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Things to do in chemical reactions 
modeling:  

1.  Construct a good potential surface (quantum chemistry)"

2.  Solve the Schroedinger equation (dynamics)"

3.  Understand the results (this is what the talk is about)"
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Integral cross sections (ICS):  

Number of products in (v’=3,j’=0,k’=0) produced by a unit flux of reactants 
in (v=0,j=0,k=0)"
                                          What are all these peaks?"
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Resonances mean poles: which poles? 
Schrödinger equation: 

Impose additional boundary condition: 

* Fix J and look for En(J) n=0,1,2.. 
  to satisfy the boundary condition 

•  S(J,En(J)) = infinity 

•  CE poles are well known   
    

(I) Complex energy (CE) poles (II) Complex angular momentum  
        (CAM or Regge)  poles 

* Fix E and look for Jn(E) n=0,1,2.. 
  to satisfy the boundary condition 

•     S(Jn,E) = infinity 

•    CAM poles are a slightly more  
     specialised subject 

Are CE and CAM poles all that different? "
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A Sturm-Liouville problem (remember your Level 1 math)  
Schroedinger equation: 

Boundary conditions: 

 
    

• There is an analytic function Λ(E) single- 
valued on a multi-sheet Riemann surface R. 
 
• To find n-th CAM pole Jn(E) for a real energy  
 E go to the n-th sheet and read off the value. 
 
* To find n-th CE pole En(k) for a real integer  
 J=k go to the n-th sheet of R, find a path such 
  that Im Jn(E)=0 (green) follow it up to J(E)=k 
  and read off the (complex) value En. 
 
• Or just invert Λ(E) to obtain E(Λ ) and,  
 therefore, E(J). 
 With CE and CAM poles so closely related, why choose CAM?  

Sturmian eigenvalue 

ImE 

Re E 

E 
J=k 

En 
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Because we sum over J at a fixed energy E and 
not the other way around 

Differential cross-     
sections (DCS): 

 
    

 

For a quantitative analysis of resonance effects we need CAM, not CE poles. 
How to do it in practice? "

Elastic 

Integral cross-sections 
(ICS) 

Sums can be turned into integrals, integrals split into pole (resonance) and 
background (direct) contributions  

For inelastic 
or reactive 
modify as  
appropriate 
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 How to make sense of an ICS? 

 
    

The Mulhollahd formula"

smooth"

negligible,"
or a least "
smooth"

Resonance contribution(s) "
from Regge trajectory(s)"

The formula can be modified to account "
for all the structure (unpublished)"

The partial wave sum (PWS):"

Not very convenient for studying 
resonance effects. It mixes the 
resonance and non-resonance 
contributions."
Need a change of representations.  "
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A resonance (a simple model) 

 
    

 

Hard sphere+semi-transparent layer 

Elastic 

Cut-off to imitate reactivity 
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Two types of Regge trajectories 

 
    

 

Simple model  is now slightly modified. 
The potential looks like this: "

From a bound state" From a metastable state"
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Use our new program ICS_Regge!  
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Prepare the input, one for each energy: 

… and use the control parameters in the INPUT file"



7/15/14I 

Resonance contribution: bound state first 

Clearly, it is the resonance corresponding"
to the Regge trajectory on the left which"
is responsible for the structure in the ICS"
in this energy range"
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Now what comes from a metastable state 

Clearly, it is the resonance corresponding"
to the Regge trajectory of a different type"
which is responsible for the structure in "
the ICS in this energy range."
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Let us return to the  real thing: the F+HD 
resonances at low energies 

So what do these peaks tell us about the reaction?"
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Run the program the first time and 
find all Regge poles you might need  

           Lots of rubbish, but there are some regular pole trajectories. "
                    Choose a trajectory, and let the program follow it."
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Let’s say the short one on the left: 

                                         What does it do to the ICS?"
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This is what it contributes to the ICS: the peak  

                       Choose another one and let the program follow it."
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Let’s say the one on top: 

                                     What does this one do to the ICS?"
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That’s what: the peak in the middle + 2 smaller peaks 

                      Choose yet another one and let the program follow it."
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Now the one on the right: 

                         Is it responsible for the hairy bit at 70-45 meV?"
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Yes it is: 

                                            Are we happy now?"
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Almost, but not quite: there still structure left 

                                      So we are reasonably happy."

here!"

This is because there are 2 
more trajectories."
They are weak and hard to find. 
But, with some effort we can 
prove that they are responsible 
for the remaining V’s and W’s."

here!"
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So what have we learned? 

              We can also get the CE poles by using a different program."
"

There are three resonance Regge "
trajectories responsible for most of the "
structure in our state-to-state ICS."
We can even give them names:"
B,C and E."
This is because people have studied "
their CE counterparts, and called them"
this way. They know that the three "
resonances result from capture in the "
van der Waals exit well. There are also"
A, two D’s, an F, and another E. "
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Here are the corresponding CE poles: 

   We also have one of the D’s which was difficult to find in the CAM plane."
"
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A summary:  

 
    

 
 

•  This is how one would like to analyse resonance effects in a 
state-to-state ICS. 

•  First try to get the usual resonance pole in the complex   
energy plane. 

•  This will help see which energy regions are affected, and may 
clarify the physical origin of the resonances. 

•  This would not, normally, help to evaluate the resonance 
contributions to the ICS. For this purpose these are wrong 
poles. 

•  Find the Regge (CAM) counterparts of the CE poles and 
establish the correspondence between the two kinds. 

•  Choose a Regge trajectory, evaluate its contribution, and 
subtract it from the ICS. 

•  Repeat until what is left is smooth. Now you know (almost) 
everything there is to know. 

•  The program ICS_Regge just makes this task easier. 
 

Thank you for your attention! 
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A Sturm-Liouville problem (remember your Level 1 math)  
Schroedinger equation: 

Boundary conditions: 

 
    

• There is an analytic function Λ(E) single- 
valued on a multi-sheet Riemann surface R. 
 
• To find n-th CAM pole Jn(E) for a real energy  
 E go to the n-th sheet and read off the value. 
 
* To find n-th CE pole En(k) for a real integer  
 J=k go to the n-th sheet of R, find a path such 
  that Im Jn(E)=0 (green) follow it up to J(E)=k 
  and read off the (complex) value En. 
 
• Or just invert Λ(E) to obtain E(Λ ) and,  
 therefore, E(J). 
 With CE and CAM poles so closely related, why choose CAM?  

Sturmian eigenvalue 

ImE 

Re E 

E 
J=k 

En 
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A resonance (a simple model) 

 
    

 

Hard sphere+semi-transparent layer 

Elastic 

Cut-off to imitate reactivity 
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 How would a resonance affect observables ? 

 
    

ICS DCS 
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Impenetrable 
outer layer 

(No cut-off here) 
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 Regge trajectory (our model) 

 
    

(CAM pole position as function of the energy) 
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 How to make sense of a DCS? 

 
    

Winding angle"

‘Unfold’ the amplitude"

trajectories" creeping wave(s)"

Residue" Pole position"
‘Exponential tail’"
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 How to make sense of an ICS? 

 
    

The Mulhollahd formula"
smooth"

negligible,"
or a least "
smooth"

Resonance "
contribution(s) "
from Regge "
trajectory(s)"

The formula can be modified to account "
for all the structure (unpublished)"



7/15/14 

 From the model to reactions 
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 The F+H2(v=0,j=0,Ω=0)>H+FH(v’=2,j’=0,Ω’=0)  
 reaction in the 25-50meV collision energy  
                              range 

 
    

DCS ICS 
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So we look for a Regge trajectory 

 
    

… and find two which pseudo-cross 

Exit vdW well 

Transition state 
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… near the energy for which the 
two levels become aligned 

 
    

CAM-plane  CE-plane 

parametrisation test of the parametrisation 
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The DCS, deflection function and the zero/ 
                      pole structure 
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The DCS 

 
    

At the forward peak:  
two resonances overlap 

At a higher energy: only one 
 resonance contributes 
(cf. our model) 
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 Good look at the forward peak at 32 meV  
         and the backward oscillations   
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Direct scattering amplitude vs. E 
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Direct + resonance scattering amplitude vs.E 
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Kinematics of a reactive collsion 
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        Small angle DCS at a fixed E 
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The forward peak (contd.)  

 
    

Forward scattering 
amplitude 

The forward peak is a result of  
constructive interference between 
the decays of the Regge states (I) 
and (II). 
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        Backward oscillations vs. E 
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The ICS  

 
    

 
 

Regge trajectories 

Mulholland (II) 

Mulholland (I) 

ICS 

Regge oscillations in the ICS 
are of the same nature as those 
seen for our model. At higher and 
lower energies they are due to  
the resonance B. At intermediate  
energies A mixes with B and the  
capture occurs into appropriate 
linear combinations of the two. 
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Other reactions (DCS)  

 
    

 
 

F+HD 

Cl+HCl 

H+D2 

Single resonance 

Two interfering resonances 

Reactive threshold (many 
                   poles) 
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Conclusions:  

 
    

 
 

• Semiclassical CAM analysis offers quantitative description  
 of resonance effects in both differential and integral cross-  
 sections. 
• Regge pole positions and residues can now be extracted  
 from the numerical scattering date with sufficient accuracy 
 (e.g. by the Pade’ reconstruction). 
 
 
 
                         Thank you for your attention. 

 


