k) ⌘ �(TAB + JAB+ e�ikd + JAB� eikd), (16)

where the operators b̂k⌫ satisfy the canonical commutation relations, [b̂⌫k, b̂†
⌫0k0] = �(k � k 0)�⌫⌫0 .

Then, by diagonalizing the matrix h(k), and defining ✏±(k) ⌘ (✏A(k) ± ✏B(k))/2, we obtain
(see also [20])

"tb
±(k) = ✏+(k) ±

q
✏2�(k) + |Z(k)|2 (17)

that represents the spectrum of the full tight-binding model in (8). In addition, with J⌫ = 0 =
JAB+, the same expression gives also the spectrum for the nearest-neighbour approximation
in (9).

Instead, in the single-band case we simply have [1]

"sb
n (k) = E sb

n � 2J sb
n cos(kd) (18)

with

E sb
n = a

2⇡

Z

B
dk "n(k); J sb

n = � a
2⇡

Z

B
dk "n(k) eika, (19)

"n(k) being the exact Bloch spectrum; notably these expressions do not depend on the choice of
the Wannier basis.

3. Generalized Wannier functions

In this section, we discuss the method for constructing the MLWFs for the double well case.
In order to fix the notations, let us first recall some basic properties of periodic systems
[19, 30]. Owing to Bloch’s theorem, the eigenfunctions of the single-particle Hamiltonian Ĥ 0

can be written as  nk(x) = eikxunk(x), the unk(x)’s having the same periodicity of the potential
and satisfying the following normalization in the unit cell, humk|unki = (d/2⇡)�mn. The Wannier
functions for a single-band are defined as

wn(x � R j) =
r

d
2⇡

Z

B
dk e�ik R j nk(x) ⌘ wnj(x) (20)

with B indicating the first Brillouin zone, k 2 [�kB, kB], and R j ⌘ jd, whereas generalized
Wannier functions for composite bands have the same formal expression but are made from a
linear combination of Bloch eigenstates, namely

w̃n(x � R j) =
r

d
2⇡

Z

B
dk e�ik R j

X

m

Unm(k) mk(x) (21)

⌘
r

d
2⇡

Z

B
dk e�ik R j  ̃nk(x) (22)
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simple sinusoidal potential:  
exponentially decaying Wannier functions discussed by Kohn (1959)
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⌫0k0] = �(k � k 0)�⌫⌫0 .

Then, by diagonalizing the matrix h(k), and defining ✏±(k) ⌘ (✏A(k) ± ✏B(k))/2, we obtain
(see also [20])
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±(k) = ✏+(k) ±

q
✏2�(k) + |Z(k)|2 (17)

that represents the spectrum of the full tight-binding model in (8). In addition, with J⌫ = 0 =
JAB+, the same expression gives also the spectrum for the nearest-neighbour approximation
in (9).

Instead, in the single-band case we simply have [1]
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the Wannier basis.
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In this section, we discuss the method for constructing the MLWFs for the double well case.
In order to fix the notations, let us first recall some basic properties of periodic systems
[19, 30]. Owing to Bloch’s theorem, the eigenfunctions of the single-particle Hamiltonian Ĥ 0

can be written as  nk(x) = eikxunk(x), the unk(x)’s having the same periodicity of the potential
and satisfying the following normalization in the unit cell, humk|unki = (d/2⇡)�mn. The Wannier
functions for a single-band are defined as

wn(x � R j) =
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d
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dk e�ik R j nk(x) ⌘ wnj(x) (20)

with B indicating the first Brillouin zone, k 2 [�kB, kB], and R j ⌘ jd, whereas generalized
Wannier functions for composite bands have the same formal expression but are made from a
linear combination of Bloch eigenstates, namely

w̃n(x � R j) =
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e.g. symmetric double well: KW functions display the same symmetry !
as the local potential structure and cannot be associated with a single lattice site

for a generic potential the Kohn–Wannier recipe is not sufficient  
11
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Figure 3. Plot of the density of the two lowest single-band (blue lines) and
generalized (red lines) MLWFs, in log scale (a,b) and linear scale (c,d). The
dotted line in (c,d) represents the potential, while the horizontal orange stripes are
the first three Bloch bands (on the same scale as the potential). Here V1 = 10ER,
V2 = 20ER, ✓0 = ⇡/2.

✓(�kB) = ✓(kB) + 2`0⇡ (45)

with `, `0 integers which can be taken ` = `0 = 0 without loss of generality. This set of
equations (41), (42), (44) and (45) can be solved as discussed in appendix B. The resulting
transformation is an SU (2) matrix S(k) of the form (36) with � = 0 and ' constant.

Summarizing, the procedure to make �̃ vanish can be divided into two steps: (a) a
gauge transformation of type II to make �OD vanish (without specific requirements on the
transformations of the diagonal elements Ann(k)); (b) a set of two gauge transformations of
type I (one for each band) that makes �D vanish without affecting �OD. Therefore, the full
transformation can be decomposed in the following way:

Unm(k) = ei�n(k)Snm(k). (46)

It is straightforward to verify that (46) can be cast again in the form (35) by properly redefining
the parameters z1, z3, r .

3.2. Examples of maximally localized Wannier functions

Here we present some examples of the generalized MLWFs obtained with the transformation
discussed above, and we compare them with the single-band MLWFs. The latter can be obtained
by using just the gauge transformation of type I, and correspond to the exponentially decaying
Wannier functions discussed by Kohn [13, 21]. Both gauge transformations are solved by using
the representation of Bloch functions in k-space, by means of the numerical methods discussed
in appendices A and B.

In figure 3, we show the case of a symmetric double well, ✓0 = ⇡/2. In this case, the single-
band MLWFs have the same symmetry as the potential [13] and therefore occupy both wells in
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tight binding Wannier functions: !
specific ansatz based on linear combinations of “atomic orbitals” !

localized in each potential well of the primitive cell
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with

h⌫⌫0(k) =
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and
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⌫0k0] = �(k � k 0)�⌫⌫0 .

Then, by diagonalizing the matrix h(k), and defining ✏±(k) ⌘ (✏A(k) ± ✏B(k))/2, we obtain
(see also [20])

"tb
±(k) = ✏+(k) ±
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✏2�(k) + |Z(k)|2 (17)

that represents the spectrum of the full tight-binding model in (8). In addition, with J⌫ = 0 =
JAB+, the same expression gives also the spectrum for the nearest-neighbour approximation
in (9).

Instead, in the single-band case we simply have [1]

"sb
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n cos(kd) (18)

with
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2⇡
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dk "n(k); J sb
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2⇡
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B
dk "n(k) eika, (19)

"n(k) being the exact Bloch spectrum; notably these expressions do not depend on the choice of
the Wannier basis.

3. Generalized Wannier functions

In this section, we discuss the method for constructing the MLWFs for the double well case.
In order to fix the notations, let us first recall some basic properties of periodic systems
[19, 30]. Owing to Bloch’s theorem, the eigenfunctions of the single-particle Hamiltonian Ĥ 0

can be written as  nk(x) = eikxunk(x), the unk(x)’s having the same periodicity of the potential
and satisfying the following normalization in the unit cell, humk|unki = (d/2⇡)�mn. The Wannier
functions for a single-band are defined as

wn(x � R j) =
r

d
2⇡

Z

B
dk e�ik R j nk(x) ⌘ wnj(x) (20)

with B indicating the first Brillouin zone, k 2 [�kB, kB], and R j ⌘ jd, whereas generalized
Wannier functions for composite bands have the same formal expression but are made from a
linear combination of Bloch eigenstates, namely

w̃n(x � R j) =
r

d
2⇡

Z

B
dk e�ik R j

X

m

Unm(k) mk(x) (21)

⌘
r

d
2⇡

Z

B
dk e�ik R j  ̃nk(x) (22)
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minimizing the spread of a set of  Wannier functions via a  

gauge transformation of Bloch eigenfunctions

8

with UU † = 1 and Unm(k + 2kB) = Unm(k). The Wannier functions satisfy the ortho-normality
relation hwnj |wn0 j 0 i = hw̃nj |w̃n0 j 0 i = �nn0� j j 0 . We also remark that the generalized Bloch functions
 ̃nk are not eigenstates of Ĥ 0; however, their ortho-normality relations are preserved, owing to
the unitarity of the transformation matrices Unm(k).

Different choices of the matrices Unm(k) lead to different results, and it is customary to
speak about gauge dependence of the Wannier functions due to the k-dependence of the U (n)
transformations. In the single-band case the arbitrariness reduces to the abelian U (1) group of
phase transformations coming from the freedom in choosing the Bloch basis at each k.

A general approach to obtain MLWFs has been proposed in a seminal paper by Marzari
and Vanderbilt [21], where MLWFs are obtained by minimizing the generalized Wannier spread
�= P

n[hx2in � hxi2
n] by means of a suitable gauge transformation of the Bloch eigenfunctions.

In the case of a single-band the method returns the Kohn result [21]. Marzari and Vanderbilt
have shown that the spread can be written as the sum of two positive terms, �=�I + �̄, the
first being gauge invariant and therefore fixing the minimal spread. The gauge-dependent term
�̄ can be further split into the diagonal and off-diagonal components, �̄=�D +�OD, that in
the 1D case read

�D =
X

n

X

j 6=0

|hwnj |x̂ |wn0i|2, (23)

�OD =
X

m 6=n

X

j

|hwmj |x̂ |wn0i|2. (24)

Both�D and�OD can be written in terms of the generalized Berry vector potentials Anm(k),
defined as [32, 33]

Anm(k) = i
2⇡
d

hunk|@k|umki (25)

with the matrix A(k) being Hermitian, A†(k) = A(k) (it follows from @khunk|umki = 0). We also
recall that the integral over the first Brillouin zone of Ann(k) gives the one-band Zak–Berry
phases �n

�n = i
2⇡
d

Z

B
hunk|@k|unki =

Z

B
Ann(k) ⌘ 2⇡

d
hAnniB, (26)

which are proportional to the offset of the Wannier function centres, hxin0 = (hxinj � R j) =
(d/2⇡)�n [21, 31], yielding hxin0 = hAnniB (this relation is preserved under a generic unitary
gauge transformation, as in (22)). It is also worth remembering that the single Wannier centres
are invariant only under single-band U (1) gauge transformations, whereas for general U (n)
transformations only their sum is conserved [21].

Then, the expressions for �D and �OD can be written as

�D =
X

n

h(Ann(k) � hAnniB)2iB =
X

n

�Dn, (27)

�OD =
X

m 6=n

h|Anm|2iB (28)

and in general can be reduced by means of a functional minimization in k space, as discussed
in [21, 22].
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TB models double-well periodic potentials in 1D and 2D  

• 1D: specific gauge transformation!
!

• 2D: application of Wannier90 to honeycomb lattices
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nodes in passing from sites of type A to B, corresponding to a
change of sign [see panel (b)].

The approach followed here of including two Bloch bands
is the minimal approximation, and corresponds to the general-
ization of the single band approximation usually employed
for cubic-type lattices [1]. Within this approximation, the
Hamiltonian (2) can be written as

Ĥ0 ≃
!

νν ′=A,B

!

j, j ′

â
†
jν â j ′ν ′ ⟨w jν |Ĥ0|w j ′ν ′ ⟩ ≡ Ĥtb

0 , (5)

where the expansion coefficients in the above equation
correspond to the on-site energies Eν = ⟨w jν |Ĥ0|w jν⟩, and
to the tunneling amplitudes between different sites. Both
quantities are real due to the properties of the MLWFs. Here
we will include up to third-nearest-neighbor tunneling T i

νν ′ ≡
−⟨w jν |Ĥ0|w( j+i)ν ′ ⟩, with i ≡ (0,±1; 0,±1) (the tunneling
rates depend only on the relative distance owing to the
uniformity of the lattice). Then, the tunnelings can be divided
in three classes, as shown in Fig. 1 for the case ν = A.

(i) Terms between A(B) and the three nearest neighbors of
type B(A) (yellow arrows in Fig. 1), i.e.,

t0 = −⟨w jA|Ĥ0|w jB⟩. (6)

(ii) Terms tν between sites of the same type (A or B) within
neighboring cells (red arrows in Fig. 1), i.e.,

tν = −⟨w( j1+1, j2)ν |Ĥ0|w( j1, j2)ν⟩. (7)

In general the two tunneling coefficients tA and tB are different.
As a specific example, here we will explicitly compute them
for the case of degenerate minima where tA = tB . In this case
we can set t1 ≡ −tν , where the sign is chosen in order to have
t1 positive defined (see Fig. 2 and the discussion about the sign
of the MLWFs).

(iii) Terms connecting A(B) to B(A) at opposite corners of
the hexagon (blue arrows in Fig. 1), i.e.,

t2 = −⟨w( j1, j2)A|Ĥ0|w( j1−1, j2−1)B⟩. (8)

We remark that the above derivation of the tight-binding
model is valid in general for any potential with a honeycomb
structure, with two minima per unit cell, and not just for
the potential with two degenerate minima in Eq. (1). In the
following we will consider explicitly the latter case in order to
provide a specific example.

The behavior of the different tunneling coefficients as a
function of the lattice amplitude s is shown in Fig. 3. In order
to extract from the numerical values an analytic formula we
consider a fit of the type ti/ER = Asαe−β

√
s (i = 0,1,2), in

the range s > 3, with A, α, and β as fitting parameters. For t0
we find

t0/ER = 1.16s0.95e−1.634
√

s , (9)

that has to be compared with the semiclassical estimate of
Lee et al. [7], |t0|/ER = 1.861s0.75e−1.582

√
s [see Eq. (38) in

[7]]. In the range of s considered here, we find that the latter
overestimates the actual value in (9) by about 8% for s = 30,
up to about 40% for s = 3. For the other two terms we find

t1/ER = 0.78s1.85e−3.404
√

s , (10)

t2/ER = 1.81s2.75e−5.196
√

s . (11)

These three fits are shown as dashed lines in Fig. 3.
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FIG. 3. (Color online) Behavior of the various tunneling terms as
a function of the lattice amplitude s. The lines are the result of a fit of
the numerical data, and those for t0 and t1 coincide with that extracted
from a fit of the Bloch spectrum (see text).

Tight-binding spectrum. A convenient way to check the
regime of validity of a given tight-binding approximation is
to compare its prediction for the energy spectrum with the
exact Bloch spectrum. The latter can be readily computed by
means of a standard Fourier decomposition [7]. The typical
structure of the two lowest bands E±(k) is shown in Fig. 4. It
is characterized by Dirac points at the vertices of the Brillouin
zone (a regular hexagon), where the local dispersion is linear
and the two bands are degenerate [7]. For convenience, we fix
E±(kD) = 0 at the Dirac points.

The tight-binding spectrum can be derived as follows [20].
By defining b̂νk = (

√
SB/2π )

"
j e−ik·R j â jν the Hamiltonian

Ĥtb
0 in Eq. (5) can be written as

Ĥtb
0 =

!

νν ′=A,B

#

SB

dk hνν ′ (k)b̂†νkb̂ν ′k (12)

(a)

-1
-0.5

 0
 0.5

 1
kx

-1 -0.5  0  0.5  1
ky

-0.25

 0

 0.25

 0.5

E
-0.5

-0.25

 0

 0.25

 0.5

-1 -0.5  0  0.5  1

E

kx

(b)

exact
tb

only t0
t0 and t1

-0.5

-0.25

 0

 0.25

 0.5

-1 -0.5  0  0.5  1

E

ky

(c)

FIG. 4. (Color online) (a) Bloch spectrum E±(k) of the lowest
two bands for s = 5. The hexagon represents the first Brillouin zone
(energies are in units of ER , momenta in units of kL). (b),(c) Cut
for ky = 0 and kx = 0, respectively (blue, solid lines). The latter are
compared with the prediction of the full tight-binding model (red,
dashed line), that with t0 and t1 (black, dotted line), and with just t0
(magenta, dot-dashed line). Note the asymmetry of the two bands.
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nodes in passing from sites of type A to B, corresponding to a
change of sign [see panel (b)].

The approach followed here of including two Bloch bands
is the minimal approximation, and corresponds to the general-
ization of the single band approximation usually employed
for cubic-type lattices [1]. Within this approximation, the
Hamiltonian (2) can be written as
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0 , (5)

where the expansion coefficients in the above equation
correspond to the on-site energies Eν = ⟨w jν |Ĥ0|w jν⟩, and
to the tunneling amplitudes between different sites. Both
quantities are real due to the properties of the MLWFs. Here
we will include up to third-nearest-neighbor tunneling T i

νν ′ ≡
−⟨w jν |Ĥ0|w( j+i)ν ′ ⟩, with i ≡ (0,±1; 0,±1) (the tunneling
rates depend only on the relative distance owing to the
uniformity of the lattice). Then, the tunnelings can be divided
in three classes, as shown in Fig. 1 for the case ν = A.

(i) Terms between A(B) and the three nearest neighbors of
type B(A) (yellow arrows in Fig. 1), i.e.,

t0 = −⟨w jA|Ĥ0|w jB⟩. (6)

(ii) Terms tν between sites of the same type (A or B) within
neighboring cells (red arrows in Fig. 1), i.e.,

tν = −⟨w( j1+1, j2)ν |Ĥ0|w( j1, j2)ν⟩. (7)

In general the two tunneling coefficients tA and tB are different.
As a specific example, here we will explicitly compute them
for the case of degenerate minima where tA = tB . In this case
we can set t1 ≡ −tν , where the sign is chosen in order to have
t1 positive defined (see Fig. 2 and the discussion about the sign
of the MLWFs).

(iii) Terms connecting A(B) to B(A) at opposite corners of
the hexagon (blue arrows in Fig. 1), i.e.,

t2 = −⟨w( j1, j2)A|Ĥ0|w( j1−1, j2−1)B⟩. (8)

We remark that the above derivation of the tight-binding
model is valid in general for any potential with a honeycomb
structure, with two minima per unit cell, and not just for
the potential with two degenerate minima in Eq. (1). In the
following we will consider explicitly the latter case in order to
provide a specific example.

The behavior of the different tunneling coefficients as a
function of the lattice amplitude s is shown in Fig. 3. In order
to extract from the numerical values an analytic formula we
consider a fit of the type ti/ER = Asαe−β

√
s (i = 0,1,2), in

the range s > 3, with A, α, and β as fitting parameters. For t0
we find

t0/ER = 1.16s0.95e−1.634
√

s , (9)

that has to be compared with the semiclassical estimate of
Lee et al. [7], |t0|/ER = 1.861s0.75e−1.582

√
s [see Eq. (38) in

[7]]. In the range of s considered here, we find that the latter
overestimates the actual value in (9) by about 8% for s = 30,
up to about 40% for s = 3. For the other two terms we find

t1/ER = 0.78s1.85e−3.404
√

s , (10)

t2/ER = 1.81s2.75e−5.196
√
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These three fits are shown as dashed lines in Fig. 3.
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the numerical data, and those for t0 and t1 coincide with that extracted
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Tight-binding spectrum. A convenient way to check the
regime of validity of a given tight-binding approximation is
to compare its prediction for the energy spectrum with the
exact Bloch spectrum. The latter can be readily computed by
means of a standard Fourier decomposition [7]. The typical
structure of the two lowest bands E±(k) is shown in Fig. 4. It
is characterized by Dirac points at the vertices of the Brillouin
zone (a regular hexagon), where the local dispersion is linear
and the two bands are degenerate [7]. For convenience, we fix
E±(kD) = 0 at the Dirac points.

The tight-binding spectrum can be derived as follows [20].
By defining b̂νk = (

√
SB/2π )

"
j e−ik·R j â jν the Hamiltonian

Ĥtb
0 in Eq. (5) can be written as

Ĥtb
0 =

!

νν ′=A,B

#

SB

dk hνν ′ (k)b̂†νkb̂ν ′k (12)
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FIG. 4. (Color online) (a) Bloch spectrum E±(k) of the lowest
two bands for s = 5. The hexagon represents the first Brillouin zone
(energies are in units of ER , momenta in units of kL). (b),(c) Cut
for ky = 0 and kx = 0, respectively (blue, solid lines). The latter are
compared with the prediction of the full tight-binding model (red,
dashed line), that with t0 and t1 (black, dotted line), and with just t0
(magenta, dot-dashed line). Note the asymmetry of the two bands.
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Figure 2. A sketch of the double-well structure and of the tunnelling coefficients
between sites A and B.

of functions localized around each minimum

 ̂(x) ⌘
X

nj

ân j fn j(x), (3)

where â†
nj (ân j ) represent the creation (destruction) operator of a single-particle at site j , and

satisfy the usual commutation rules [ân j , â†
n0 j 0] = � j j 0�nn0 (following from those for the field  ̂).

In the presence of a single well per unit cell, it is known that a basis of localized functions
is provided by the exponentially decaying Wannier functions wnj(x) discussed by Kohn
[13, 14]. In general, this is not the case when there are two wells per unit cell. For example,
for a symmetric double well the Kohn–Wannier functions display the same symmetry of the
local potential structure [13, 16] and thus they cannot be associated with a single lattice site
as they occupy both wells in the unit cell. In the next section, we will show that when the two
lowest Bloch bands are sufficiently close to each other with respect to the third band (as will be
clear from the discussion in sections 3.2 and 4), we can construct a set of generalized Wannier
functions w̃nj(x) that are maximally localized at each minima, by following the approach of
Marzari and Vanderbilt [21] for a composite band. This corresponds to the generalization of
the single-band approximation (in the case of a single-well lattice) to the double-well case, as
we need at least two localized functions in each lattice cell to map the system on the discrete
lattice. Then, in section 4, we will explore the range of validity of this composite band approach,
highlighting the different implications on the structure of different tight-binding models.

In the following, we will restrict the analysis to the two lowest energy bands, in analogy
with the single-band approximation for the Bose–Hubbard model [11]. Then, within this
approximation, the single-particle Hamiltonian can be written as

Ĥ0 '
X

⌫⌫0=A,B

X

j j 0
â†

j⌫ â j 0⌫0 h f j⌫|Ĥ 0| f j 0⌫0 i, (4)

where j is the unit cell index, whereas ⌫ = A, B substitutes the band index n = 1, 2 being
an internal index labelling the left and right sub-wells, respectively (see figure 2). Here
the expansion coefficients correspond to the on-site energies E⌫ = h f j⌫ |Ĥ 0| f j⌫ i, and to the
tunnelling amplitudes between different (sub)wells T j j 0

⌫⌫0 ⌘ �h f j⌫|Ĥ 0| f j 0⌫0 i. In general, it is
customary to further approximate the above expression by neglecting the coupling beyond
nearest neighbours for both the single-well [10] and double-well lattices [25, 28, 29]. This is
a reasonable assumption for a single-well lattice in the tight-binding regime [14, 34], but may
not be fully justified in the range of the typical experimental parameters for a double well, as
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n0 j 0] = � j j 0�nn0 (following from those for the field  ̂).

In the presence of a single well per unit cell, it is known that a basis of localized functions
is provided by the exponentially decaying Wannier functions wnj(x) discussed by Kohn
[13, 14]. In general, this is not the case when there are two wells per unit cell. For example,
for a symmetric double well the Kohn–Wannier functions display the same symmetry of the
local potential structure [13, 16] and thus they cannot be associated with a single lattice site
as they occupy both wells in the unit cell. In the next section, we will show that when the two
lowest Bloch bands are sufficiently close to each other with respect to the third band (as will be
clear from the discussion in sections 3.2 and 4), we can construct a set of generalized Wannier
functions w̃nj(x) that are maximally localized at each minima, by following the approach of
Marzari and Vanderbilt [21] for a composite band. This corresponds to the generalization of
the single-band approximation (in the case of a single-well lattice) to the double-well case, as
we need at least two localized functions in each lattice cell to map the system on the discrete
lattice. Then, in section 4, we will explore the range of validity of this composite band approach,
highlighting the different implications on the structure of different tight-binding models.

In the following, we will restrict the analysis to the two lowest energy bands, in analogy
with the single-band approximation for the Bose–Hubbard model [11]. Then, within this
approximation, the single-particle Hamiltonian can be written as
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Figure 1. The three possible configurations for the unit cell of the potential in (2)
(here V2 = 2V1): (a) two different minima, with the overall potential having
two centres of parity, for ✓0 = 0 (�0 ' ⇡/4); (b) an asymmetric double well
with parity that is broken globally—in this example ✓0 = ⇡/4 (�0 ' ⇡/8); (c) a
symmetric double well, ✓0 = ⇡/2 (�0 = 0). The black dots in (a) and (c) represent
the parity centres of the whole periodic potential.

with  ̂(x) being the bosonic field operator, Ĥ 0 = �(h̄2/2m)r2 + V (x) the single-particle
Hamiltonian and V (x) a double-well periodic potential of the form

V (x) = V1 sin2(kBx +�0) + V2 sin2(2kBx + ✓0 + 2�0) (2)

with kB = ⇡/d and V1 strictly non-vanishing (V1 > 0) in order to fix the overall period to d,
V (x + d) = V (x). This is the typical potential used in experiments with ultracold atoms [1], by
which one can construct an optical lattice with one or two wells in the unit cell. In particular,
the condition for having two minima in each period for any value of ✓0 is V2 > 0.5V1. In the
following, the potential amplitudes Vi will be expressed in units of ER = h̄2k2

B/2 m, the so-
called recoil energy for an atom absorbing a photon of the first lattice.

The phases ✓0 and �0 are arbitrary; �0 represents a rigid shift of the whole potential, while
✓0 can be varied along with the ratio of the amplitudes V2/V1 to change the landscape of the
potential. For convenience, the unit cell is defined as having two maxima at the cell borders,
with both minima inside the cell (see figure 1). In addition, the angle �0 is tuned in order
to have a unit cell centred in x = 0, x 2 [�d/2, d/2], with the absolute minimum in the left
well4. Depending on the value of ✓0, it is possible to realize three different configurations, as
shown in figure 1: (a) A unit cell with two different minima and with degenerate maxima, for
✓0 = n⇡ (n 2 Z); in this case the whole periodic potential has two (classes of) parity centres,
corresponding to the two minima, with all the maxima being degenerate. (b) An asymmetric
double well with parity that is globally broken, for any ✓0 2 (0,⇡/2) + n⇡/2. (c) A symmetric
double well in the unit cell, for ✓0 = ⇡/2 + n⇡ ; in this case the potential has again two centres
of parity, now at the two maxima, with all the minima being degenerate.

As anticipated in the introduction, when the potential wells are deep enough, it may
be convenient to map the Hamiltonian (1) onto a tight-binding model on the discrete lattice
corresponding to the potential minima, by expanding the field operator  ̂(x) on a basis { fnj(x)}
4 The presence of �0 is also useful in testing the robustness of the numerical method for obtaining the MLWFs,
which indeed should not depend on an overall translation of the potential.
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with UU † = 1 and Unm(k + 2kB) = Unm(k). The Wannier functions satisfy the ortho-normality
relation hwnj |wn0 j 0 i = hw̃nj |w̃n0 j 0 i = �nn0� j j 0 . We also remark that the generalized Bloch functions
 ̃nk are not eigenstates of Ĥ 0; however, their ortho-normality relations are preserved, owing to
the unitarity of the transformation matrices Unm(k).

Different choices of the matrices Unm(k) lead to different results, and it is customary to
speak about gauge dependence of the Wannier functions due to the k-dependence of the U (n)
transformations. In the single-band case the arbitrariness reduces to the abelian U (1) group of
phase transformations coming from the freedom in choosing the Bloch basis at each k.

A general approach to obtain MLWFs has been proposed in a seminal paper by Marzari
and Vanderbilt [21], where MLWFs are obtained by minimizing the generalized Wannier spread
�= P

n[hx2in � hxi2
n] by means of a suitable gauge transformation of the Bloch eigenfunctions.

In the case of a single-band the method returns the Kohn result [21]. Marzari and Vanderbilt
have shown that the spread can be written as the sum of two positive terms, �=�I + �̄, the
first being gauge invariant and therefore fixing the minimal spread. The gauge-dependent term
�̄ can be further split into the diagonal and off-diagonal components, �̄=�D +�OD, that in
the 1D case read

�D =
X

n

X

j 6=0

|hwnj |x̂ |wn0i|2, (23)

�OD =
X

m 6=n

X

j

|hwmj |x̂ |wn0i|2. (24)

Both�D and�OD can be written in terms of the generalized Berry vector potentials Anm(k),
defined as [32, 33]

Anm(k) = i
2⇡
d

hunk|@k|umki (25)

with the matrix A(k) being Hermitian, A†(k) = A(k) (it follows from @khunk|umki = 0). We also
recall that the integral over the first Brillouin zone of Ann(k) gives the one-band Zak–Berry
phases �n

�n = i
2⇡
d

Z

B
hunk|@k|unki =

Z

B
Ann(k) ⌘ 2⇡

d
hAnniB, (26)

which are proportional to the offset of the Wannier function centres, hxin0 = (hxinj � R j) =
(d/2⇡)�n [21, 31], yielding hxin0 = hAnniB (this relation is preserved under a generic unitary
gauge transformation, as in (22)). It is also worth remembering that the single Wannier centres
are invariant only under single-band U (1) gauge transformations, whereas for general U (n)
transformations only their sum is conserved [21].

Then, the expressions for �D and �OD can be written as

�D =
X

n

h(Ann(k) � hAnniB)2iB =
X

n

�Dn, (27)

�OD =
X

m 6=n

h|Anm|2iB (28)

and in general can be reduced by means of a functional minimization in k space, as discussed
in [21, 22].
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with

h⌫⌫0(k) =
✓
✏A(k) Z(k)
Z⇤(k) ✏B(k)

◆
(14)

and

✏⌫(k) ⌘ E⌫ � 2J⌫ cos(kd) (15)

Z(k) ⌘ �(TAB + JAB+ e�ikd + JAB� eikd), (16)

where the operators b̂k⌫ satisfy the canonical commutation relations, [b̂⌫k, b̂†
⌫0k0] = �(k � k 0)�⌫⌫0 .

Then, by diagonalizing the matrix h(k), and defining ✏±(k) ⌘ (✏A(k) ± ✏B(k))/2, we obtain
(see also [20])

"tb
±(k) = ✏+(k) ±

q
✏2�(k) + |Z(k)|2 (17)

that represents the spectrum of the full tight-binding model in (8). In addition, with J⌫ = 0 =
JAB+, the same expression gives also the spectrum for the nearest-neighbour approximation
in (9).

Instead, in the single-band case we simply have [1]

"sb
n (k) = E sb

n � 2J sb
n cos(kd) (18)

with

E sb
n = a

2⇡

Z

B
dk "n(k); J sb

n = � a
2⇡

Z

B
dk "n(k) eika, (19)

"n(k) being the exact Bloch spectrum; notably these expressions do not depend on the choice of
the Wannier basis.

3. Generalized Wannier functions

In this section, we discuss the method for constructing the MLWFs for the double well case.
In order to fix the notations, let us first recall some basic properties of periodic systems
[19, 30]. Owing to Bloch’s theorem, the eigenfunctions of the single-particle Hamiltonian Ĥ 0

can be written as  nk(x) = eikxunk(x), the unk(x)’s having the same periodicity of the potential
and satisfying the following normalization in the unit cell, humk|unki = (d/2⇡)�mn. The Wannier
functions for a single-band are defined as

wn(x � R j) =
r

d
2⇡

Z

B
dk e�ik R j nk(x) ⌘ wnj(x) (20)

with B indicating the first Brillouin zone, k 2 [�kB, kB], and R j ⌘ jd, whereas generalized
Wannier functions for composite bands have the same formal expression but are made from a
linear combination of Bloch eigenstates, namely

w̃n(x � R j) =
r

d
2⇡

Z

B
dk e�ik R j

X

m

Unm(k) mk(x) (21)

⌘
r

d
2⇡

Z

B
dk e�ik R j  ̃nk(x) (22)
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Berry (1984):  a system subjected to cyclic adiabatic processes may acquire a phase, which 
results from the geometrical properties of the parameter space of the Hamiltonian

1
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first being gauge invariant and therefore fixing the minimal spread. The gauge-dependent term
�̄ can be further split into the diagonal and off-diagonal components, �̄=�D +�OD, that in
the 1D case read

�D =
X

n

X

j 6=0

|hwnj |x̂ |wn0i|2, (23)

�OD =
X

m 6=n

X

j

|hwmj |x̂ |wn0i|2. (24)

Both�D and�OD can be written in terms of the generalized Berry vector potentials Anm(k),
defined as [32, 33]

Anm(k) = i
2⇡
d

hunk|@k|umki (25)

with the matrix A(k) being Hermitian, A†(k) = A(k) (it follows from @khunk|umki = 0). We also
recall that the integral over the first Brillouin zone of Ann(k) gives the one-band Zak–Berry
phases �n

�n = i
2⇡
d

Z

B
hunk|@k|unki =

Z

B
Ann(k) ⌘ 2⇡

d
hAnniB, (26)

which are proportional to the offset of the Wannier function centres, hxin0 = (hxinj � R j) =
(d/2⇡)�n [21, 31], yielding hxin0 = hAnniB (this relation is preserved under a generic unitary
gauge transformation, as in (22)). It is also worth remembering that the single Wannier centres
are invariant only under single-band U (1) gauge transformations, whereas for general U (n)
transformations only their sum is conserved [21].

Then, the expressions for �D and �OD can be written as

�D =
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n

h(Ann(k) � hAnniB)2iB =
X

n

�Dn, (27)

�OD =
X

m 6=n

h|Anm|2iB (28)

and in general can be reduced by means of a functional minimization in k space, as discussed
in [21, 22].
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Figure 3. Plot of the density of the two lowest single-band (blue lines) and
generalized (red lines) MLWFs, in log scale (a,b) and linear scale (c,d). The
dotted line in (c,d) represents the potential, while the horizontal orange stripes are
the first three Bloch bands (on the same scale as the potential). Here V1 = 10ER,
V2 = 20ER, ✓0 = ⇡/2.

✓(�kB) = ✓(kB) + 2`0⇡ (45)

with `, `0 integers which can be taken ` = `0 = 0 without loss of generality. This set of
equations (41), (42), (44) and (45) can be solved as discussed in appendix B. The resulting
transformation is an SU (2) matrix S(k) of the form (36) with � = 0 and ' constant.

Summarizing, the procedure to make �̃ vanish can be divided into two steps: (a) a
gauge transformation of type II to make �OD vanish (without specific requirements on the
transformations of the diagonal elements Ann(k)); (b) a set of two gauge transformations of
type I (one for each band) that makes �D vanish without affecting �OD. Therefore, the full
transformation can be decomposed in the following way:

Unm(k) = ei�n(k)Snm(k). (46)

It is straightforward to verify that (46) can be cast again in the form (35) by properly redefining
the parameters z1, z3, r .

3.2. Examples of maximally localized Wannier functions

Here we present some examples of the generalized MLWFs obtained with the transformation
discussed above, and we compare them with the single-band MLWFs. The latter can be obtained
by using just the gauge transformation of type I, and correspond to the exponentially decaying
Wannier functions discussed by Kohn [13, 21]. Both gauge transformations are solved by using
the representation of Bloch functions in k-space, by means of the numerical methods discussed
in appendices A and B.

In figure 3, we show the case of a symmetric double well, ✓0 = ⇡/2. In this case, the single-
band MLWFs have the same symmetry as the potential [13] and therefore occupy both wells in
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we restrict to a 2 ⇥ 2 case, and therefore we have

U (k) =
✓

z1(k) �z⇤
3(k)

z3(k) z⇤
1(k)

◆✓
1 0
0 r(k)

◆
(35)

with |z1|2 + |z3|2 = 1, r(k) = ei�(k). Moreover, by using the following parameterization for a
matrix S 2 SU (2), S = ei↵ E� ·n̂/2 with n̂ = (cos ' sin ✓, sin ' sin ✓, cos ✓) and �i being the Pauli
matrices, we can write

U =
 

cos ↵
2 + i sin ↵

2 cos ✓ i ei(��') sin ✓ sin ↵
2

i ei' sin ✓ sin ↵
2 ei�

�
cos ↵

2 � i sin ↵
2 cos ✓

�

!

(36)

with � = �(k), ' = '(k), ↵ = ↵(k) and ✓ = ✓(k).
Then, since � transforms as follows:

�Dn ! �̃Dn = h( Ãnn(k) � h ÃnniB)2iB (37)

�OD ! �̃OD = 2h| Ã12|2iB, (38)

in order to get �̃ = 0 one has to impose (see (34))

Ann(k) ⌘ i
X

l

U ⇤
nl@kUnl +

X

l,l 0
U ⇤

nlUnl 0 All 0 = h ÃnniB (n = 1, 2) (39)

Ã12(k) ⌘ i
X

l

U ⇤
1l@kU2l +

X

l,l 0
U ⇤

1lU2l 0 All 0 = 0. (40)

Note that the former, (39), is an integro-differential equation where the right-hand side
corresponds to the centre of the Wannier functions, h ÃnniB = hw̃nj |x̂ |w̃nji, that are not known
a priori (only their sum is conserved in the parallel transport gauge).

Therefore, in the following we will consider a specific transformation that makes �OD

vanish without specific requirements on the transformation of �D, given by the solution of (40).
Then, by using (36), the latter can be transformed into a system of four differential equations
for ↵, ✓ , ', � , whose normal form is
@k↵

2
= �cos 2✓

sin ✓

�
AR

12 cos ⌘ + AI
12 sin ⌘

�� cotg
↵

2
cotg✓

�
AR

12 sin ⌘ � AI
12 cos ⌘

�

+ cos ✓(A11 � A22), (41)

@k✓ = cos ✓ sin ↵

sin2(↵/2)

�
AR

12 cos ⌘ + AI
12 sin ⌘

�
+

cos ↵

sin2(↵/2)

�
AR

12 sin ⌘ � AI
12 cos ⌘

�

�cotg
↵

2
sin ✓(A11 � A22), (42)

@k� = 0, @k' = 0, (43)

where we have defined ⌘ ⌘ ' � � with @k⌘ = 0. The solution of (43) is � = �0, ' = '0. Then,
it is evident that only two equations are left, namely (41) and (42), with ⌘ = '0 � �0 playing the
role of a parameter and with one of the angles '0 and �0 being arbitrary. We can then choose
�0 = 0 without loss of generality. In addition, in order to conform to (33), the angles ↵ and ✓
must satisfy the following periodicity conditions:

↵(�kB) = ↵(kB) + 4`⇡, (44)
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Here, we use a different approach specifically suited for constructing the set of MLWFs for
the double-well case. Namely, we show that the minimization problem can be reformulated by
identifying a specific gauge transformation for a composite band in one dimension, expressed
in terms of a set of ordinary differential equations with periodic boundary conditions. We recall
that, in one dimension, �̃ can be made strictly vanishing, and this corresponds to finding a
gauge (also called a parallel transport gauge) in which the matrix Anm(k) is diagonal, with the
diagonal elements being constant and equal to their mean values. The latter are related to the
eigenvalues of the matrix generalizing the Berry phase to the non-abelian case [21].

3.1. Gauge transformations and differential equations

The diagonal and off-diagonal spreads �D and �OD can be minimized either simultaneously
or independently. For the following discussion, it is useful to distinguish between two kinds of
gauge transformation.

I. Diagonal U (n) transformations which correspond to a set of single-band gauge
transformations of the form

|unki ! |ũnki = ei�n(k)|unki (29)

with �n(k) being a real continuous (differentiable) function of k, such that �n(k + 2kB) =
�n(k) + 2⇡` (` integer) in order to have periodic and single-valued Bloch eigenstates. Then,
we can set ` = 0 without loss of generality. As discussed in [21], this transformation may be
used to minimize each term of �D as it affects the Wannier spread �n = hx2in � hxi2

n while
preserving their centres hxin (modulo a lattice vector). In particular, �D can be set exactly to
zero [21]. In fact, we have Ann(k) ! Ann(k) � @k�n(k), and therefore

�Dn ! �̃Dn = h(Ann � @k�n � hAnniB)2iB (30)

that vanishes by imposing

@k�n = Ann � hAnniB. (31)

This equation can be readily solved numerically, as discussed in appendices A and B. In
addition, it is straightforward to verify that under the transformation (29), A12(k) changes only
by a phase factor and therefore �OD remains unchanged.

II. A full gauge transformation in the composite band of the form

|unki ! |ũnki =
X

m

Unm(k)|umki, (32)

where, as already said, U (k) 2 U (N ) (for an N -composite band), constrained to the following
periodic condition:

Unm(k + 2kB) = Unm(k). (33)

Under such a transformation the generalized Berry potentials transform as

Anm ! Ãnm = i
2⇡

a

Z
dx ũ⇤

n@kũmk = i
X

l

U ⇤
nl@kUml +

X

l,l 0
U ⇤

nlUml 0 All 0 . (34)

In general, U (N ) can be written as a semidirect product SU (N )oU (1), with U (1) being
a subgroup of U (N ) consisting of matrices of the form diag(1, 1, . . . , ei�). As anticipated, here
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sin ✓(A11 � A22), (42)

@k� = 0, @k' = 0, (43)

where we have defined ⌘ ⌘ ' � � with @k⌘ = 0. The solution of (43) is � = �0, ' = '0. Then,
it is evident that only two equations are left, namely (41) and (42), with ⌘ = '0 � �0 playing the
role of a parameter and with one of the angles '0 and �0 being arbitrary. We can then choose
�0 = 0 without loss of generality. In addition, in order to conform to (33), the angles ↵ and ✓
must satisfy the following periodicity conditions:

↵(�kB) = ↵(kB) + 4`⇡, (44)
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1D double well: it is possible to design a two-step gauge transformation !

in terms of a set of ODEs (to be integrated numerically)

gauge transformations
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Figure 3. Plot of the density of the two lowest single-band (blue lines) and
generalized (red lines) MLWFs, in log scale (a,b) and linear scale (c,d). The
dotted line in (c,d) represents the potential, while the horizontal orange stripes are
the first three Bloch bands (on the same scale as the potential). Here V1 = 10ER,
V2 = 20ER, ✓0 = ⇡/2.

✓(�kB) = ✓(kB) + 2`0⇡ (45)

with `, `0 integers which can be taken ` = `0 = 0 without loss of generality. This set of
equations (41), (42), (44) and (45) can be solved as discussed in appendix B. The resulting
transformation is an SU (2) matrix S(k) of the form (36) with � = 0 and ' constant.

Summarizing, the procedure to make �̃ vanish can be divided into two steps: (a) a
gauge transformation of type II to make �OD vanish (without specific requirements on the
transformations of the diagonal elements Ann(k)); (b) a set of two gauge transformations of
type I (one for each band) that makes �D vanish without affecting �OD. Therefore, the full
transformation can be decomposed in the following way:

Unm(k) = ei�n(k)Snm(k). (46)

It is straightforward to verify that (46) can be cast again in the form (35) by properly redefining
the parameters z1, z3, r .

3.2. Examples of maximally localized Wannier functions

Here we present some examples of the generalized MLWFs obtained with the transformation
discussed above, and we compare them with the single-band MLWFs. The latter can be obtained
by using just the gauge transformation of type I, and correspond to the exponentially decaying
Wannier functions discussed by Kohn [13, 21]. Both gauge transformations are solved by using
the representation of Bloch functions in k-space, by means of the numerical methods discussed
in appendices A and B.

In figure 3, we show the case of a symmetric double well, ✓0 = ⇡/2. In this case, the single-
band MLWFs have the same symmetry as the potential [13] and therefore occupy both wells in
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Figure 8. Plot of the tunnelling coefficients (in modulus, rescaled to TAB) for
V1 = 5, as a function of ✓0 for V2 = 20 (a) and as a function of V2 for ✓0 = ⇡/2
(b). These figures refer to a horizontal and a vertical cut in the left panel of
figure 6.

in the previous section, as (see (21) and (46))

E⌫ = d
2⇡

Z

B
dk

2X

m=1

|S⌫m(k)|2"m(k), (48)

J⌫ = � d
2⇡

Z

B
dk e�ikd

2X

m=1

|S⌫m(k)|2"m(k), (49)

TAB = � d
2⇡

Z

B
dk ei1�(k)

2X

m=1

S⇤
1m(k)S2m(k)"m(k), (50)

JAB± = � d
2⇡

Z

B
dk ei(1�(k)⌥kd)

2X

m=1

S⇤
1m(k)S2m(k)"m(k), (51)

with ⌫ = A, B = 1, 2 and 1�(k) = �2(k) � �1(k). We recall that all these terms are relevant for
the full tight-binding model, while the nearest-neighbour approximation commonly used in the
literature corresponds to retaining just the contribution of E⌫ , TAB and JAB� . We also note that
all the above parameters are gauge dependent; E⌫ and J⌫ depend only on the gauge mixing
transformation and TAB and JAB± on the whole gauge transformation.

It is worth mentioning that in the parallel transport gauge, only the modulus of the
tunnelling coefficients is univocally defined. However, as is briefly discussed in appendix B,
there is freedom to choose them real.

The behaviour of the tunnelling coefficients (in modulus, rescaled to TAB) is shown in
figure 8 as a function of ✓0 and V2 (for V2 = 20 and ✓0 = ⇡/2, respectively; here V1 = 5), whereas
the absolute variation of TAB and of the on-site energy difference EB � EA is shown in figure 9.
The former figure reveals that the dependence on ✓0 is rather weak, the only notable effect
being that at ✓0 = 0 (where all the maxima are degenerate) TAB = JAB+, whereas at ✓0 = ⇡/2
we have JA = JB (and EA = EB, as in this case the minima are degenerate). Instead, the
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in the previous section, as (see (21) and (46))

E⌫ = d
2⇡

Z

B
dk

2X

m=1

|S⌫m(k)|2"m(k), (48)
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1m(k)S2m(k)"m(k), (51)

with ⌫ = A, B = 1, 2 and 1�(k) = �2(k) � �1(k). We recall that all these terms are relevant for
the full tight-binding model, while the nearest-neighbour approximation commonly used in the
literature corresponds to retaining just the contribution of E⌫ , TAB and JAB� . We also note that
all the above parameters are gauge dependent; E⌫ and J⌫ depend only on the gauge mixing
transformation and TAB and JAB± on the whole gauge transformation.

It is worth mentioning that in the parallel transport gauge, only the modulus of the
tunnelling coefficients is univocally defined. However, as is briefly discussed in appendix B,
there is freedom to choose them real.

The behaviour of the tunnelling coefficients (in modulus, rescaled to TAB) is shown in
figure 8 as a function of ✓0 and V2 (for V2 = 20 and ✓0 = ⇡/2, respectively; here V1 = 5), whereas
the absolute variation of TAB and of the on-site energy difference EB � EA is shown in figure 9.
The former figure reveals that the dependence on ✓0 is rather weak, the only notable effect
being that at ✓0 = 0 (where all the maxima are degenerate) TAB = JAB+, whereas at ✓0 = ⇡/2
we have JA = JB (and EA = EB, as in this case the minima are degenerate). Instead, the
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Figure 7. Plot of the quantity �"n (see text) for V1 = 5, as a function of ✓0

for V2 = 20 (a) and as a function of V2 for ✓0 = ⇡/2 (b). Red symbols: full
tight-binding model; Blue symbols: nearest-neighbour approximation. Empty
squares: the first band; solid squares: the second band. These figures refer to a
horizontal and a vertical cut in the left panel of figure 6.

of the two sub-wells and correctly reproduces the lowest two Bloch energy bands even up to
R ⇡ 1, in the parameter range discussed above.

In order to characterize the level of fidelity in reproducing the exact single-particle Bloch
spectrum (that can be readily computed as discussed in appendix A), we define the following
quantity,

�"n ⌘ 1
1"n

s
d

2⇡

Z

B
dk ["n(k) � "tb

n (k)]2, (47)

which represents the ratio of the quadratic spread between the exact Bloch spectrum "n(k) and
that of the tight-binding Hamiltonians (8) and (9), to the bandwidth 1"n ⌘ ("max

n � "min
n ). We

also note that the formula (17) for "tb
n (k) provides the same numerical result of expression (C.6)

for the energy bands in terms of gauge transformations, and that these formulae have a
better accuracy in reproducing the exact Bloch spectrum than the single-band expression (17),
especially in the region close to the symmetric case ✓0 = ⇡/2.

The quantity �"n is shown in figure 7 for V1 = 5, as a function of ✓0 (V2 = 20) and V2

(✓0 = ⇡/2), in the left and right panels, respectively. These figures refer to a horizontal and a
vertical cut in the left panel of figure 6, and confirm that in the regime R . 1 the full tight-
binding model reproduces the exact energies with great accuracy. As to the nearest-neighbour
approximation commonly used in the literature, in general this is not the case, as it works
reasonably only for R . 0.1, i.e. for ✓0 ' ⇡/2 and large V2. Therefore, attention must be paid to
the regimes where it is allowed to neglect some of the next-to-nearest tunnelling terms.

4.1. Tunnelling coefficients

Let us now consider the explicit expressions for the on-site energies and the tunnelling
coefficients in (8). They can be expressed, in terms of the gauge transformations discussed
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of the two sub-wells and correctly reproduces the lowest two Bloch energy bands even up to
R ⇡ 1, in the parameter range discussed above.

In order to characterize the level of fidelity in reproducing the exact single-particle Bloch
spectrum (that can be readily computed as discussed in appendix A), we define the following
quantity,

�"n ⌘ 1
1"n

s
d

2⇡

Z

B
dk ["n(k) � "tb

n (k)]2, (47)

which represents the ratio of the quadratic spread between the exact Bloch spectrum "n(k) and
that of the tight-binding Hamiltonians (8) and (9), to the bandwidth 1"n ⌘ ("max

n � "min
n ). We

also note that the formula (17) for "tb
n (k) provides the same numerical result of expression (C.6)

for the energy bands in terms of gauge transformations, and that these formulae have a
better accuracy in reproducing the exact Bloch spectrum than the single-band expression (17),
especially in the region close to the symmetric case ✓0 = ⇡/2.

The quantity �"n is shown in figure 7 for V1 = 5, as a function of ✓0 (V2 = 20) and V2

(✓0 = ⇡/2), in the left and right panels, respectively. These figures refer to a horizontal and a
vertical cut in the left panel of figure 6, and confirm that in the regime R . 1 the full tight-
binding model reproduces the exact energies with great accuracy. As to the nearest-neighbour
approximation commonly used in the literature, in general this is not the case, as it works
reasonably only for R . 0.1, i.e. for ✓0 ' ⇡/2 and large V2. Therefore, attention must be paid to
the regimes where it is allowed to neglect some of the next-to-nearest tunnelling terms.

4.1. Tunnelling coefficients

Let us now consider the explicit expressions for the on-site energies and the tunnelling
coefficients in (8). They can be expressed, in terms of the gauge transformations discussed
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between sites A and B.

of functions localized around each minimum

 ̂(x) ⌘
X

nj

ân j fn j(x), (3)

where â†
nj (ân j ) represent the creation (destruction) operator of a single-particle at site j , and

satisfy the usual commutation rules [ân j , â†
n0 j 0] = � j j 0�nn0 (following from those for the field  ̂).

In the presence of a single well per unit cell, it is known that a basis of localized functions
is provided by the exponentially decaying Wannier functions wnj(x) discussed by Kohn
[13, 14]. In general, this is not the case when there are two wells per unit cell. For example,
for a symmetric double well the Kohn–Wannier functions display the same symmetry of the
local potential structure [13, 16] and thus they cannot be associated with a single lattice site
as they occupy both wells in the unit cell. In the next section, we will show that when the two
lowest Bloch bands are sufficiently close to each other with respect to the third band (as will be
clear from the discussion in sections 3.2 and 4), we can construct a set of generalized Wannier
functions w̃nj(x) that are maximally localized at each minima, by following the approach of
Marzari and Vanderbilt [21] for a composite band. This corresponds to the generalization of
the single-band approximation (in the case of a single-well lattice) to the double-well case, as
we need at least two localized functions in each lattice cell to map the system on the discrete
lattice. Then, in section 4, we will explore the range of validity of this composite band approach,
highlighting the different implications on the structure of different tight-binding models.

In the following, we will restrict the analysis to the two lowest energy bands, in analogy
with the single-band approximation for the Bose–Hubbard model [11]. Then, within this
approximation, the single-particle Hamiltonian can be written as

Ĥ0 '
X

⌫⌫0=A,B

X

j j 0
â†

j⌫ â j 0⌫0 h f j⌫|Ĥ 0| f j 0⌫0 i, (4)

where j is the unit cell index, whereas ⌫ = A, B substitutes the band index n = 1, 2 being
an internal index labelling the left and right sub-wells, respectively (see figure 2). Here
the expansion coefficients correspond to the on-site energies E⌫ = h f j⌫ |Ĥ 0| f j⌫ i, and to the
tunnelling amplitudes between different (sub)wells T j j 0

⌫⌫0 ⌘ �h f j⌫|Ĥ 0| f j 0⌫0 i. In general, it is
customary to further approximate the above expression by neglecting the coupling beyond
nearest neighbours for both the single-well [10] and double-well lattices [25, 28, 29]. This is
a reasonable assumption for a single-well lattice in the tight-binding regime [14, 34], but may
not be fully justified in the range of the typical experimental parameters for a double well, as
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bands of 1D superlattice potential [21]. It can also be
applied straightforwardly to the present situation, yield-
ing a set of MLWFs both at the s � p resonance and in
its vicinity, or in any situation in which there are two al-
most degenerate bands (well separated from the others).
While the details of the approach have been presented in
[21], here we briefly recall that it consists in using a spe-
cific two-step gauge transformation that makes vanishing
the diagonal and off-diagonal gauge-dependent terms of
the Wannier spread. Such a transformation is obtained
by numerically solving a set of ordinary differential equa-
tions, with suitable boundary conditions. As a specific
example, in the following we will fix V0 = 32E

R

(for
which the s � p resonance occurs at ✏ = 2) to illustrate
the typical behavior in the tight-binding regime.

Let us first discuss the resonant case, by comparing the
general method with the results obtained by means of the
analytic ansatz. First, observe that since the bands are
degenerate at k = 0 (see Fig. 1), the states in Eqs. (7-8)
are built assuming that the second and the third bands
are swapped for k > 0, thus loosing the periodicity of
the conventional Bloch bands. Alternatively, one could
consider symmetric bands touching at k = 0, with an
additional sgn(k) factor in the lower row of the mixing
matrix, abandoning the periodicity and the continuity of
the unitary transformation. This is a consequence of the
fact that the specific choice of term R in Eq. (5) for s and
p-like states is, as a matter of fact, equivalent to consider-
ing an effective lattice with half periodicity, that includes
a single minimum in the elementary cell (notice that we
are considering the case of degenerate maxima by having
set �1 = �2 = 0 in Eq. (3)). Remarkably, the Wannier-
like states in Fig. 2 are almost coincident with those of
the MLWFs obtained from the general procedure of Ref.
[21]. Also the corresponding tunneling amplitudes are
well captured, as we will show in the following.

Let us now turn to the off-resonant case. As an exam-
ple, in Figs. 3 and 4 we show the MLWFs for ✏ = 1, 3,
respectively. Each wave function is shown both in lin-
ear and logarithmic scale, in order to make evident that
each of them is well localized around a single site, and
to show the exponential falloff of their tails. Then, in
Fig. 5a we show the behavior of the two onsite energies,
namely E

s

⌘ hs
j

| ˆH0|sji and E
p

⌘ hp
j

| ˆH0|pji, as a func-
tion of ✏. Note that below resonance E

s

> E
p

, whereas
the situation is reversed above the resonance. The two
on-site energies become degenerate exactly at ✏ = 2.

Similarly, in Fig. 5b we show the behavior of the var-
ious tunneling amplitudes. They are characterized by a
monotonic decrease with increasing ✏, as a consequence
of the deepening of the potential wells. Note also that
in this case the degeneracy between the s � s and p � p
tunneling amplitudes takes place around ✏ = 1.5 and not
at the resonance, as the tunneling rates are determined
by the specific form of the Wannier functions, and not
just by the value of the onsite energies. This is different
from the result of the analytic approach, that predicts
an exact degeneracy between J

s

and J
p

at the resonance
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FIG. 3. (Color online) (a) Density plot of the s� (red dashed
line) and p�like (black solid line) MLWFs for ✏ = 1, corre-
sponding to a large detuning from the resonance. The po-
tential is represented by the dotted (blue) line, whereas the
horizontal orange stripes represents the Bloch bands (on the
same scale as the potential). (b) The same composite-band
MLWFs are shown here in logarithmic scale. Note the expo-
nential decay of the tails.
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FIG. 4. (Color online) Same as above, but for ✏ = 3.

(see the last equation in (9)). Nevertheless, apart from
this detail, the analytic approach essentially captures the
correct values of the tunneling coefficient at resonance.
We also remark that, due to parity of p orbital involved
in s � p hopping, the nearest neighbor tunneling ampli-
tudes from a given site to the left and to the right have
the same magnitude but opposite sign, namely J

l

= �J
r

,
as already obtained for the analytic case discussed in the
previous section.

Remarkably, that in the whole range of ✏ considered
here, the amplitude of the nearest neighbor tunneling J

l/r

is an order of magnitude larger than the next-to-nearest
neighbors tunneling amplitudes J

s

and J
p

. Naively, this

One-dimensional s-p optical superlattice

Effective Dirac equation for ultracold atoms in optical lattices: !
role of the localization properties of the Wannier functions

7

" = 1.5, the composite-band approach provides an in-
creasing, very good accuracy in reproducing the single
particle spectrum, thanks to the fact the the system en-
ters a full tight-binding regime. Instead, the single-band
approach is characterized by a mixed behavior, that is
dramatically affected by the proximity of the resonance
point, where it definitely fails. Only for " >⇠ 2.2 the
single-band approach recovers a good accuracy level.

B. Interaction terms

Let us now turn to the interacting part of the many-
body Hamiltonian. The full expression reads

ˆH
int

=

g

2

X

{↵i}=s,p

X

{ji}

â†
j1↵1

â†
j2↵2

â
j3↵3 âj4↵4 · (16)

·
Z

dxW ⇤
j1↵1

(x)W ⇤
j2↵2

(x)W
j3↵3(x)Wj4↵4(x), (17)

with g being the coupling constant. The leading term is
represented by usual Bose-Hubbard on-site interaction,
namely

ˆH
onsite

=

1

2

X

↵=s,p

U
↵

X

j↵

n̂
j↵

(n̂
j↵

� 1) (18)

with U
↵

= g
R
dx |W

j↵

(x)|4. In addition to this, here we
will consider also the effect of next-to-leading terms that
couple nearest neighboring wells, i.e. s and p wells. They
include a density-density interaction term

ˆH
dens�dens

=

g

2

I2s2p · n̂js

n̂
jp

, (19)

a density induced tunneling

ˆH
dens�tun

=

g

2

I1s3pâ
†
js

n̂
jp

â
jp

+

g

2

I3s1pâ
†
js

n̂
js

â
jp

+(s $ p),

(20)
and the tunneling of pairs

ˆH
pair�tun

=

g

2

I2s2p · â†
js

â†
js

â
jp

â
jp

+ h.c. (21)

In the previous expressions we introduced an intuitive
notation for the integration integral within the j-cell in-
dicating how many Wannier function of a given type enter
into the integral

I
iskp

⌘
Z

dx(W
js

(x))i(W
jp

(x))k, (22)

taking into account that the Wannier functions can be
chosen as real [37]. Notice that there are also similar
terms that couple s�states in the j�th cell with p�states
on the left, that is the (j � 1)th cell. Observe, however,
that the sign of the density dependent tunneling “to the
left” is opposite to that “to the right” due to the asym-
metry of the p-orbital, in parallel with the standard tun-
neling. A sketch of the various tunneling and interaction

FIG. 9. (Color online) A sketch of the various tunneling
and interaction terms of the extended Bose-Hubbard model.
The color code is the same as that in Figs. 5 and 10. Jsp

schematically denotes two types of density dependent tunnel-
ings, mediated by s and p orbitals densities. Remember that
the nearest-neighbor tunneling coefficient J is strictly vanish-
ing within the single band approach.
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FIG. 10. (Color online) Plot of the (modulus of) the integrals
Iiskp characterizing the amplitude of various interaction terms
of the extended Bose-Hubbard Hamiltonian. Lines with sym-
bols correspond to the two-band approach, whereas plain lines
refer to the single band case. Observe that the two-bands ap-
proach yields generally much smaller corrections to standard
Bose-Hubbard terms, showing superiority over a single-band
Wannier functions.

terms of the extended Bose-Hubbard model is shown in
Fig. 9.

The relative weight of the various interaction terms
listed above is shown in Fig. 10 where we present
the behavior of the various integrals (in modulus) en-
tering in their definition, as obtained from the both
the single- and composite-band approaches (note that
I2s2p = I2p2s). This figure shows that, as far as interac-
tions are concerned, the composite-band model outper-
forms the single-band one, as the next-to-leading terms
are significantly smaller in the former case. Notice also
that (out of the resonant region) the values for on-site
interaction given by the two approaches are al most in-
distinguishable. This is expected due to the very similar
behavior of the bulk profiles of Wannier functions, see
Figs. 6 and 7.
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" = 1.5, the composite-band approach provides an in-
creasing, very good accuracy in reproducing the single
particle spectrum, thanks to the fact the the system en-
ters a full tight-binding regime. Instead, the single-band
approach is characterized by a mixed behavior, that is
dramatically affected by the proximity of the resonance
point, where it definitely fails. Only for " >⇠ 2.2 the
single-band approach recovers a good accuracy level.

B. Interaction terms

Let us now turn to the interacting part of the many-
body Hamiltonian. The full expression reads

ˆH
int

=

g

2

X

{↵i}=s,p

X

{ji}

â†
j1↵1

â†
j2↵2

â
j3↵3 âj4↵4 · (16)

·
Z

dxW ⇤
j1↵1

(x)W ⇤
j2↵2

(x)W
j3↵3(x)Wj4↵4(x), (17)

with g being the coupling constant. The leading term is
represented by usual Bose-Hubbard on-site interaction,
namely

ˆH
onsite

=

1

2

X

↵=s,p

U
↵

X

j↵

n̂
j↵

(n̂
j↵

� 1) (18)

with U
↵

= g
R
dx |W

j↵

(x)|4. In addition to this, here we
will consider also the effect of next-to-leading terms that
couple nearest neighboring wells, i.e. s and p wells. They
include a density-density interaction term

ˆH
dens�dens

=

g

2

I2s2p · n̂js

n̂
jp

, (19)

a density induced tunneling

ˆH
dens�tun

=

g

2

I1s3pâ
†
js

n̂
jp

â
jp

+

g

2

I3s1pâ
†
js

n̂
js

â
jp

+(s $ p),

(20)
and the tunneling of pairs

ˆH
pair�tun

=

g

2

I2s2p · â†
js

â†
js

â
jp

â
jp

+ h.c. (21)

In the previous expressions we introduced an intuitive
notation for the integration integral within the j-cell in-
dicating how many Wannier function of a given type enter
into the integral

I
iskp

⌘
Z

dx(W
js

(x))i(W
jp

(x))k, (22)

taking into account that the Wannier functions can be
chosen as real [37]. Notice that there are also similar
terms that couple s�states in the j�th cell with p�states
on the left, that is the (j � 1)th cell. Observe, however,
that the sign of the density dependent tunneling “to the
left” is opposite to that “to the right” due to the asym-
metry of the p-orbital, in parallel with the standard tun-
neling. A sketch of the various tunneling and interaction

FIG. 9. (Color online) A sketch of the various tunneling
and interaction terms of the extended Bose-Hubbard model.
The color code is the same as that in Figs. 5 and 10. Jsp

schematically denotes two types of density dependent tunnel-
ings, mediated by s and p orbitals densities. Remember that
the nearest-neighbor tunneling coefficient J is strictly vanish-
ing within the single band approach.
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of the extended Bose-Hubbard Hamiltonian. Lines with sym-
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refer to the single band case. Observe that the two-bands ap-
proach yields generally much smaller corrections to standard
Bose-Hubbard terms, showing superiority over a single-band
Wannier functions.
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the behavior of the various integrals (in modulus) en-
tering in their definition, as obtained from the both
the single- and composite-band approaches (note that
I2s2p = I2p2s). This figure shows that, as far as interac-
tions are concerned, the composite-band model outper-
forms the single-band one, as the next-to-leading terms
are significantly smaller in the former case. Notice also
that (out of the resonant region) the values for on-site
interaction given by the two approaches are al most in-
distinguishable. This is expected due to the very similar
behavior of the bulk profiles of Wannier functions, see
Figs. 6 and 7.
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FIG. 1. (Color online) Bravais lattice associated to the po-
tential in Eq. (8) for the stretched honeycomb configuration.
Black and white circles refers to minima of type A and B,
respectively. The elementary cell is highlighted in gray. The
various diagonal and o↵-diagonal tunneling coe�cients of our
tight-binding expansion are indicated for the site of type A in
the central cell.

lowest bands. It is then customary to write the Hamilto-
nian density in Eq. (7) as

h(k) =

✓
✏A(k) z(k)
z⇤(k) ✏B(k)

◆
(11)

where (see also Eq. (2)) the band index ⌫ = 1, 2 has been
traded to ⌫ = A,B as the resulting MLWFs are centered
at subwells located in A,B. The two lowest energy bands
are then given by the eigenvalues of (11)

"±(k) = ✏+(k)±
q

✏2�(k) + |z(k)|2 (12)

with ✏±(k) = (✏A(k)± ✏B(k))/2.
The matrix elements in (11) can be expanded as

✏⌫(k) =
X

mn

J⌫
mne

�ik·R
mn (13)

z(k) = �
X

mn

Tmne
�ik·R

mn (14)

with

J⌫
mn ⌘ hw0

⌫ |Ĥ0|wR
mn

⌫ i (15)

Tmn ⌘ �hw0
A|Ĥ0|wR

mn

B i (16)

corresponding to diagonal and o↵-diagonal matrix ele-
ments, respectively. The sign convention is chosen in
such a way that all the coe�cients appear positive de-
fined [14]. Here we truncate the tight-binding expansion

by including all possible tunneling between neighboring
cells, as indicated in Fig. 1 [22].
Let us start by considering the diagonal terms. By

fixing an arbitrary energy o↵set, we can write

✏A(k) = ✏+ FA(k) (17)

✏B(k) = �✏+ FB(k) (18)

with

✏ = (JA
00 � JB

00)/2 (19)

and

F ⌫(k) = 2j⌫1 cos (2⇡ky) + 4j⌫2 cos (⇡ky) cos (⇡kx)

+2j⌫3 cos (2⇡kx) . (20)

The tunneling coe�cients appearing in Eq. (20) are pre-
cisely those connecting the minima located at points of
the same type A or B (see Fig. 1), and have been rede-
fined as follows

j⌫1 ⌘ J⌫
1�1 = J⌫

�11

j⌫2 ⌘ J⌫
10 = J⌫

01 = J⌫
0�1 = J⌫

�10

j⌫3 ⌘ J⌫
11 = J⌫

�1�1 (21)

in order to simplify the notations. The form of the func-
tion F ⌫(k) follows from the explicit form of the corre-
sponding lattice vectors Rmn.
We notice that when ✓ = ⇡ the minima in A,B are

degenerate in energy, so that ✏ = 0. Also, jAi = jBi ⌘ ji,
so that FA(k) = FB(k) ⌘ F (k), and the eigenvalues in
Eq. (12) take the following simple form

"±(k) = F (k)± |z(k)|. (22)

As far as the o↵-diagonal matrix element z(k), its an-
alytical form is

z(k) ⌘ � ⇥
t0 + 2t1 cos(⇡ky)e

�i⇡k
x + t2e

�2i⇡k
x

+2t3 cos(2⇡ky)] (23)

where the tunneling coe�cients have been redefined as

t0 ⌘ T00

t1 ⌘ T10 = T01

t2 ⌘ T�1�1

t3 ⌘ T1�1 = T�11. (24)

Notice that the ordering of the tunneling coe�cients in
Eqs. (24),(21) does not necessarily correspond to the
hierarchy of their magnitudes, as this may depend on
the regime of the potential parameters (see later on).
In the following, we will use this model to discuss the

features of the stretched honeycomb configuration [23],
which allows us to analyze the behavior of the Dirac
points. We will also discuss the e↵ect of increasing the
overall potential intensity (in order to enter a well de-
fined tight-binding regime, but with the same potential
structure) and that of breaking the degeneracy between
sites of type A and B.
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FIG. 1. (Color online) Sketch of the honeycomb lattice structure
and the diamond-shaped elementary cell with basis A and B. The
length of each side of the hexagon is a = 4π/(3

√
3kL). The different

types of tunneling defined in the text are indicated for a site of type A.

focus on the single-particle term

Ĥ0 =
!

d r ψ̂†(r)Ĥ0ψ̂(r) (2)

as the mapping onto the tight-binding model is determined
by the spectrum of the single-particle Hamiltonian H0 =
−(h̄2/2m)∇2 + sERV (r) [29]. Here s represents the potential
amplitude in units of the recoil energy ER = h̄2k2

L/2m.
In general, when the potential wells are deep enough, the

Hamiltonian (2) can be conveniently mapped onto a tight-
binding model defined on the discrete lattice corresponding to
the potential minima, by expanding the field operator in terms
of a set of functions {w jν(r)} localized at each minimum, as

ψ̂(r) ≡
"

jν

â jνw jν(r), (3)

where j = (j1,j2) labels the cell and ν is a band index. In
Eq. (3) â

†
jν (â jν) represent the creation (destruction) operators

of a single particle in the cell j , and satisfy the usual
commutation rules [â jν,â

†
j ′ν ′] = δ j j ′δνν ′ (following from those

for the field ψ̂).
In order to construct a basis of localized functions at each

site of the lattice, here we consider the MLWFs for a composite
band discussed by Marzari and Vanderbilt [24]. These are a
set of generalized Wannier functions w jν , defined via a linear
combination of Bloch eigenstates ψnk, namely [20,24]

w jν(r) = 1√
SB

!

SB

dk e−ikR j

N"

m=1

Uνm(k)ψmk(r) (4)

with SB indicating the first Brillouin zone, and U ∈
U (N ) being a gauge transformation that minimizes the
Marzari-Vanderbilt localization functional % =

#
ν[⟨r2⟩ν −

⟨r⟩2
ν] [24]. For an isolated set of bands, and in the absence

of spin-orbit coupling, the MLWFs have been demonstrated
to be real and to decay exponentially [25,26]. Thus, these
functions represent an optimal basis for the tight-binding
model discussed here since the above conditions are fulfilled.
Indeed, the real character and exponential localization of the
calculated Wannier functions have been confirmed in our
computations.

FIG. 2. (Color online) Example of the calculated MLWFs (units
of a−1) for s = 15. (a) Profile of the MWLWs |w0A(r)|2 (solid,
blue) and |w0B (r)|2 (dashed, red) along the line joining the A and
B sites (y = 0) in the original unit cell. (b) Profile of w0A(r) and
w0B (r) along the same path as in (a) with a zoom into the small
values of the MLWFs. Note that w0A(r) [w0B (r)] becomes negative
in the neighborhood of site B (A). (c) Contour plot of the function
log10 |w0A(r)|2. The solid and dashed lines depict the original unit
cell and honeycomb lattice, respectively. See text for explanations.

In our case, since the honeycomb unit cell contains two
potential minima, A and B, we can construct a basis of MLWFs
by considering a composite band consisting of the two lowest
Bloch bands; that is, N = 2. The mentioned Bloch subbands
have been obtained with a modified version of the QUANTUM-
ESPRESSO package [30] intended to solve the single-particle
Schrödinger equation associated with the external potential
(1). We consider a plane-wave expansion of the Bloch states,
reaching convergence with an energy cutoff corresponding to
Ec = 10.5ER and a k-point mesh of 14 × 14. As a next step,
the MLWFs have been computed considering the WANNIER90
program [27,28]. The typical shape of the calculated MLWFs
is shown in Fig. 2.

The strong localization of |w0ν(r)|2 (ν = A,B) around sites
A and B, and their exponential decay are clearly visible in
panel (a). Panel (c) shows the distribution of |w0A(r)|2 around
the original unit cell j = 0; the figure reveals an appreciable
overlap of the MLWF with the neighboring B and A sites,
indicated respectively by the solid (yellow) and dashed (red)
arrows in Fig. 1. In addition, the MLWFs are characterized by

011602-2
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FIG. 2. (Color online) (a) Stretched-honeycomb potential (8) for
VX = 5, VX = 0.28, and VY = 1.8. Hot and cold colors denote high
and low values of the potential, respectively. The unit cell is indicated
by solid (black) lines. (b) Structure of the calculated MLWF for
sublattice A for the same potential setup as in (a) (see text).

around the neighboring potential minima as well. The asso-
ciated tunneling coefficients are illustrated in Fig. 3(a). This
figure shows the behavior of the diagonal and off-diagonal
coefficients, ti (i = 0,3) and ji (i = 1,3) as a function of VX.

FIG. 3. (Color online) Behavior of the various tunneling coeffi-
cients as function of VX . Panel (a) covers the experimental regime,
VX = 0.28, VY = 1.8, while in (b) we consider a proper tight-binding
regime, VX = 0.56, VY = 3.6.

FIG. 4. (Color online) Cut of the exact energy bands (black solid
line) compared to the two tight-binding approximations with just t0,
t1, and t2 (red dotted line), and with all the coefficients in Fig. 1 (green
dotted-dashed line). Panels (a) and (b) respectively show cuts along
kx (ky = 0) and ky (kx = 0), for VX = 0.28, VY = 1.8, and VX = 5;
(c) and (d) refer to VX = 0.56, VY = 3.6, and VX = 8.5.

In Fig. 4 we present the tight-binding energy dispersion of
Eq. (22) computed with the aid of the calculated tunneling
coefficients. In particular, we consider two different tight-
binding approximations: one includes just t0, t1, and t2 (this
corresponds to the universal Hamiltonian of Ref. [5]), while
the other approximation includes all the coefficients defined in
Fig. 1. In Figs. 4(a) and 4(b) we compare the energy dispersion
of the different tight-binding approximations with the exact
spectrum at VX = 5. The figures show that the main features,
such as the band crossing along the ky direction ([Fig. 4(b)],
are well reproduced by both approximations. Quantitatively,
however, the tight-binding model with just t0, t1, and t2 is
not capable of approximating the exact bands with sufficient
accuracy (this holds in all the range of VX considered in this
paper).

At this point, we consider a different set of values for the
potential parameters that correspond to a well-defined tight-
binding regime, while maintaining the stretched-honeycomb
structure. In particular, we use the parameter values VX =
0.56, VY = 3.6, and VX ranging from 6 to 12, corresponding
to twice the values of Tarruell et al. [8]. The calculated
tunneling coefficients are illustrated in Fig. 3(b), showing
the same general structure as the ones in Fig. 3(a), except
for minor differences regarding the smallest coefficients. The
corresponding energy dispersion is shown in Figs. 4(c) and
4(d) for VX = 8.5. For this parameter configuration, even the
lowest-order approximation with just the coefficients t0, t1, and
t2 provides a remarkable agreement with the exact data. This
is also the case for the dimer and 1D-chain limits, as shown in
Appendix C.

V. DIRAC POINTS

As we have seen in the previous section, the spectrum for
a stretched-honeycomb configuration with θ = π is charac-
terized by points where the two bands are degenerate, with a
linear dispersion along at least one direction—the so-called

033631-4
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with hνν ′(k) = −
!

i eik·Ri T i
νν ′ . Finally, the matrix hνν ′(k)

turns out to be of the form [7]

hνν ′(k) =
"

ϵA(k) z(k)
z∗(k) ϵB(k)

#
. (13)

As for the diagonal terms, the leading contribution comes
from the on-site energies Eν , which can be conveniently
written as EA/B = ±ϵ, by shifting the total energy by an
overall constant. In addition, there is a correction due to tν ,
so that eventually we obtain

ϵA/B(k) = EA/B − tA/BF (k), (14)

F (k) = 2 cos [k · (a1 − a2)] + 2
$

i=1,2

cos (k · ai) . (15)

Instead, the off-diagonal terms get the leading contribution
from the term proportional to t0 [7], and a correction due to t2,
z(k) = t0Z0(k) + t2Z2(k), with

Z0(k) = 1 + e−ik·a1 + e−ik·a2 ,

Z2(k) = e−ik·(a1+a2) + e−ik·(a1−a2) + e−ik·(a2−a1).

Finally, by diagonalizing the matrix hνν ′(k) and defining
t± ≡ (tA ± tB)/2, we obtain the following expression for the
tight-binding spectrum:

ϵ±(k) = −t+F (k) ±
%

[t−F (k) − ϵ]2 + |z(k)|2. (16)

Again, this is valid for a generic honeycomb structure with
two minima per unit cell. For the particular case of degenerate
minima, as for the potential in (1), this expression further
reduces to

ϵ̄±(k) = t1F (k) ± |t0Z0(k) + t2Z2(k)| + 3t1, (17)

where the last term has been added in order to make the
energy vanishing at the Dirac points, consistent with the
definition of the Bloch spectrum. A specific example is shown
in Figs. 4(b) and 4(c), for s = 5. The figure shows that the
tight-binding model with just t0 is not sufficient to reproduce
the band structure, and that at least the inclusion of t1 is
needed. In particular, the latter is necessary to account for
the band asymmetry [see Eq. (17)]. It is also remarkable
to notice that the values of t0 + t2 and t1 can be extracted
from a fit of the Bloch spectrum at k = 0, by using the
expression (17). In fact, we have t0 + t2 = [ϵ̄+(0) − ϵ̄−(0)] /6
and t1 = [ϵ̄+(0) + ϵ̄−(0)] /18. In addition, since t2 is negligible
with respect to t0 (see Fig. 3), practically the former expression
can be used as an estimate of t0. Notably, these estimates
coincide with the dashed lines shown in Fig. 3, therefore
providing an independent check of the tunnelings calculated
by means of the MLWFs.
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FIG. 5. (Color online) Energy mismatch δεn for the first (a) and
second (b) band, for different levels of approximation of the tight-
binding model.

In general, one can evaluate the degree of accuracy in
reproducing the exact Bloch spectrum by defining an energy
mismatch as follows:

δεn ≡ 1
%En

&
1
SB

'

SB

dk [En(k) − ϵn(k)]2 (18)

with %En being the nth bandwidth (n = 1,2). The results are
shown in Fig. 5. This figure shows that the tight-binding model
with up to third-nearest neighbors accurately reproduces the
band structure for s ! 3, with an error below 1%. In fact,
this is a range of lattice amplitudes where one would expect
the MLWFs to localize strongly around each minimum (that
is, a proper tight-binding regime). Then, while the inclusion
of t2 provides only a minor correction, the model with just
the nearest-neighbor tunneling t0 [7] is clearly less accurate,
reaching the level δεn " 1% only for s ! 15. This may be
particularly relevant for current experiments, since they are
performed in a regime of relatively low lattice amplitudes
(s " 5) [8,9,11].

Conclusions. In this Rapid Communication we have
demonstrated the power of the maximally localized Wannier
functions for composite bands in determining the parameters
of tight-binding Hamiltonians describing ultracold atoms in
optical lattices. The application to a honeycomb structure,
directly connected to the graphene physics, allows us to
accurately parametrize the optimal tight-binding parameters,
providing a thorough analysis of the range of validity of
different approaches.
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nodes in passing from sites of type A to B, corresponding to a
change of sign [see panel (b)].

The approach followed here of including two Bloch bands
is the minimal approximation, and corresponds to the general-
ization of the single band approximation usually employed
for cubic-type lattices [1]. Within this approximation, the
Hamiltonian (2) can be written as

Ĥ0 ≃
!

νν ′=A,B

!

j, j ′

â
†
jν â j ′ν ′ ⟨w jν |Ĥ0|w j ′ν ′ ⟩ ≡ Ĥtb

0 , (5)

where the expansion coefficients in the above equation
correspond to the on-site energies Eν = ⟨w jν |Ĥ0|w jν⟩, and
to the tunneling amplitudes between different sites. Both
quantities are real due to the properties of the MLWFs. Here
we will include up to third-nearest-neighbor tunneling T i

νν ′ ≡
−⟨w jν |Ĥ0|w( j+i)ν ′ ⟩, with i ≡ (0,±1; 0,±1) (the tunneling
rates depend only on the relative distance owing to the
uniformity of the lattice). Then, the tunnelings can be divided
in three classes, as shown in Fig. 1 for the case ν = A.

(i) Terms between A(B) and the three nearest neighbors of
type B(A) (yellow arrows in Fig. 1), i.e.,

t0 = −⟨w jA|Ĥ0|w jB⟩. (6)

(ii) Terms tν between sites of the same type (A or B) within
neighboring cells (red arrows in Fig. 1), i.e.,

tν = −⟨w( j1+1, j2)ν |Ĥ0|w( j1, j2)ν⟩. (7)

In general the two tunneling coefficients tA and tB are different.
As a specific example, here we will explicitly compute them
for the case of degenerate minima where tA = tB . In this case
we can set t1 ≡ −tν , where the sign is chosen in order to have
t1 positive defined (see Fig. 2 and the discussion about the sign
of the MLWFs).

(iii) Terms connecting A(B) to B(A) at opposite corners of
the hexagon (blue arrows in Fig. 1), i.e.,

t2 = −⟨w( j1, j2)A|Ĥ0|w( j1−1, j2−1)B⟩. (8)

We remark that the above derivation of the tight-binding
model is valid in general for any potential with a honeycomb
structure, with two minima per unit cell, and not just for
the potential with two degenerate minima in Eq. (1). In the
following we will consider explicitly the latter case in order to
provide a specific example.

The behavior of the different tunneling coefficients as a
function of the lattice amplitude s is shown in Fig. 3. In order
to extract from the numerical values an analytic formula we
consider a fit of the type ti/ER = Asαe−β

√
s (i = 0,1,2), in

the range s > 3, with A, α, and β as fitting parameters. For t0
we find

t0/ER = 1.16s0.95e−1.634
√

s , (9)

that has to be compared with the semiclassical estimate of
Lee et al. [7], |t0|/ER = 1.861s0.75e−1.582

√
s [see Eq. (38) in

[7]]. In the range of s considered here, we find that the latter
overestimates the actual value in (9) by about 8% for s = 30,
up to about 40% for s = 3. For the other two terms we find

t1/ER = 0.78s1.85e−3.404
√

s , (10)

t2/ER = 1.81s2.75e−5.196
√

s . (11)

These three fits are shown as dashed lines in Fig. 3.
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FIG. 3. (Color online) Behavior of the various tunneling terms as
a function of the lattice amplitude s. The lines are the result of a fit of
the numerical data, and those for t0 and t1 coincide with that extracted
from a fit of the Bloch spectrum (see text).

Tight-binding spectrum. A convenient way to check the
regime of validity of a given tight-binding approximation is
to compare its prediction for the energy spectrum with the
exact Bloch spectrum. The latter can be readily computed by
means of a standard Fourier decomposition [7]. The typical
structure of the two lowest bands E±(k) is shown in Fig. 4. It
is characterized by Dirac points at the vertices of the Brillouin
zone (a regular hexagon), where the local dispersion is linear
and the two bands are degenerate [7]. For convenience, we fix
E±(kD) = 0 at the Dirac points.

The tight-binding spectrum can be derived as follows [20].
By defining b̂νk = (

√
SB/2π )

"
j e−ik·R j â jν the Hamiltonian

Ĥtb
0 in Eq. (5) can be written as

Ĥtb
0 =

!

νν ′=A,B

#

SB

dk hνν ′ (k)b̂†νkb̂ν ′k (12)
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FIG. 4. (Color online) (a) Bloch spectrum E±(k) of the lowest
two bands for s = 5. The hexagon represents the first Brillouin zone
(energies are in units of ER , momenta in units of kL). (b),(c) Cut
for ky = 0 and kx = 0, respectively (blue, solid lines). The latter are
compared with the prediction of the full tight-binding model (red,
dashed line), that with t0 and t1 (black, dotted line), and with just t0
(magenta, dot-dashed line). Note the asymmetry of the two bands.
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nodes in passing from sites of type A to B, corresponding to a
change of sign [see panel (b)].

The approach followed here of including two Bloch bands
is the minimal approximation, and corresponds to the general-
ization of the single band approximation usually employed
for cubic-type lattices [1]. Within this approximation, the
Hamiltonian (2) can be written as

Ĥ0 ≃
!

νν ′=A,B

!

j, j ′

â
†
jν â j ′ν ′ ⟨w jν |Ĥ0|w j ′ν ′ ⟩ ≡ Ĥtb

0 , (5)

where the expansion coefficients in the above equation
correspond to the on-site energies Eν = ⟨w jν |Ĥ0|w jν⟩, and
to the tunneling amplitudes between different sites. Both
quantities are real due to the properties of the MLWFs. Here
we will include up to third-nearest-neighbor tunneling T i

νν ′ ≡
−⟨w jν |Ĥ0|w( j+i)ν ′ ⟩, with i ≡ (0,±1; 0,±1) (the tunneling
rates depend only on the relative distance owing to the
uniformity of the lattice). Then, the tunnelings can be divided
in three classes, as shown in Fig. 1 for the case ν = A.

(i) Terms between A(B) and the three nearest neighbors of
type B(A) (yellow arrows in Fig. 1), i.e.,

t0 = −⟨w jA|Ĥ0|w jB⟩. (6)

(ii) Terms tν between sites of the same type (A or B) within
neighboring cells (red arrows in Fig. 1), i.e.,

tν = −⟨w( j1+1, j2)ν |Ĥ0|w( j1, j2)ν⟩. (7)

In general the two tunneling coefficients tA and tB are different.
As a specific example, here we will explicitly compute them
for the case of degenerate minima where tA = tB . In this case
we can set t1 ≡ −tν , where the sign is chosen in order to have
t1 positive defined (see Fig. 2 and the discussion about the sign
of the MLWFs).

(iii) Terms connecting A(B) to B(A) at opposite corners of
the hexagon (blue arrows in Fig. 1), i.e.,

t2 = −⟨w( j1, j2)A|Ĥ0|w( j1−1, j2−1)B⟩. (8)

We remark that the above derivation of the tight-binding
model is valid in general for any potential with a honeycomb
structure, with two minima per unit cell, and not just for
the potential with two degenerate minima in Eq. (1). In the
following we will consider explicitly the latter case in order to
provide a specific example.

The behavior of the different tunneling coefficients as a
function of the lattice amplitude s is shown in Fig. 3. In order
to extract from the numerical values an analytic formula we
consider a fit of the type ti/ER = Asαe−β

√
s (i = 0,1,2), in

the range s > 3, with A, α, and β as fitting parameters. For t0
we find

t0/ER = 1.16s0.95e−1.634
√

s , (9)

that has to be compared with the semiclassical estimate of
Lee et al. [7], |t0|/ER = 1.861s0.75e−1.582

√
s [see Eq. (38) in

[7]]. In the range of s considered here, we find that the latter
overestimates the actual value in (9) by about 8% for s = 30,
up to about 40% for s = 3. For the other two terms we find

t1/ER = 0.78s1.85e−3.404
√

s , (10)

t2/ER = 1.81s2.75e−5.196
√

s . (11)

These three fits are shown as dashed lines in Fig. 3.
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FIG. 3. (Color online) Behavior of the various tunneling terms as
a function of the lattice amplitude s. The lines are the result of a fit of
the numerical data, and those for t0 and t1 coincide with that extracted
from a fit of the Bloch spectrum (see text).

Tight-binding spectrum. A convenient way to check the
regime of validity of a given tight-binding approximation is
to compare its prediction for the energy spectrum with the
exact Bloch spectrum. The latter can be readily computed by
means of a standard Fourier decomposition [7]. The typical
structure of the two lowest bands E±(k) is shown in Fig. 4. It
is characterized by Dirac points at the vertices of the Brillouin
zone (a regular hexagon), where the local dispersion is linear
and the two bands are degenerate [7]. For convenience, we fix
E±(kD) = 0 at the Dirac points.

The tight-binding spectrum can be derived as follows [20].
By defining b̂νk = (

√
SB/2π )

"
j e−ik·R j â jν the Hamiltonian

Ĥtb
0 in Eq. (5) can be written as

Ĥtb
0 =

!

νν ′=A,B

#

SB

dk hνν ′ (k)b̂†νkb̂ν ′k (12)
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FIG. 4. (Color online) (a) Bloch spectrum E±(k) of the lowest
two bands for s = 5. The hexagon represents the first Brillouin zone
(energies are in units of ER , momenta in units of kL). (b),(c) Cut
for ky = 0 and kx = 0, respectively (blue, solid lines). The latter are
compared with the prediction of the full tight-binding model (red,
dashed line), that with t0 and t1 (black, dotted line), and with just t0
(magenta, dot-dashed line). Note the asymmetry of the two bands.
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nodes in passing from sites of type A to B, corresponding to a
change of sign [see panel (b)].

The approach followed here of including two Bloch bands
is the minimal approximation, and corresponds to the general-
ization of the single band approximation usually employed
for cubic-type lattices [1]. Within this approximation, the
Hamiltonian (2) can be written as

Ĥ0 ≃
!

νν ′=A,B

!

j, j ′

â
†
jν â j ′ν ′ ⟨w jν |Ĥ0|w j ′ν ′ ⟩ ≡ Ĥtb

0 , (5)

where the expansion coefficients in the above equation
correspond to the on-site energies Eν = ⟨w jν |Ĥ0|w jν⟩, and
to the tunneling amplitudes between different sites. Both
quantities are real due to the properties of the MLWFs. Here
we will include up to third-nearest-neighbor tunneling T i

νν ′ ≡
−⟨w jν |Ĥ0|w( j+i)ν ′ ⟩, with i ≡ (0,±1; 0,±1) (the tunneling
rates depend only on the relative distance owing to the
uniformity of the lattice). Then, the tunnelings can be divided
in three classes, as shown in Fig. 1 for the case ν = A.

(i) Terms between A(B) and the three nearest neighbors of
type B(A) (yellow arrows in Fig. 1), i.e.,

t0 = −⟨w jA|Ĥ0|w jB⟩. (6)

(ii) Terms tν between sites of the same type (A or B) within
neighboring cells (red arrows in Fig. 1), i.e.,

tν = −⟨w( j1+1, j2)ν |Ĥ0|w( j1, j2)ν⟩. (7)

In general the two tunneling coefficients tA and tB are different.
As a specific example, here we will explicitly compute them
for the case of degenerate minima where tA = tB . In this case
we can set t1 ≡ −tν , where the sign is chosen in order to have
t1 positive defined (see Fig. 2 and the discussion about the sign
of the MLWFs).

(iii) Terms connecting A(B) to B(A) at opposite corners of
the hexagon (blue arrows in Fig. 1), i.e.,

t2 = −⟨w( j1, j2)A|Ĥ0|w( j1−1, j2−1)B⟩. (8)

We remark that the above derivation of the tight-binding
model is valid in general for any potential with a honeycomb
structure, with two minima per unit cell, and not just for
the potential with two degenerate minima in Eq. (1). In the
following we will consider explicitly the latter case in order to
provide a specific example.

The behavior of the different tunneling coefficients as a
function of the lattice amplitude s is shown in Fig. 3. In order
to extract from the numerical values an analytic formula we
consider a fit of the type ti/ER = Asαe−β

√
s (i = 0,1,2), in

the range s > 3, with A, α, and β as fitting parameters. For t0
we find

t0/ER = 1.16s0.95e−1.634
√

s , (9)

that has to be compared with the semiclassical estimate of
Lee et al. [7], |t0|/ER = 1.861s0.75e−1.582

√
s [see Eq. (38) in

[7]]. In the range of s considered here, we find that the latter
overestimates the actual value in (9) by about 8% for s = 30,
up to about 40% for s = 3. For the other two terms we find

t1/ER = 0.78s1.85e−3.404
√

s , (10)

t2/ER = 1.81s2.75e−5.196
√

s . (11)

These three fits are shown as dashed lines in Fig. 3.
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FIG. 3. (Color online) Behavior of the various tunneling terms as
a function of the lattice amplitude s. The lines are the result of a fit of
the numerical data, and those for t0 and t1 coincide with that extracted
from a fit of the Bloch spectrum (see text).

Tight-binding spectrum. A convenient way to check the
regime of validity of a given tight-binding approximation is
to compare its prediction for the energy spectrum with the
exact Bloch spectrum. The latter can be readily computed by
means of a standard Fourier decomposition [7]. The typical
structure of the two lowest bands E±(k) is shown in Fig. 4. It
is characterized by Dirac points at the vertices of the Brillouin
zone (a regular hexagon), where the local dispersion is linear
and the two bands are degenerate [7]. For convenience, we fix
E±(kD) = 0 at the Dirac points.

The tight-binding spectrum can be derived as follows [20].
By defining b̂νk = (

√
SB/2π )

"
j e−ik·R j â jν the Hamiltonian

Ĥtb
0 in Eq. (5) can be written as

Ĥtb
0 =

!

νν ′=A,B

#

SB

dk hνν ′ (k)b̂†νkb̂ν ′k (12)

(a)

-1
-0.5

 0
 0.5

 1
kx

-1 -0.5  0  0.5  1
ky

-0.25

 0

 0.25

 0.5

E
-0.5

-0.25

 0

 0.25

 0.5

-1 -0.5  0  0.5  1

E

kx

(b)

exact
tb

only t0
t0 and t1

-0.5

-0.25

 0

 0.25

 0.5

-1 -0.5  0  0.5  1

E

ky

(c)

FIG. 4. (Color online) (a) Bloch spectrum E±(k) of the lowest
two bands for s = 5. The hexagon represents the first Brillouin zone
(energies are in units of ER , momenta in units of kL). (b),(c) Cut
for ky = 0 and kx = 0, respectively (blue, solid lines). The latter are
compared with the prediction of the full tight-binding model (red,
dashed line), that with t0 and t1 (black, dotted line), and with just t0
(magenta, dot-dashed line). Note the asymmetry of the two bands.
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FIG. 1. (Color online) Bravais lattice associated to the po-
tential in Eq. (8) for the stretched honeycomb configuration.
Black and white circles refers to minima of type A and B,
respectively. The elementary cell is highlighted in gray. The
various diagonal and o↵-diagonal tunneling coe�cients of our
tight-binding expansion are indicated for the site of type A in
the central cell.

lowest bands. It is then customary to write the Hamilto-
nian density in Eq. (7) as

h(k) =

✓
✏A(k) z(k)
z⇤(k) ✏B(k)

◆
(11)

where (see also Eq. (2)) the band index ⌫ = 1, 2 has been
traded to ⌫ = A,B as the resulting MLWFs are centered
at subwells located in A,B. The two lowest energy bands
are then given by the eigenvalues of (11)

"±(k) = ✏+(k)±
q

✏2�(k) + |z(k)|2 (12)

with ✏±(k) = (✏A(k)± ✏B(k))/2.
The matrix elements in (11) can be expanded as

✏⌫(k) =
X

mn

J⌫
mne

�ik·R
mn (13)

z(k) = �
X

mn

Tmne
�ik·R

mn (14)

with

J⌫
mn ⌘ hw0

⌫ |Ĥ0|wR
mn

⌫ i (15)

Tmn ⌘ �hw0
A|Ĥ0|wR

mn

B i (16)

corresponding to diagonal and o↵-diagonal matrix ele-
ments, respectively. The sign convention is chosen in
such a way that all the coe�cients appear positive de-
fined [14]. Here we truncate the tight-binding expansion

by including all possible tunneling between neighboring
cells, as indicated in Fig. 1 [22].
Let us start by considering the diagonal terms. By

fixing an arbitrary energy o↵set, we can write

✏A(k) = ✏+ FA(k) (17)

✏B(k) = �✏+ FB(k) (18)

with

✏ = (JA
00 � JB

00)/2 (19)

and

F ⌫(k) = 2j⌫1 cos (2⇡ky) + 4j⌫2 cos (⇡ky) cos (⇡kx)

+2j⌫3 cos (2⇡kx) . (20)

The tunneling coe�cients appearing in Eq. (20) are pre-
cisely those connecting the minima located at points of
the same type A or B (see Fig. 1), and have been rede-
fined as follows

j⌫1 ⌘ J⌫
1�1 = J⌫

�11

j⌫2 ⌘ J⌫
10 = J⌫

01 = J⌫
0�1 = J⌫

�10

j⌫3 ⌘ J⌫
11 = J⌫

�1�1 (21)

in order to simplify the notations. The form of the func-
tion F ⌫(k) follows from the explicit form of the corre-
sponding lattice vectors Rmn.
We notice that when ✓ = ⇡ the minima in A,B are

degenerate in energy, so that ✏ = 0. Also, jAi = jBi ⌘ ji,
so that FA(k) = FB(k) ⌘ F (k), and the eigenvalues in
Eq. (12) take the following simple form

"±(k) = F (k)± |z(k)|. (22)

As far as the o↵-diagonal matrix element z(k), its an-
alytical form is

z(k) ⌘ � ⇥
t0 + 2t1 cos(⇡ky)e

�i⇡k
x + t2e

�2i⇡k
x

+2t3 cos(2⇡ky)] (23)

where the tunneling coe�cients have been redefined as

t0 ⌘ T00

t1 ⌘ T10 = T01

t2 ⌘ T�1�1

t3 ⌘ T1�1 = T�11. (24)

Notice that the ordering of the tunneling coe�cients in
Eqs. (24),(21) does not necessarily correspond to the
hierarchy of their magnitudes, as this may depend on
the regime of the potential parameters (see later on).
In the following, we will use this model to discuss the

features of the stretched honeycomb configuration [23],
which allows us to analyze the behavior of the Dirac
points. We will also discuss the e↵ect of increasing the
overall potential intensity (in order to enter a well de-
fined tight-binding regime, but with the same potential
structure) and that of breaking the degeneracy between
sites of type A and B.

F ⌫

(k) = 2j⌫1 cos (2⇡k
y

) + 4j⌫2 cos (⇡k
y

) cos (⇡k
x

) + 2j⌫3 cos (2⇡k
x

)

z(k) = �
⇥
t0 + 2t1 cos(⇡ky)e

�i⇡k
x

+ t2e
�2i⇡k

x

+ 2t3 cos(2⇡ky)
⇤
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FIG. 7. (Color online) Cuts of the energy bands around the merging point k
M

= (0, 1), for the tight binding regime discussed
in the text (V

X

= 0.56, V
Y

= 3.6). The exact Bloch bands (red solid lines) are compared to the approximate expressions in
Eq. (38), as a function of k

y

(at k

x

= 0) (a,b,c), and of k
x

(at k

y

= 1) (d,e,f). Each column correspond to a di↵erent value
of V

X

: (a,d) V

X

= 8, (b,e) V

X

= 6.94 (merging point), V
X

= 6.54 (c,f) . Note that the cut along k

x

in (d) does not cross the
Dirac point, as the latter is located at k

y

' 0.68; this is the reason why Eq. (38) provides a poorer approximation in this case.

(0, 0), (0, 1), (1, 0), (1, 1) [5], see Fig. 6. However, for the
actual values of the tunneling coe�cients, only the point
(1, 1) and its equivalents are possible. In particular, in
our case the Dirac points inside the first Brillouin zone
merge (with those of outer cells) at the top and bottom
corners (1,�1) and (�1, 1), namely for kM ⌘ (0,±1).
For the two examples considered here, see Fig. 5(a) and
(b), the merging occurs at VX ' 3.4 (see also [8]) and
VX ' 6.94, respectively.

Following [5, 9], we now expand the hamiltonian den-
sity around one of the two merging points, defining
k̃ ⌘ k�kM . As discussed in Ref. [9], the general form of
the o↵-diagonal component z(k) around a merging point
is characterized by a linear term in k̃x and a quadratic
one in k̃y, coming respectively from the imaginary and
real parts of z(k̃). Namely, the leading terms of the ex-
pansion are

zR(k̃) ' � [t0 � 2t1 + t2 + 2t3] + ⇡2
h
(4t3 � t1) k̃

2
y

i

zI(k̃) ' 2⇡ (t2 � t1) k̃x. (31)

Here we also take into account the diagonal term F (k),
not included in the approach of [5, 9], as it a↵ects the
quadratic behavior introducing an asymmetry between
the two bands; neglecting an unimportant constant term
we have

F (k̃) ' �2⇡2(2j1 � j2)k̃
2
y. (32)

Therefore, close to the merging point the hamiltonian

density can be cast into the form

h⌫⌫0(k̃) ' k̃2y
2µ

⌦ I +

 
�+

k̃2y
2m⇤

!
⌦ �x + ck̃x ⌦ �y (33)

with

� ⌘ � [t0 � 2t1 + t2 + 2t3] (34)
1

2m⇤ ⌘ ⇡2 (4t3 � t1) (35)

c ⌘ 2⇡ (t1 � t2) (36)
1

2µ
⌘ �2⇡2(2j1 � j2). (37)

The corresponding dispersion law is

"±(k̃) '
k̃2y
2µ

±

vuut
 
�+

k̃2y
2m⇤

!2

+ c2k̃2x (38)

with � being vanishing at the merging point, marking
the topological transition between semi-metallic and in-
sulating phases driven by a change of sign in the product
m⇤� [5, 9]. The expression (38) provides indeed a good
approximation of the exact Bloch energies close to the
merging point, as shown in Fig. 7 (a similar expansion
can be derived around a generic Dirac point). In this
picture we consider kM = (0, 1), that is the top corner
of the first Brillouin zone in Fig. 6, and show band-cuts
along orthogonal directions at kx = 0 (upper panels) and
ky = 1 (lower panels). Panels (a),(c) show two Dirac
points belonging to adjacent Brillouin zones, symmetric
with respect to ky = 1 (see Eq. (28)). This corresponds

transition from semi-metallic to insulating phases!
(see also the work by G. Montambaux and his group)
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FIG. 4. (Color online) Cut of the exact energy bands (black
solid line) compared to the two tight-binding approximations
with just t0, t1 and t2 (red dotted line), and with all the
coe�cients in Fig. 1 (green dotted-dashed line). Panels (a)
and (b) respectively show cuts along k

x

(k
y

= 0) and k

y

(k
x

= 0), for V

X

= 0.28, V
Y

= 1.8 and V

X

= 5; (c) and (d)
refer to V

X

= 0.56, V
Y

= 3.6 and V

X

= 8.5.

V. DIRAC POINTS

As we have seen in the previous section, the spectrum
for a stretched honeycomb configuration with ✓ = ⇡ is
characterized by points where the two bands are degen-
erate, with a linear dispersion along at least one direc-
tion - the so-called Dirac points. They are defined by
z(kD) = 0 and come always in pairs due to time-reversal
invariance, with z⇤(kD) = z(�kD) [5]. Their existence
and position depends on the geometry of the lattice: for
a regular honeycomb structure (a graphene-like lattice)
they are located at the corners of the Brillouin zone
[4, 14], whereas in the present tunable case they can be
moved inside the Brillouin zone, as showed in [8]. In
particular, from the expression in Eq. (23), the position
kD = (kx, ky) of the Dirac points is obtained by solving
the following equation
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neling coe�cients indicated in Fig. 3). In the current
regimes, this expression can be further approximated as

ky ' ± 1

⇡
cos�1


� t0 + t2

2t1

�
(29)

 0.55

 0.6

 0.65

 0.7

 0.75

 0.8

 0.85

 0.9

 0.95

 1

 3  4  5  6  7  8

k y

VX
-

(a)

   

   

   

   

   

   

   

   

   

   

 6  7  8  9  10  11  12

  
  

VX
-

(b)

exact
Eq. (28)
Eq. (29)

FIG. 5. (Color online) Position of the Dirac points along the
k

y

-axis as a function of V
X

for (a) the parameter regime of
Tarruel et al. [8], and (b) the tight binding regime discussed
in the text. The exact positions (circles) extracted from the
Bloch spectrum are compared with the predictions of Eqs.
(28) and (29).

b1

b2

(0,0) (1,1)

(1,0)

(0,1)

FIG. 6. (Color online) Unit cell in quasimomentum space,
with the location of the possible merging of the Dirac points.
Equivalent points (connected by a reciprocal space vector G)
are depicted with the same color. Given the actual values of
the tunneling coe�cients, only the points at k

x

= 0, k
y

= ±1
can be realized (larger red dots).

corresponding to the expression of Ref. [5]. Both Eq.
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corresponding to the expression of Ref. [5]. Both Eq.
(28) and its approximate version Eq. (29) provide a valid
solution when t0 + t2  2t1, which is satisfied also in
the range of parameters corresponding to the stretched
honeycomb, as shown in Fig. 5.

A. Merging of Dirac points

The merging of Dirac points occurs when the two so-
lutions in Eq. (28) coincide modulo a reciprocal space
vector G = pb1 + qb2 (with p, q integers, see Eq. (9)),
namely at kM = �kM+G. Therefore, the merging point
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We design an ingenious scheme to realize Haldane’s quantum Hall model without Landau levels by

using ultracold atoms trapped in an optical lattice. Three standing-wave laser beams are used to construct

a wanted honeycomb lattice, where different on site energies in two sublattices required in the model can

be implemented through tuning the phase of one laser beam. The staggered magnetic field is generated

from the light-induced Berry phase. Moreover, we establish a relation between the Hall conductivity and

the atomic density, enabling us to detect the Chern number with the typical density-profile-measurement

technique.
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The quantum Hall effect (QHE) [1] in two-dimensional
electron systems is one of the most peculiar quantum-
mechanical phenomena observed in nature. The QHE is
usually associated with a uniform external magnetic field,
which splits the electron energy spectrum into discrete
Landau levels (LLs). When the Fermi energy lies in the
gap between two LLs, the Hall conductivity in units e2=h is
accurately quantized to an integer. The precise quantiza-
tion of the Hall conductivity was explained by Laughlin [2]
based upon a gauge invariance argument, which is funda-
mental to the picture of edge states proposed by Halperin
[3]. On the other hand, Thouless, Kohmoto, Nightingale,
and Nijs (TKNN) [4] interpreted the Hall conductivity as
the topological Chern number of the Uð1Þ bundle over the
magnetic Brillouin zone of the bulk states.

Twenty years ago, Haldane showed in principle that a
QHE may also result from breaking of time-reversal sym-
metry without any net magnetic flux through a unit cell of a
periodic two-dimensional (2D) system [5]. In his work,
Haldane constructed a tight-binding model on a honey-
comb lattice including a complex second nearest-neighbor
hopping integral. The honeycomb lattice consists of two
triangular sublattices !A and !B with different on site ener-
gies M and !M, as shown in Fig. 1(a). A periodic vector
potential AðrÞ is applied to the lattice, given that the total
magnetic flux through each unit cell vanishes, i.e., the first-
neighbor hopping integral t is unaffected. The second-
neighbor hopping integral t0 acquires a Peierls phase factor
expðieRA $ dr=@Þ, where the integration is along the hop-
ping path. The Hamiltonian of the model is written as

H ¼
X

hl;ji
ðtayl bj þ H:c:Þ þ

X

j

Mðayj aj ! byj bjÞ

þ
X

hhl;jii
t0ei’jlðayl aj þ byl bjÞ; (1)

where ai and bi are the annihilation operators on site Ri in
sublattices !A and !B, respectively. ’jl is the accumulated
Peierls phase from site j to its second neighbor l, which is
assumed to take the form ’jl ¼ '’. The hopping direc-
tions for which ’jl ¼ þ’ are shown in Fig. 1(a). The most
interesting and unique feature of the model lies in that the
phase of the system can be changed from a normal insula-
tor to a Chern insulator by the simulation of parity anomaly
[5–11]. However, it is extremely hard to realize the
Haldane’s model experimentally in ordinary condensed
matter systems because of the unusual staggered magnetic
flux assumed in the model.
On the other hand, the technology of ultracold atoms in

an optical lattice provides a perspective approach to ex-
plore rich fundamental phenomena of condensed matter
physics [12–14]. In particular, how to realize the QHE with
cold atoms has attracted considerable interest [15–19].
Nevertheless, the atomic QHE has not been observed yet,
mainly due to challenges in both the realization and detec-
tion of the atomic Hall effects. Although an effective
magnetic field for neutral atoms can be simulated either
by rotating the atoms [20] or by laser-induced Berry phases
[21–24], the strong magnetic field region required for QHE
has not been reached yet in experiments. For the rotating
method, the system is close to the point at which the
centrifugal potential cancels the external harmonic trap,
and the atoms may fly apart at the rotation speed required
by QHE [16,19]. For the laser-induced Berry phase ap-
proach, the cold atoms moving in a spatially varying laser
field feel an effective gauge potential [21–24], but the
region of the strong uniform field is rather small for two
typical counterpropagating Gaussian laser beams. In addi-
tion, the detection method for cold atoms is very different
from that for condensed matter systems; especially, the
widely used technique for QHE based on the transport
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FIG. 1. (Color online) Top: Structure of the scalar (left) and
vector (right) potentials. In the left panel, hot and cold colors
correspond to maxima and minima of the potential, respec-
tively. Bottom: Bravais lattice associated to the honeycomb
potential in Eq. (2). Black and white circles refers to min-
ima of type A and B, respectively. The elementary cell is
highlighted in gray. The various tunneling coe�cients are in-
dicated for the site of type A in the central cell. The system is
invariant under discrete translation generated by the Bravais
vectors a1/2 and under rotations by ✓ = 2⇡/3 radians around
any vertex of the lattice. The former implies that next-to-
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⌫

. (7)

The second term has only o↵-diagonal elements, cor-
responding to the hopping toward the three nearest-
neighbor sites (see Fig. 1). Thanks to the symmetries
of the Hamiltonian (1), the three tunneling amplitudes
are equal. By defining t0 ⌘ hw0A|Ĥ0|w0Bi, we can write
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†
j0

⌫

0 ] = �jj0�
⌫⌫

0 . Then, by restricting the anal-

ysis to the two lowest bands, Ĥ0 can be written as [23]
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The real character of t0 and the 
structure of the phase of t1 can be 
inferred directly from the symmetry 
properties of the system !
→ the PS is not essential

In the degenerate case (no parity breaking), the tunneling coefficients can be obtained from 
gauge invariant properties of the spectrum:

3

and taking again into account the symmetries of the sys-
tem (see Fig. 1), the last term - corresponding to next-
to-nearest tunneling between homologous sites - can be
cast in the following form
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Notice that in general the onsite energies and the tun-
neling coe�cients depend on the amplitudes of both
the scalar and vector potentials: E

⌫

= E
⌫

(s,↵), t0 =
t0(s,↵), |t1| = |t1|(s,↵), '⌫

= '
⌫

(s,↵). This is a direct
consequence of the fact that the optimal choice for the
basis of localized functions wj⌫(r) depends on the prop-
erties of overall structure of the Hamiltonian (1). By
defining
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that is equivalent to the expression discussed in Ref. [9].
However, we remark that here we have not made explicit
use of the Peierls substitution, and that the dependence
of Eq. (10) on the phase ' is a consequence of the sym-
metries of the full potential.

Finally, by diagonalizing the matrix h
⌫⌫

0(k) and defin-
ing f±(k) ⌘ (|t1A|FA

(k) ± |t1B |FB

(k))/2, we get the
following expression for the spectrum of the lowest two
bands

✏±(k) = f+(k)±
q

|✏+ f�(k)|2 + |z(k)|2, (13)

that is a function of |t0|, |t1⌫ |, and '⌫

.
In the following we will consider for simplicity the de-

generate case ✏ = 0 (E
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B

), corresponding to the
potential in Eq. (2). In this case, thanks to the sym-
metries of the system, we have |t1A| = |t1B | ⌘ |t1|,
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B

⌘ ' and hw0A|Ĥ0|w0Bi = hw0B |Ĥ0|w0Ai
(when A and B are equivalent the system is invariant un-
der rotation by ⇡ radians around the center of any cell,
see Fig. 1). The latter implies that t0 is real. Remark-
ably, in this case the two tunneling amplitudes t0 and
|t1| and the phase ' can be expressed in terms of specific
properties of the spectrum. Let us start by noticing that
f+(0) = 6|t1| cos', f�(0) = 0, |z(0)| = 3t0. In addition,
we indicate with k
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the position of the Dirac points [23],
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at e.g. k
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= (1, 0)k
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, we have f+(kD

) = �3|t1| cos',
f�(kD

) = 3
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3|t1| sin', |z(kD

)| = 0, yielding [9]
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Another relation containing |t1| and ' is
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Then, by combining Eqs. (15) and (16), we get
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Eqs. (14), (17) and (18) represent an important con-
tribution of this work: they provide a way to connect
the value of the tunneling amplitudes to gauge-invariant,
measurable properties of the spectrum. Moreover, they
also provide a straightforward method for computing the
tunneling amplitudes, as the exact Bloch spectrum can
be be readily computed by means of a standard Fourier
decomposition [23, 24], even in the presence of a vector
potential [26].
In addition, we compare these values with those com-

puted ab-initio from their definition in terms of the ma-
trix elements hwj⌫ |Ĥ0|wj0

⌫

0i. To this end, we make use of
the MLWFs for composite bands [22], which are defined
through the following unitary mixing of the two lowest
Bloch bands

wj⌫(r) =
1p
SB
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SB

dk e�ikRj

2
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(k) 
mk(r), (19)

with Rj 2 B,  
mk being the eigenfunctions of the Hamil-

tonian (1) [6], and U
⌫m

(k) a 2⇥2 unitary matrix, periodic
in k-space, which minimizes the spread of wj⌫(r) [22]. In
the present case, the MLWFs are obtained by modifying
the code discussed in Ref. [23] in order to include a vec-
tor potential. The MLWFs turn out to be complex due
to the breaking of time-reversal, and this explains the
emergence of a phase factor in the tunneling coe�cients
[26]. The values obtained for t0, |t1| and ' are shown in
Figs. 2, 3, along with those extracted from the spectrum.
The agreement is remarkable [27].
From these figures we can identify two regimes as a

function of the amplitude ↵ of the vector potential: (i)

for small enough values, ↵ <⇠ 1, where t0 and |t1| are
almost constant and the phase ' is linear in ↵; (ii) for
↵ >⇠ 1 where the dependence on ↵ is less trivial. In partic-
ular, in the latter regime, t0 and |t1| present a pronounced
dependence on ↵, in clear contrast with the Peierls substi-
tution (see horizontal lines in Fig. 2) which assumes the
phase ' to be the only ↵-dependent quantity. However,

3

and taking again into account the symmetries of the sys-
tem (see Fig. 1), the last term - corresponding to next-
to-nearest tunneling between homologous sites - can be
cast in the following form
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Notice that in general the onsite energies and the tun-
neling coe�cients depend on the amplitudes of both
the scalar and vector potentials: E
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that is equivalent to the expression discussed in Ref. [9].
However, we remark that here we have not made explicit
use of the Peierls substitution, and that the dependence
of Eq. (10) on the phase ' is a consequence of the sym-
metries of the full potential.
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potential [26].
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the code discussed in Ref. [23] in order to include a vec-
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to the breaking of time-reversal, and this explains the
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function of the amplitude ↵ of the vector potential: (i)

for small enough values, ↵ <⇠ 1, where t0 and |t1| are
almost constant and the phase ' is linear in ↵; (ii) for
↵ >⇠ 1 where the dependence on ↵ is less trivial. In partic-
ular, in the latter regime, t0 and |t1| present a pronounced
dependence on ↵, in clear contrast with the Peierls substi-
tution (see horizontal lines in Fig. 2) which assumes the
phase ' to be the only ↵-dependent quantity. However,
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FIG. 2. (Color online) Tunneling amplitudes t0 (black full
squares) and |t1| (red empty squares) for s = 5, 10, 20 (from
left to right), as calculated from the MLWFs (points) and
from the exact spectrum (lines). The agreement is remark-
able. The horizontal blue (dotted) lines represent the values
corresponding to the Peierls substitution. The values of the
tunnelings are given in units of E
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FIG. 3. (Color online) Plot of the phase ' as a function of
the amplitude ↵ of the vector potential, for s = 5, 10, 20,
as calculated from the MLWFs (points) and from the exact
spectrum (lines). The prediction of the Peierls substitution is
represented by the blue (dotted) line, that is almost indistin-
guishable from the vertical axis.

this dependence is not surprising, as the presence of the
vector potential may significantly a↵ect both the Bloch
eigenfunctions  

mk [6] and the gauge transformation U
⌫m

entering Eq. (19) [5], so that the usual implicit assump-
tion that the basis of localized orbitals is not a↵ected by
the vector potential (see e.g. [4]) is generally not valid.
On the other hand, the calculated phase strongly deviates
from the linear behavior expected from the Peierls sub-
stitution, namely ' =

R rA�a1

rA
A · dr = (2⇡/

p
3)↵ [9], see

Fig. 3. This figure reveals that the Peierls substitution
dramatically fails even in the “linear” regime, as it pre-
dicts a slope for the phase far much larger than the actual
one. Moreover, it completely neglects its dependence on
the amplitude s of the scalar potential (that is apprecia-
ble even in the full tight-binding regime, s > 10). This
is particularly evident from Fig. 4, where we plot the
behavior of the angular coe�cient in the linear regime,
d'/d↵|

↵=0, as a function of s. This figure provides fur-
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FIG. 4. (Color online) Plot of d'/d↵|
↵=0 calculated from the

MLWFs (points) and from the exact spectrum (lines), as a
function of the amplitude s of the honeycomb potential. The
horizontal dashed line represents the value corresponding to
the Peierls phase ' = (2⇡/

p
3)↵. Note the logarithmic scale

on the vertical axis. We remark that the present tight-binding
model with up to nearest-neighbor tunnelings is accurate only
for s >⇠ 3; for lower values it may be necessary to consider also
other next-to-leading tunneling coe�cients [23].

ther evidence that the Peierls substitution does not even
provide a reasonable estimate for the order of magnitude
of ' in the linear regime. Essentially, the reason for the
breakdown of the Peierls substitution resides in the fact
that the hypotheses under which it has been rigorously
demonstrated [2, 4] cannot be satisfied in the Haldane
model. Most importantly, the vector potential can not
be considered as slowly varying [8], as it varies on the
same length scale as the lattice (see Fig. 1). As a con-
sequence, both the scalar and vector potentials must be
treated on equal foot, and all parameters (t0, |t1| and ')
must be considered as dependent on both s and ↵.

In summary, we have presented two independent calcu-
lations of the tight-binding parameters for the Haldane
model with ultracold atoms [9], one based on their ab-

initio definition in terms of the MLWFs, and the other
in terms of gauge invariant properties of the spectrum,
summarized in Eqs. (14), (17) and (18). The latter pro-
vides a straightforward approach whenever the spectrum
can be measured or computed with su�cient accuracy.
The results obtained with the two methods present a re-
markable agreement, and demonstrate the inadequacy of
the Peierls substitution, which fails in predicting quan-
titative and even qualitative properties of the system.
The reason for this breakdown is due to the fact that the
regime of validity of the Peierls substitution cannot be
fulfilled in any realization of Haldane model, regardless
of the system, being it cold atoms in optical lattices or
electrons in a solid. Our results indicate that a careful
revision of the validity of the commonly employed Peierls
substitution in tight-binding models is necessary.
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Fig. 3. This figure reveals that the Peierls substitution
dramatically fails even in the “linear” regime, as it pre-
dicts a slope for the phase far much larger than the actual
one. Moreover, it completely neglects its dependence on
the amplitude s of the scalar potential (that is apprecia-
ble even in the full tight-binding regime, s > 10). This
is particularly evident from Fig. 4, where we plot the
behavior of the angular coe�cient in the linear regime,
d'/d↵|

↵=0, as a function of s. This figure provides fur-
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FIG. 4. (Color online) Plot of d'/d↵|
↵=0 calculated from the

MLWFs (points) and from the exact spectrum (lines), as a
function of the amplitude s of the honeycomb potential. The
horizontal dashed line represents the value corresponding to
the Peierls phase ' = (2⇡/

p
3)↵. Note the logarithmic scale

on the vertical axis. We remark that the present tight-binding
model with up to nearest-neighbor tunnelings is accurate only
for s >⇠ 3; for lower values it may be necessary to consider also
other next-to-leading tunneling coe�cients [23].

ther evidence that the Peierls substitution does not even
provide a reasonable estimate for the order of magnitude
of ' in the linear regime. Essentially, the reason for the
breakdown of the Peierls substitution resides in the fact
that the hypotheses under which it has been rigorously
demonstrated [2, 4] cannot be satisfied in the Haldane
model. Most importantly, the vector potential can not
be considered as slowly varying [8], as it varies on the
same length scale as the lattice (see Fig. 1). As a con-
sequence, both the scalar and vector potentials must be
treated on equal foot, and all parameters (t0, |t1| and ')
must be considered as dependent on both s and ↵.

In summary, we have presented two independent calcu-
lations of the tight-binding parameters for the Haldane
model with ultracold atoms [9], one based on their ab-

initio definition in terms of the MLWFs, and the other
in terms of gauge invariant properties of the spectrum,
summarized in Eqs. (14), (17) and (18). The latter pro-
vides a straightforward approach whenever the spectrum
can be measured or computed with su�cient accuracy.
The results obtained with the two methods present a re-
markable agreement, and demonstrate the inadequacy of
the Peierls substitution, which fails in predicting quan-
titative and even qualitative properties of the system.
The reason for this breakdown is due to the fact that the
regime of validity of the Peierls substitution cannot be
fulfilled in any realization of Haldane model, regardless
of the system, being it cold atoms in optical lattices or
electrons in a solid. Our results indicate that a careful
revision of the validity of the commonly employed Peierls
substitution in tight-binding models is necessary.
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5Dipartimento di Fisica e Astronomia, Università di Firenze, and INFN, 50019 Sesto Fiorentino, Italy
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We present two independent approaches for calculating the tight-binding parameters of the Hal-
dane model with ultracold atoms. The tunneling coe�cients up to next-to-nearest neighbors are
computed ab-initio by using the maximally localized Wannier functions, and compared to analytical
expressions written in terms of gauge invariant, measurable properties of the spectrum. The two
approaches present a remarkable agreement and evidence the breakdown of the Peierls substitution:
(i) the phase acquired by the next-to-nearest tunneling amplitude t1 presents quantitative and qual-
itative di↵erences with respect to that obtained by the integral of the vector field A, as considered
in the Peierls substitution, even in the regime of low amplitudes of A; (ii) for larger values, also |t1|
and the nearest-neighbor tunneling t0 have a marked dependence on A. The origin of this behavior
and its implications are discussed.

PACS numbers: 67.85.-d, 73.43.-f

Introduction. The Haldane model is a celebrated two-
dimensional periodic tight-binding model, characterized
by a quantum Hall e↵ect caused by the breaking of time-
reversal symmetry with zero magnetic flux through the
unit cell [1]. Recently, there have been proposals for en-
gineering the Haldane model with ultracold atoms in op-
tical lattices by means of artificial gauge fields [2, 3], and
to study the associated topological quantum states in the
presence of sharp boundaries [4]. In fact, these systems
represent a very interesting platform for simulating solid
state physics [5].

The Haldane model is characterized by exotic quan-
tum phases, with di↵erent Chern numbers, depending
on the value of the phase ' of the next-to-nearest tun-
neling amplitude t1. In the contemporary literature, a
very popular approximation for estimating the e↵ect of
the vector potential A on the tunneling coe�cients is the
so called Peierls substitution, in which the tight binding
coe�cients t

ij

are simply replaced by t
ij

exp{ie R j

i

A·dr}
[6–21]. Other approaches make use of a simplified basis
of localized functions, constructed by means of approxi-
mate atomic orbitals [4].

In this paper we go beyond these approximate methods
and present two independent calculations of the tight-
binding parameters for the Haldane model discussed in
Refs. [2, 4]. In particular, we show that, within the
next-to-nearest neighbors approximation, the tunneling
coe�cients can be directly written in terms of gauge in-
variant, measurable properties of the spectrum (namely
the gap at the Dirac point and the bandwidths), or com-
puted ab-initio by using the maximally localized Wannier
functions (MLWFs) [22, 23]. The real character of the
nearest-neighbor tunneling t0 amplitude and the phase

structure of the next-nearest neighbor tunneling t1 are
obtained as a direct consequence of the symmetries of
the lattice. Notably, the two approaches present a re-
markable agreement and evidence the breakdown of the
Peierls substitution. As a matter of fact, we advance that
the phase acquired by the next-to-nearest tunneling am-
plitude t1 is quantitatively di↵erent from that predicted
by the Peierls substitution, and presents a pronounced
dependence on the intensity of the underlying scalar po-
tential. Moreover, both the amplitudes of t0 and t1 turn
out to be dependent on the intensity of A, which is con-
trary to the assumptions made behind the Peierls substi-
tution.
Model. Let us start from the following single-particle,

minimal-coupling Hamiltonian in two-dimensions

Ĥ0 =
1

2m
[p̂�A(r)]2 + V

L

(r) (1)

with r = (x, y), p = �ih̄r, and V
L

being the following
honeycomb potential [4, 23, 24]

V
L

(r) = sE
R

"

2 cos ((b1 � b2)·r) + 2
2

X

i=1

cos (b
i

·r)
#

(2)

where the vectors b1/2 = (
p
3/2k

L

)(e
x

⌥p
3e

y

) generate
the reciprocal lattice, k

L

is the laser wavelength and s the
amplitude of the potential in units of the recoil energy
E

R

= h̄2k2
L

/2m [25]. Notice that, though this specific re-
alization is characterized by degenerate potential wells,
an imbalance can be easily produced by introducing a
suitable phase [2, 24]. The corresponding Bravais lattice,

B = {j1a1+j2a2
�

�

�

j1, j2 = 0,±1,±2 . . . }, with lattice con-

stant a (such that k
L

= 4⇡/(3
p
3a) [24]), is generated

PS:
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surprising? !

YES, the PS is well established in the literature as a rule!

 
WHY? !

the PS is a rather uncontrolled approximation  
[Kohn (1959),  Aleaxandrov and Capellmann (1991)]!

 
PS valid only for slowly varying potentials,  

rigorous demonstration [Boykin et al. (2001)]:  
hypothesis of a same-site, same-orbital interaction ⟨wjν|A(r)|wj′ν′ ⟩ = A(Rjν)⟨wjν|wj′ν′⟩!

 
this condition is explicitly violated in the Haldane model  
(vector potential with the same periodicity of the lattice)!

 
usual implicit assumption: localized orbitals not affected by the vector potential !

not true: it may affect both the Bloch eigenfunctions ψmk and the gauge transformation Uνm
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gineering the Haldane model with ultracold atoms in op-
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to study the associated topological quantum states in the
presence of sharp boundaries [4]. In fact, these systems
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The Haldane model is characterized by exotic quan-
tum phases, with di↵erent Chern numbers, depending
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