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Why “time-dependent”? 
� The general feature of all time-dependent 

calculations is the monitoring of a wavefunction as it 
evolves with time. 

� Normally, at the beginning, the wavefunction is 
relatively narrow in coordinate and momentum space 
for at least one degree of freedom (a wavepacket). 

 
HOW DOES IT WORK ? 



Standard time-dependent 
calculation 

In a standard time-dependent calculation, the 
wavefunction for a problem with 3 degrees of 

freedom is expressed as  
 

NOTE:	  The	  only	  time-‐dependence	  of	  the	  
wavefunction	  here	  is	  through	  the	  coefficients.	  



Time-dependent dynamics 
� The wavepacket is subsequently propagated in time 

using the time-dependent Schrödinger equation : 
  







The MCTDH method 
�  We represent the overall wavefunction in the form  

 
 

 
  

The	  difference	  with	  a	  standard	  wavepacket	  
calculation	  is	  that	  the	  basis	  functions	  (the	  

grid	  points)	  depend	  on	  time.	  







Time	  evolu/on	  in	  MCTDH	  
Since	  the	  MCTDH	  wavefunction	  is	  constrained	  to	  

a	  
particular	  form,	  the	  TDSE	  cannot	  be	  applied	  
exactly.	  Instead,	  the	  Dirac-‐Frenkel	  variational	  

principle	  is	  used	  to	  determine	  the	  time	  evolution:	  	  

(all	  deviations	  from	  the	  TDSE	  remain	  must	  remain	  
orthogonal	  to	  all	  possible	  variations	  of	  the	  

wavefunction).	  



MCTDH	  plus	  and	  minus	  
� The MCTDH scheme represents an excellent way of 

treating systems with a large number of degrees of 
freedom. Moreover, it can approach the exact 

method arbitrarily closely. 

� Unfortunately, in order to perform at its fullest, it 
needs a fitted potential energy surface (PES). What 

is even more drastic, the potential needs to be 
expressed as a sum of products of one-DOF factors! 



Calcula/ons	  “on	  the	  fly”	  
�  	  What we would like is a way to use the MCTDH 

scheme while at the same time performing 
“dynamics on the fly”, calculating the potential only 

where we need it. 

ENTER THE  
 

G-MCTDH SCHEME 



The	  G-‐MCTDH	  scheme	  
In the G-MCTDH scheme, the wavefunction is still written in 

the usual form 

However, now the SPFs are Gaussian functions of the form 

If ak is time-dependent the Gaussians are thawed, otherwise 
they are frozen. 



Calcula/ons	  “on	  the	  fly”	  
Each configuration in the expansion sum 

corresponds to a particular point in phase space (a 
Gaussian peak). At each step of the propagation, 
we calculate the potential for each configuration 

point. 
This way, a prefitted PES is no longer needed – we 
only need to perform electronic calculations where 

the dynamics takes us! 





















Propaga/on	  details	  
� The coefficients are propagated using an Arnoldi 

scheme combined with the midpoint method (the 
local error introduced by this scheme is O(δt3)). 

 
� On the other hand, the Gaussian parameters need a 

more refined method due to the nonlinearity of the 
propagation equation – a Runge-Kutta fourth order 
scheme is used. 













Time	  evolu/on	  of	  the	  Gaussians	  
Having defined these parameters, our Gaussians evolve according 

to the equation: 

where	  





Autocorrela/on	  func/on	  
At each point in time, we calculate the 

autocorrelation function of our wavepacket (its 
overlap integral at time t with its original form at time 
0). This is particularly easy to do in the G-MCTDH 

scheme. 



Energy	  level	  spectrum	  
The Fourier transform of the autocorrelation function 

yields the optical spectrum of the system. 



The	  1-‐D	  oscillators	  
The 1-D oscillators (harmonic and Morse) represent 

very simple systems which can, nevertheless, 
illustrate most of the features of Gaussian 

propagation. Moreover, since we know their analytic 
solutions, we can test the accuracy of the 

propagation. 
 

For the harmonic oscillator, there is an optimal width 
for the Gaussians for which the representation error 

is 0 (x0 = ħ / mω).  
In our case, the optimal width is 10 a0.  

 



The	  Morse	  oscillator	  

In the case of the Morse 
oscillator, we have used 

the potential 
 

V(r) = De [1 – exp (-ar2)] 
 

with the parameters 
 

De = 0.188 hartree 
a = 0.0163 bohr-2 

The Morse parameters have been 
chosen so as to give the same second 
derivative at the equilibrium point as 
the harmonic potential. 







Constrained	  trajectories	  
One does not have to propagate both coefficients and 

parameters. In fact, a calculation can be performed with a 
predetermined Gaussian trajectory (e.g. previously obtained 

by a classical calculation). 

 
Alternatively, the Gaussians can even remain stationary. 
In this case, the calculation becomes (to all intents and 

purposes) time-independent (i.e. variational). The 
coefficients are simply propagated using the TDSE (for a 

non-orthonormal basis). 
 
 



Alterna/ve	  1-‐D	  poten/als	  
We have also performed calculations on alternative 1-D 

potentials with immobile Gaussians. 
 

1.  A 4-th degree polynomial potential with the same (up to 
fourth) derivatives as the Morse potential at the 

equilibrium point. The scope is to assess the accuracy of 
the polynomial expansion of the potential around the 

equilibrium point. 

2.  A double Morse potential to investigate inversion 
doubling. 



Curves	  of	  the	  three	  1-‐D	  poten/als	  	  





The	  water	  molecule	  
We have performed calculations of the energy levels of the 
water molecule, both with free and constrained trajectories. 

As we know, the H2O molecule has three vibrational modes: 
bend (1595 cm-1), symmetric stretch (3657 cm-1) and 

antisymmetric stretch (3756 cm-1). 





The	  water	  molecule	  	  
(immobile	  Gaussians)	  

We can afford a larger scale calculation keeping Gaussians 
immobile. Using both a 125-dimensional and a 216-dimensional 

basis (to check convergence) we calculate vibrational energy 
levels and compare with a perturbational VPT2 approach. 

Level	   Harm(G)	   Harm(V)	   Anharm(G)	   Anharm(V)	  
000	   4680.98	  

(4680.96)	  
4680.93	   4581.08	  

(4581.41)	  
4607.03	  

100	   6317.70	  
(6317.54)	  

6317.06	   6167.28	  
(6168.75)	  

6187.72	  

010	   8493.47	  
(8492.16)	  

8488.68	   8180.81	  
(8185.82)	  

8240.95	  

001	   8602.65	  
(8601.66)	  

8598.90	   8372.00	  
(8384.41)	  

8338.92	  



The	  glycine	  molecule	  
We have performed calculations of the energy levels of the 

glycine molecule, both with free and constrained trajectories. 



Glycine	  harmonic	  vibra/onal	  
spectrum	  



The	  glycine	  molecule	  	  
(immobile	  Gaussians)	  

As in the water case, we can afford a larger scale calculation 
keeping Gaussians immobile. Using a 243-dimensional basis 
set we calculate vibrational energy levels and compare with 

a perturbational VPT2 approach. 
Level	   Harm(G)	   Harm(V)	   Anharm(G)	   Anharm(V)	  

00000	   8521.84	   8521.84	   8282.61	   8282.61	  

10000	   11593.85	   11591.00	   11219.40	   11233.57	  

01000	   11631.29	   11628.43	   11276.44	   11243.20	  

00100	   12047.79	   12044.58	   11636.82	   11660.74	  

00010	   12122.78	   12119.51	   11742.27	   11709.59	  

00001	   12272.79	   12269.31	   11887.22	   11843.09	  



	  
Mul/-‐layer	  extension	  

	  

• 	  We	  have	  recently	  finished	  extending	  our	  G-‐MCTDH	  code	  to	  perform	  multi-‐
layer	  calculations.	  The	  advantage	  of	  the	  multi-‐layer	  scheme	  is	  the	  possibility	  
to	  treat	  systems	  of	  much	  higher	  dimensionality	  as	  well	  as	  a	  much	  better	  
representation	  of	  wavefunctions.	  

• 	  In	  the	  multi-‐layer	  extension	  of	  G-‐MCTDH,	  each	  SPF	  is	  no	  longer	  a	  single	  
Gaussian	  but	  a	  linear	  combination	  of	  Gaussians	  for	  each	  logical	  coordinate.	  

• 	  Moreover,	  the	  SPFs	  for	  each	  logical	  coordinate	  can	  be	  chosen	  to	  be	  (and	  
remain)	  orthonormal.	  In	  this	  way,	  the	  parameters	  to	  evolve	  would	  be	  :	  The	  
“zeroth	  layer”	  coefficients	  c,	  the	  single	  particle	  functions	  φ	  (the	  “first	  layer”	  
coefficients)	  and	  the	  Gaussian	  parameters.	  

• 	  In	  the	  limit	  of	  a	  single	  configuration,	  this	  would	  correspond	  to	  a	  Hartree-‐
Fock	  calculation	  (MCSCF	  for	  multiple	  configurations).	  



CONCLUSIONS	  
 
�  The G-MCTDH scheme is a valid method to perform dynamical 

calculations on systems with many degrees of freedom. Its 
fundamental advantage over standard MCTDH lies in the possibility 
to perform calculations “on the fly”. On the other hand, the fact that 
the SPFs are no longer orthogonal complicates the evolution 
equations. 

�  The error induced through the non-exact application of the TDSE 
(representation error) can be quantified (in terms of an upper 
bound). Our code performs well on the simple systems on which it 
has been tested so far but more challenging problems lie ahead! 

	  



FUTURE	  WORK	  
�  Wavelet analysis of time-dependent autocorrelation function. 

�  Improve anharmonicity representation through the expansion of the 
potential in exponential (Morse and Gaussian) functions of the 
normal coordinates rather than polynomial ones. 

 
�  Calculation of thermal rate constants through the flux-flux 

autocorrelation function. 
 
�  Calculations on much larger molecules (e.g. intramolecular proton 

transfer in malonaldehyde). 
 
�  Simulation of 2-D infrared spectra. 
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