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are some of the most important objects in the analysis of a dynamical 
system. 
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complicated dynamics evolves. 
• Chaotic dynamics
• Applications
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The tangent bundle
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:    - periodic matrix functionTA✓(t) = rg(�✓(t))
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Floquet Theory
Theorem: [Floquet, 1883] Let A(t) be a � -periodic continuous matrix func-
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di⇥erentiable, 2T -periodic matrix function Q(t) such that

�(t) = Q(t)eRt.

 Tangent bundle: Linear stability analysis



Floquet normal form

Floquet Theory
Theorem: [Floquet, 1883] Let A(t) be a � -periodic continuous matrix func-
tion and denote by �(t) a fundamental matrix solution of ẏ = A(t)y. Then
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From R

From  Q

Theorem: Assume that � = {�(t), t 2 [0, ⌧ ]} is a T -periodic orbit of ẏ = g(y)
and consider �(t) the fundamental matrix solution of the non-autonomous linear

equation ẏ = rg(�(t))y such that �(0) = I. Suppose that a Floquet normal

form decomposition �(t) = Q(t)eRt
is known. Assume that the n⇥ n matrix R

is diagonalizable and let ⌃(R) = {µj , vj}j=1,...,n the eigendecomposition of R.

Then the Lyapunov exponents lj of � are given by

lj = Re(µj).

Furthermore, for any ✓ 2 [0, T ], if one defines

w✓
j := Q(✓)vj ,

then w✓
j is an eigenvector of �✓(T ) associated to the Lyapunov exponent lj .

 Tangent bundle: Linear stability analysis
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and consider �(t) the fundamental matrix solution of the non-autonomous linear
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PARAMETRIZATION OF INVARIANT MANIFOLDS
Parameterization Method for computing high-order approximations of stable and unstable 

invariant manifolds of periodic orbits

Cabre, Fontich, de la Llave, J.
The Parameterization Method for Invariant Manifolds III: Overview and Applications, 
Differential Equations, 218 (2005), no. 2.

P

✓

�

GOAL

M

Look for a function P(✓,�) and a vector field ⌃ on the (✓,�)� space so

that

1. P is a chart for M

2. the dynamics on M is conjugated to the dynamics induced by ⌃
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Invariance Equation

P(✓, 0) = �(✓ mod T ), 8✓

@

@✓
P(✓,�) +

dmX

i=1

�i�i
@

@�i
P(✓,�) = f(P(✓,�))



Inserting into the invariance equation and matching like powers of �, it results

|n| = 0 0 = (0, . . . , 0). The terms in �0
give

d

d✓
a0(✓) = f(a0(✓))

whose solution is given by the periodic orbits itself, hence a0(✓) = �(✓).

|n| = 1 The multi index of length 1 are ni = (0, . . . , 1, . . . , 0) with 1 at the i-th
position.

⇢
d
d✓a

ni
(✓) + �iani

(✓) = Df(a0(✓))ani
(✓)

�i 2 R, ani
(✓) T�periodic.

8i = 1, . . . , dm (1)

It is easy to see that, once a0(✓) and ani
(✓) are given, we obtain equations of

the form

|n| � 2

dan

d✓
+ n · �an = Df(a0)an +Rn, (2)

where Rn involves only lower order terms.
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INGREDIENTS

1. The periodic orbit �(t)

2. The Floquet exponents �i associated to the orbit ( assume to be real)

3. The Floquet normal form decomposition of the fundamental matrix

solution of ẏ = rf(�(t))y

�(t) = Q(t)eRt, Q(t) T � periodic

4. A no resonance condition

See  Castelli, R. Lessard, J.P.  Rigorous numerics in Floquet 
theory:  computing stable and unstable bundles of periodic 
orbits,SIADS,2013
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a0(✓) = �(✓)

� ⇢ {�i}, ani
(✓) = Q(✓)vi

The homological equation can be recursively solved
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Computation

PARAMETRIZATION OF INVARIANT MANIFOLDS

Remarks:

1. The construction of the coe�cients an(✓) is done recursively

2. The definition of Rn
depends on higher order derivative of f(P(✓,�)),

easy to compute for polynomial nonlinearities

3. If the manifold is not orientable (negative Floquet multiplier = Floquet

exponents of the form µi = �i+
⇡
T i), then one has to consider the real Flo-

quet normal form decomposition and define a 2T -periodic parametrization

4 The method does not concern any convergence issue. Aiming at rigorous

computation, rigorous bound of the tail elements is necessary to prove

convergence.
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Arneodo example

the latter case, they are topologically equivalent to a Möbius strip, see [35].
An example of a dynamical system with periodic orbits that exhibit this behavior is the

so called ⌅3-model considered in [36]
⇧
⌥

⌃

ẋ = y
ẏ = z
ż = �x� x2 � ⇥y � z.

(52)

For ⇥ = 2, as � varies, the periodic orbits of system (52) produce an interesting bifurcation
diagram. We refer to [35] and [37] for a detailed analysis of the bifurcation diagram and
on the genesis of periodic orbits, called twisted periodic orbit, with non orientable invariant
manifolds. We focus on a particular twisted periodic orbit corresponding to � = 3.372 lying
on the branch emanating from a period-doubling bifurcation that occurs at � ⌅ 3.125.

Following the same procedure as before, we rigorously compute the enclosure of the
periodic orbit ⇤(t) and subsequently the enclosure of the matrix R and of the matrix function
Q(t), hence producing an explicit Floquet normal form as in (2). Then, we extract the
necessary stability parameters and we recover the stable and unstable tangent bundles using
(43). Figure 5 shows the resulting bundles.

Having computed the intervals enclosing the period � of the orbit and the eigenvalues of
R, we realize that the absolute values of the two nontrivial Floquet multipliers satisfy

|⌥1| ⇧ [7.037235782193 · 10�3 7.037944324307 · 10�3] (= �st)
|⌥2| ⇧ [1.526609276443494 1.528421395487018] (= �unst)

To conclude we emphasize the role played by the continuous function Q(⇧) in the con-
struction of the tangent bundles. As proved in Theorem 3.7, as ⇧ changes, the eigenvec-
tor w�

j of ⇥�(T ) associated to the Floquet multiplier ⌥j is given by w�
j = Q(⇧)vj , where

vj is the eigenvector of R relative to the eigenvalue µj . The function Q(⇧) is continu-
ous and 2� -periodic, but the tangent bundles are smooth manifolds. That implies that
w⇥

j = Q(�)vj has to be an eigenvector of ⇥(�) associated to the Floquet multiplier ⌥j , i.e.
span{vj} = span{w⇥

j }. In the case of the Lorenz system Q(�) turns to be the identity
matrix, therefore the last relation is simply verified. But in case of the ⌅3-model and in
general when the bundles are not orientable Q(�) need not be the identity matrix. Indeed,
in the considered example, Q(�) results to stay in a small interval around

Q̄ =

�

⇤
�1.663148705259924 �1.018593776943882 �0.446703151142258
1.323227706784005 1.032472501143805 0.891338521225762
0.936264065136750 1.438097884773345 �0.369323795883880

⇥

⌅ .

Denoting by R̄, �̄ , v̄1 the centers of the intervals the genuine R, � and v1 belong to and
defining ⇥̄ = Q̃(�)eR̄T̄ the numerical approximation of ⇥(T ), we compute

⇥̄Q̄v̄ =

�

⇤
�0.002642211417990
�0.003294408641461
0.011434535907588

⇥

⌅ , Q̄v̄ =

�

⇤
0.375442644619642
0.468116019931565

�1.624780050494352

⇥

⌅

The component-wise ratio between the two computed vectors is ⌥̄1 = �7.037590044326 ·
10�3±10�13, whose absolute value is indeed in the interior of�st. If the unstable eigenvector
v2 is considered, the same operations produce ⌥̄2 = �1.527515067244305±10�13. Although
not rigorous, these computations confirm the above theoretical discussion and moreover
provide a method to recover the sign of the Floquet multipliers, information that is not
possible to achieve following the presented computational technique.
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Figure 4. Partial bifurcation diagram for the Arneodo et al. system with respect to the parameter c for
b = 2.0. Solid lines: stable steady states; broken lines: unstable steady states; full circles: stable limit
cycles (a norm); open circles: unstable limit cycles (a norm); notice the turning points at the base of
Šilnikov period orbit “corkscrews”. PD: Period doubling bifurcation; HB: Hopf bifurcation; S marks the
approximate location of Šilnikov heteroclinic loops.

Figure 5. Two views of the triangulation of the two-dimensional Wu
C for the Arneodo et al. example.

The edge of this “cup” is an attracting periodic solution, the multipliers of which are negative and real
and account for the wrapping of the cup around its edge.

↵

RESULTS



Arneodo example

the latter case, they are topologically equivalent to a Möbius strip, see [35].
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ẋ = y
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Finite-dimensional projection in Fourier space
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CONCLUSIONS AND FUTURE PROJECTS

1- Periodics orbits and connecting orbits are of fundamental importance in the theory of 
    dynamical systems

2- A theoretical parametrization method has been implemented to the computation of the  
    invariant manifolds

3- The Floquet theory plays a fundamental role in the construction

4- Rigorous bound in the space of analytic functions is necessary to have a rigorous proof 
    of the parametrization

5- The connecting orbits will be found by solving a projected boundary value problem will  
    be solved 



Thank you.


