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The relevance of the venerable Racah’s analytical and Wigner’s group-
theoretical methods in the quantum theory of angular momentum transcends 
the traditional fields of atomic, molecular and nuclear spectroscopies and of 
quantum chemistry. The related mathematics of spin networks is of interest 
also for recent developments in quantum information and in quantum relativity. 
Desarguesian aspects of the underlying geometry are currently being 
investigated and are argumented in this talk. 

The  approach generates uniformly the recurrence relationships which 
provide us with tools for exact calculations, for the asymptotic analysis and for 
numerical applications. Studies of the semiclassical limits permit a unifying 
vision, establishing properties and a comparative classification of orthogonal 
polynomial families and of the sets of hydrogenoid and Sturmian orbitals of 
atomic and molecular sciences.  

Besides their exploit in the contexts mentioned, these ingredients are of 
perspective use for numerical solutions of quantum mechanical problems by 
discretization algorithms and for the formulation of discretized Hamiltonian 
quantum dynamics. In general relativity, space-time is discretized by Regge 
calculus; the concept of spin-networks originated from Ponzano-Regge 
asymptotics; Regge symmetries are crucial for our developments: this 
contribution is dedicated to the memory of Tullio Regge (Torino, 1931-2014). 
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 The hyperspherical approach to the quantum treatment 
of elementary chemical processes has been successful for three-
atomic systems. Current progress concerns the basic theoretical 
framework for the extension to four-body bound state and 
reactive scattering problems.  
 

 Most applications only exploit the use of  hyperspherical 
coordinates, but full power comes from the representations 
explicitly involving quantum hyperangular momentum operators 
as dynamical quantities and  hyperspherical harmonics as 
basis functions.  
 

 Discrete analogues of the harmonics lead to a universal 
representation for the kinetic energy and a diagonal 
representation for the potential (hyperquantization algorithm), 
providing exact complete scattering matrix information. 
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Quantum and semiclassical spin networks 
 

The traditional ingredients of quantum mechanical angular momentum coupling, 
which were developed to explain spectroscopic phenomena in atomic, molecular 
and molecular physics, are now embedded in modern algebraic frameworks  which 
emphasize the underlying combinational aspects. What were previously known only 
as 3nj-symbols (together with the related problems of their calculations, their 
general properties, their asymptotic limits for large entries) are now among the 
protagonists of modern quantum gravity and quantum computing applications under 
the general name of “spin networks”. 
Further progress has also to be recorded on the established connections with the 
theory of orthogonal polynomials, of great relevance for a wide spectrum of 
applications. For quantum chemistry, the relevance lies in the development and 
classification of complete orthogonal basis sets in atomic and molecular problems, 
either in configuration space (Sturmian orbitals) or in momentum space. 
The connection with the theory of orthogonal polynomials (Askey scheme) allows 
us to develop powerful tools based on asymptotic expansions – physically 
corresponding to the various levels of the semi-classical limits. Results are of use 
in molecular physics and also in motivating algorithms for the computationally 
demanding problems of chemical reaction theory, where large angular momenta are 
involved—our hyperquantization algorithm.  
Some aspects of further developments follow. 



Key recent references are: 
Ø  V. Aquilanti, J. Avery  "Sturmian expansions for quantum mechanical many-body problems, and 
hyperspherical harmonics" Adv. Quantum Chemistry, 39, 71-102 (2001). 
Ø  V. Aquilanti, S. Cavalli, C. Coletti, D. Di Domenico and G. Grossi "Hyperspherical harmonics as 
Sturmian orbitals in momentum space: a systematic approach to the few-body Coulomb problem"  
International Reviews in Physical Chemistry  20, 673-709 (2001) 
Ø  V Aquilanti, S. Cavalli, C. Coletti  "Angular and Hyperangular Momentum Recoupling, Harmonic 
Superposition and  Racah Polynomials. A recursive algorithm". Chem Phys. Letters 344, 587-600 
(2001) 
Ø V. Aquilanti, C. Coletti  "3nj-symbols and harmonic superposition coefficients: an icosahedral 
abacus" Chem. Phys. Letters 344, 601-611 (2001) 
Ø V. Aquilanti, H.M. Haggard, R.G. Littlejohn, L. Yu “Semiclassical analysis of Wigner 3j-symbol” 
J.Phys. A 40, 5637-5674 (2007) 
Ø V. Aquilanti, A.C. P. Bitencourt, C. da S. Ferreira, A. Marzuoli, M. Ragni “Quantum and 
semiclassical spin networks: from atomic and molecular physics to quantum computing and      
gravity” Physica Scripta, 78, 058103 (2008) 
Ø R.W. Anderson, V. Aquilanti, C.da Silva Ferreira “Exact computation and large angular 
momentum asymptotics of 3nj symbols: semiclassical disentangling of spin-networks” Journal of 
Chemical Physics 129, 161101 (2008) 
Ø V. Aquilanti, A.C. P. Bitencourt, C. da S. Ferreira, A. Marzuoli, M. Ragni “Combinatorics of 
angular momentum recoupling theory: spin networks, their asymptotics and applications” 
Theoretical Chemistry Accounts, 123, 237 – 247 (2009)  
Ø M. Ragni, A.C.P. Bitencourt,C. da S. Ferreira, V. Aquilanti, R.W.Anderson, R.G. Littlejohn “Exact 
computation and asymptotic approximation of 6j symbols. Illustration of their semiclassical limits” 
Int. J. Quantum Chem., 110, 731-742 (2010)  







Basic theory 
 
 

Racah	  sum	  rule:	  

Associa=vity:	  

The	  volume	  operator:	  



Pentagonal	  rela=onships	  and	  
Biedenharn-‐Elliot	  iden=ty	  (1952)	  





Quantum Chemistry 
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Spin networks  
for quantum computation and quantum gravity 





XIII Century Digital computing 





The	  three-‐terms	  recursion	  rela=onship.	  







THE 6j SYMBOL AND 
THE OSCILLATOR WAVEFUNCTIONS 

























Polynomials	  and	  spin	  networks:	  beyond	  the	  
quantum	  mechanical	  Jacobi	  ladder	  



Compara/ve	  classifica/ons	  of	  orthogonal	  hypergeometric	  
polynomials	  and	  of	  ingredients	  of	  quantum	  theory	  of	  angular	  
momentum	  and	  wave-‐func/ons.	  
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We picture a spin network as a trivalent (or cubic) graph, 
where a node represents three angular momenta or spins 
which couple according to the triangular conditions. 
These imply that if we assume that at a node one of the 
converging angular momentum is large, then at least 
another one is large too, so that essentially assuming 
that one of the entries is large --- but  permitting that 
some of the others may continue to be small --- then it is 
sufficient to consider two cases, those where either six 
or four entries are large. 

The 9j  symbol 



Well known formulas connect the 6j symbols to the 3j and to the d functions. 
They will be used below, to obtain a new formula for 9j symbols  when 6 
momenta are large and three small. 
 
Six large j formula (new) 
 
The 9j symbols can be written as a combination of Wigner 6j symbols:  

        
 
 
 
 
After extensive algebra, this is approximated in terms of the d matrices: 
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We see here the so called utility graph, the simplest example of   a non 
Euclidean polytope! It is entangled, but we can “see” hexagons and 
quadrilaterals. Ours (the “small diagonal” formula) deals with the hexagons! 
 The Watson formula for four large momenta and six small ones (the 
“large corner” formula) corresponds to letting the four sides of a 
quadrilateral to become large and leads to the product of two 3j symbols 
 
 
 
 
 
where 

∼ 

There are only two cases for large j- asymptotics for 9j.  Drawing the graph 
as (the nine j’s are the sides of the external hexagon and the three 
diagonals): 



In the limit of six large entries, our formula leads to the product of two d matrix 
elements.  illustrating “ disentangling” of the network: the 9j arises as sum of 
products of 6j,but in the limit, the sum disappears.  This semiclassical disentangling 
may apply also to 3nj where n >3.This conjecture, certainly valid in many cases is to 
be proven for general spin networks. We can discuss this disentangling from many 
viewpoints (classical locality, wavefuction separability, decoherence) of relevance 
in quantum gravity, discrete mathematics, quantum computing. In quantum 
mechanics separability of a d-dimensional problem means expressing a wavefunction 
as a product of wavefunctions of smaller problems, otherwise you have to include 
coupling by expanding on a linear combination. Non-separability leads to 
interference, non-locality, etc.  
 
Computation of mathematical special functions  
and angular momentum 3nj-symbols 
 
We have also checked the formulas numerically, establishing quantitatively their 
accuracy for approximations, or in the reverse their possible use to build up 
multidimensional discrete basis sets in applied quantum mechanics and signal 
processing. 
R. Anderson and we calculate the 3nj symbols and Wigner d functions by directly 
summing the defining series using multiprecision arithmetic (MPFUN905),which 
allows convenient calculation of hypergeometric functions, of small and large 
argument by their series definition, without the necessity of using recurence 
relations, integral and rational representations, or asymptotic approximations.   



Numerical study of accuracy and convergence of semiclassical 
formulas for 9j symbol 

Four large J Six large J 



The fullerene is a molecule formed by 60 carbon atoms. 



Leonardo Da Vinci, drawings for De Divina Proportione by Luca Pacioli (1500) 



  Fullerene C60 discovered in1986, anticipated in 1500 
by Leonardo  

(Models for De Divina Proportione by Luca Pacioli) 
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Frair Luca Pacioli teaching geometry (ca. 1500) 

Jacopo de’ Barbari (?) -  Napoli, Museo di Capodimonte 





Semiclassical disentangling of spin-networks: 
exact computation and large angular momentum 

asymptotics of 3nj-symbols 
 

The venerable 3nj-symbols of quantum angular 
momentum theory, originated in applications to 
molecular, atomic, nuclear and particle physics, 
crucial to many fields of science, play  a role for 
example as spin networks in approaches to 
quantum gravity, as simulators in quantum 
comput i ng , a s d i s c rete po l ynom ia l s i n 
computational science. The 3nj symbols for n>2 
and the related spin networks are built as specific 
sums of products of 6j symbols. The focus of this 
presentation is on the 9j symbol, well known in its 
role as the matrix element of the transformation 
between LS and jj coupling schemes, but 
exhibiting features  prototypical of more complex 
spin networks. Although closed form expressions 
are well known, modern applications require 
efficient computational procedures for large 
values of the entries .so far based on recurrence 
schemes, but we demonstrate that direct 
summations of the defining series can now be 
efficiently performed without overflow and losses 
of precision using multiple precision arithmetics. 
This allows us to experiment numerically on the 
simplest spin networks, and to check asymptotic 
formulas.  

For the 9j symbols, the first nontrivially 
“entangled” spin network, we give the basics 
of asymptotic approximations when some of 
the entries are large--the semiclassical 
limit ,gathering insight on how spin networks 
in such a limit effectively “disentangle”, 
witnessing   the transition from quantum 
mechanics, accompanied by phenomena such as 
loss of coherence and localization.. Important 
are those studies which aim at understanding 
what happens when all entries become large, 
so preserving the beautiful underlying 
symmetry of these fundamental objects of 
the geometry of the quantum world. The basic 
paper is that by Ponzano and Regge (1968), 
See also Neville (1972) and Schulten and 
Gordon (1975). For 3j symbols, and for a 
general perspective, see our work (JPA, 
2007). We also studied the behaviour when 
only some of the entries are large. Relevant 
formulas are well established for n=2, 
e x t r e m e l y u s e f u l i n s p e c t r o s c o p i c 
applications . Large angular momenta 
correspond to the case of discrete functions 
becoming continuous in the limit, so inverting 
the point of view, yielding discrete analogs  of 
functions of continuous variable, exploited in 
our hyperquantization algorithm.  
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Perugia, 1500 a.D. 

Ø Molecular beam scattering experiments with polarized atoms 
and aligned molecules 

Ø  Information on strength and anisotropy of intermolecular 
forces. 

Ø Systems:open-shell atoms, atmospheric gases, benzene, 
hydrocarbons 

Ø  Water and hydrogen Bond  

Ø Surface catalysis: aligned ethylene on oxygen absorbed on Ag. 

Ø Quantum dynamics from three- to four--bodies or larger 
aggregates.   

Ø Hyperquantization algorithm, based on hyperspherical 
coordinates and harmonics.  

Ø Hyperspherical perspective formulated to assist classical 
dynamics simulations. 

Ø Indicators of chaotic behavior and of phase transitions in 
clusters 

Gruppo di Dinamica dei Processi Chimici Elementari 
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