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The renewal process

Definition (Renewal process)

Let {J}∞i=1 be a sequence of i.i.d. positive random variables
interpreted as sojourn times between subsequent events
arriving at random times. They define a renewal process whose
epochs of renewal (time instants at which the events occur) are
the random times {T}∞n=0 defined by

T0 = 0,

Tn =
n∑

i=1

Ji . (1)
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The counting process

Definition (Counting process)

Associated to any renewal process, there is the process N(t)
defined as

N(t) = max{n : Tn ≤ t} (2)

counting the number of events up to time t .
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Remarks

The counting process N(t) is the Poisson process if and
only if J ∼ exp(λ), that is if and only if sojourn times are
i.i.d. exponentially distributed random variables with
parameter λ. Incidentally, this is the only case of Lévy and
Markov counting process related to a renewal process (see
Çinlar’s book [1] for a proof of this statement).
We shall assume that the counting process has càdlàg
(continue à droite et limite à gauche i.e. right continuous
with left limits) sample paths.

Enrico Scalas FPP and its applications



Definition and properties
Applications
Conclusions

Basic definitions
The fractional Poisson process
The compound fractional Poisson process

This means that the realizations are represented by step
functions. If tk is the epoch of the k -th jump, we have
N(t−k ) = k − 1 and N(t+

k ) = k .
In equation (2), max is used instead of the more general
sup as only processes with finite (but arbitrary) number of
jumps in (0, t ] are considered here.
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Generalized Erlang distributions

Given the cumulative probability distribution function FJ(t) for
the sojourn times, one immediately gets the distribution for the
corresponding epochs.

Proposition

Let {J}∞i=1 be a sequence of i.i.d. sojourn times with cumulative
distribution function FJ(t), then one gets for the generic epoch
Tn

FTn (t) = F ∗nJ (t). (3)
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The counting distribution

Proposition

Let {J}∞i=1 be a sequence of i.i.d. sojourn times with cumulative
distribution function FJ(t), then one has

P(n, t) = P(N(t) = n) = (f ∗nJ ∗ F̄J)(t) =

∫ t

0
du f ∗nJ (u)F̄J(t − u),

(4)
where fJ(t) is the probability density function of sojourn times J
and F̄J(t) = 1− FJ(t) is the complementary cumulative
distribution function.

Important remark: The knowledge of the counting distribution is
not sufficient to fully characterize the counting process [2].
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It is now possible to define the fractional Poisson process as a
counting renewal process.

Definition (Mittag-Leffler renewal process)

The Mittag-Leffler renewal process is the sequence {Jβ,i}∞i=1 of
positive independent and identically distributed random
variables with complementary cumulative distribution function
F̄Jβ (0, t) given by

F̄Jβ (t) = Eβ(−tβ), (5)

where Eβ(z) is the one-parameter Mittag-Leffler function.
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Remark

The one-parameter Mittag-Leffler function in (5) is a
generalization of the exponential function. It is defined by
the following series

Eβ(z) =
∞∑

n=0

zn

Γ(βn + 1)
, (6)

The Mittag-Leffler function coincides with the exponential
function for β = 1. The function Eβ(−tβ) is completely
monotonic and it is 1 for t = 0. This means that it is a
legitimate survival function.
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Remark

The function Eβ(−tβ) behaves as a stretched exponential
for t → 0:

Eβ(−tβ) ' 1− tβ

Γ(β + 1)
' e−tβ/Γ(β+1), for 0 < t � 1, (7)

and as a power-law for t →∞:

Eβ(−tβ) ' sin(βπ)

π

Γ(β)

tβ
, for t � 1. (8)
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Remark

For applications, it is often convenient to include a scale
parameter in the definition (5), and one can write

F̄Jβ (t) = Eβ
(
−(t/γt )

β
)
. (9)

The scale factor can be introduced in different ways, and it
is necessary to pay attention to its definition. The
assumption γt = 1 made in (5) is equivalent to a change of
time unit.
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Theorem

The counting process Nβ(t) associated to the renewal process
defined by equation (5) has the following one-point distribution

Pβ(n, t) = P(Nβ(t) = n) =
tβn

n!
E (n)
β (−tβ), (10)

where E (n)
β (−tβ) denotes the n-th derivative of Eβ(z) evaluated

at the point z = −tβ.
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Historical remark

The name fractional Poisson process is due to Laskin (2003)
who derived the one-point counting distribution (10). The
renewal process of Mittag-Leffler type leading to (10) was
discussed by Gorenflo, Mainardi and Scalas in two papers
published in 2004, one of them specifically devoted to the
process and published on the Vietnam Journal of Mathematics.
Hilfer and Anton (1995) were the first to recognize the relation
between the Mittag-Leffler function and the time-fractional
diffusion equation. The use of the Mittag-Leffler function in this
framework can be traced back to works of Gnedenko and
Kovalenko (1968) on thinning and Balakrishnan (1985) on
anomalous diffusion.
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Definition
Let {Yi}∞i=1 be a sequence of i.i.d. random variables and let
Nβ(t) denote the fractional Poisson process. Then, the càdlàg
process

Xβ(t) := XNβ(t) =

Nβ(t)∑
i=1

Yi (11)

is called compound fractional Poisson process (CFPP).
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Remarks

In equation (11), Xβ(0) = 0.
The CFPP belongs to the class of compound renewal
processes. They are called continuous-time random walks
by physicists.
The Yis can live in any set, but we shall assume that
Yi ∈ R.
Equation (11) can be seen as a random walk subordinated
to the fractional Poisson process or as a random sum of
random variables.
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Example (β = 1)
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Theorem
Let fX(t)(u) be the probability density function for X (t). It
satisfies the following semi-Markov renewal equation

fXβ(t)(x) = F̄β(t)δ(x)+

∫ t

0
dt ′
∫ +∞

−∞
dx ′fJβ (t−t ′)fY (x−x ′)fXβ(t ′)(x ′),

(12)
whose solution is

fXβ(t)(x) =
∞∑

n=0

Pβ(n, t)f ∗nY (x). (13)
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Statistics: the residual life-time (for general renewal
processes)

The residual life-time is the conditional random variable
Jt ,Ft = {TN(t)+1 − t |Ft} where the filtration Ft denotes the
previous history of the renewal process. For instance, assume
we just know that there where nt events up to time t , i.e.
N(t) = nt , and let us indicate with Jt ,nt the corresponding
residual life-time. Its cumulative distribution function is given by
(see [2, 3])

FJt,nt
(u) =

∫ t
0(FJ(u + t − w)− FJ(t − w))dF ?nt

J (w)∫ t
0(1− FJ(t − w))dF ?nt

J (w)
. (14)

The distribution of the residual life-time depends on what is
known of the previous history.
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Finance: The call option price for CTRWs I

Let X (t) = XN(t) =
∑N(t)

i=1 Yi be a continuous-time random walk
(CTRW), where {Yi}∞i=1 is a sequence of i.i.d. random
variables. This is also known as a compound renewal process.
If X̃ (t) =

∑N(t)
i=1 (Yi − a) with a = log(E(eYi )), then S̃(t) = eX̃(t) is

a martingale. If the interest rate r = 0, then a martingale option
price is given by

C(t) = ES̃(C̃(S(TM))|Ft ), (15)

where TM is the maturity and C̃(u) is the payoff at maturity.
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Finance: The call option price for CTRWs II

If we just know that N(t) = nt , we have

C(t) = ES̃(C̃(S(TM))|Ft ) =

∫ ∞
0

C̃(u)dF nt

S̃(TM )
(u), (16)

where the cumulative distribution function F nt

S̃(TM )
(u) is given by

F nt

S̃(TM )
(u) =

∞∑
n=0

P(N(TM)− N(t) = n|N(t) = nt )F ?Mn
Ỹ

(u). (17)
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Finance: The call option price for CTRWs III

In references [2, 3], with my co-workers, we computed all the
terms in equation (17)

F ?Mn
Ỹ

(u) represents the n-fold Mellin convolution giving the
cumulative distribution for the product of n copies of the
i.i.d. r.v. eỸ .
The probability distribution P(N(TM)− N(t) = n|N(t) = nt )
of having n trades between time t and time TM , given that
there were nt trades up to time t can be computed by
elementary probabilistic methods. As derived in [2], this is
given by

P(N(TM)− N(t) = n|N(t) = nt ) =∫ TM−t

0
P(N(TM)− N(t + u) = n − 1)dFJt,nt

(u). (18)
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Other applications

There are applications to many fields, including

Physics: anomalous diffusion.
Physics: electronics and 1/f noise via random telegraph
signals.
Meteorology
Insurance theory.
Economics.
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Anomalous diffusion

Theorem

Let Xα,β(t) be a compound fractional Poisson process with symmetric
α-stable jumps and let h and r be such that

Xα,n(h) = hYα,1 + . . .+ hYα,n, Tβ,n(r) = rJβ,1 + . . .+ rJβ,n, (19)

h = rβ/α, (20)

with 0 < α ≤ 2 and 0 < β ≤ 1. Then fhXα,β(rt)(x , t) weakly converges
to

uα,β(x , t) =
1

tβ/α
Wα,β

( x
tβ/α

)
, (21)

Wα,β(u) =
1

2π

∫ +∞

−∞
dκ e−iκuEβ (−|κ|α) (22)
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Remark

uα,β(x , t) is the Green function of the so-called time-space
fractional diffusion equation, namely the solution for
uα,β(x ,0+) = δ(x) of

∂αuα,β(x , t)
∂|x |α

=
∂βuα,β(x , t)

∂tβ
,

where ∂α/∂|x |α is the pseudo-differential operator of Fourier
symbol −|κ|α (symmetric Riesz-Feller derivative) and
∂βg(t)/∂tβ (Caputo derivative) is the pseudo-differential
operator whose Laplace transform is sβ f̃ (s)− sβ−1f (0+). This
reduces to the ordinary diffusion equation for α = 2 and β = 1.
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Meteorology

  

Quarterly Journal of the Royal Meteorological Society                                                           Q. J. R. Meteorol. Soc. (2014) DOI:10.1002/qj.2354

Non-exponential return time distributions for vorticity extremes explained by fractional Poisson 
processes

R. Blender,a* C. C. Raibleb and F. Lunkeita
aDept. of Geosciences, Meteorologisches Institut, Universita¨t Hamburg, Germany

bClimate and Environmental Physics and the Oeschger Centre for Climate Change Research, University of Bern, Switzerland

*Correspondence to: R. Blender, University of Hamburg Meteorological Institute, Grindelberg 5, D-20144 Hamburg, Germany.

E-mail: 

Serial correlation of extreme midlatitude cyclones observed at the storm track exits is explained by deviations from a Poisson process.  To 
model these deviations, we apply fractional Poisson processes (FPPs) to extreme midlatitude cyclones, which are defined by the 850 hPa relative 
vorticity of the ERA interim reanalysis during boreal winter (DJF) and summer (JJA) seasons. Extremes are defined by a 99% quantile threshold in 
the grid-point time series.  In general,  FPPs are based on long-term memory and lead to non-exponential return time distributions. The return 
times are described by a Weibull distribution to approximate the Mittag – Leffler function in the FPPs. The Weibull  shape parameter yields a 
dispersion parameter that agrees with results found for midlatitude cyclones. The memory of the FPP, which is determined by detrended fluctuation 
analysis, provides an independent estimate for the shape parameter. Thus, the analysis exhibits a concise framework of the deviation from Poisson 
statistics (by a dispersion parameter), non-exponential return times and memory (correlation) on the basis of a single parameter. The results have 
potential implications for the predictability of extreme cyclones.

Key Words:    vorticity; extremes; cyclones; return times; fractional Poisson processes; long-term memory
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Summary

The fractional Poisson process as well as the compound
fractional Poisson process were defined and some of their
properties discussed.
Applications to statistics and reliability as well as to finance
were outlined.
Applications to physics, meteorology, insurance theory and
economics were mentioned.
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Durations

t1 t2 t3

T1T0 T3T2 T4 T5

t

Yn1 Yn1,n2 Yn1,n2,n3

τ1 τ2 τ3 τ4 τ5
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