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Heat propagation with finite velocity:
the Gurtin-Pipkin (1968) theory



The classical theory of heat propagation is based on two
constitutive equations:

• The energy balance equation that in the one-dimensional case
reads

ρc
∂T

∂t
= −∂q

∂x
, (1)

where ρ and c are respectively the medium mass density and
the medium specific heat and q(x , t) is the heat flux.

• The Fourier law for the heat flux

q = −kT
∂T

∂x
, (2)

where kT is the thermal conductivity.

These equations lead to the classical heat equation

ρc
∂T

∂t
= kT

∂2T

∂x2
, (3)

that has the unrealistic feature that the velocity of heat
propagation is infinite. The classical theory works in the case in
which the mean free path of the particles is much shorter than the
size of the system.
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The classical formulation of the heat equation, based on the
Fourier law, was firstly questioned by Cattaneo (1958) and
Vernotte (1958) on theoretical ground in order to avoid the
so-called paradox of infinite velocity of propagation, leading to the
rise of new fields of research:

- in the Physical context: heat waves and second sound
propagation (Straughan), relativistic formulation of heat
conduction law (Ali and Zhang) and Extended Irreversible
Thermodynamics (EIT) (Jou, Lebon, Ruggeri).
- in the Mathematical context: studies about random evolutions
(Griego, Hersh, Pinsky) governed by hyperbolic equations, starting
from the Goldstein-Kac model related to the Cattaneo equation
In the almost classical paper by Gurtin and Pipkin (1968), a
general theory of heat conduction with finite velocity, based on a
heat flux law with memory has been considered.In their general
theory, history flux is taken into account by using the following
generalization of the Fourier law

q(x , t) = −kT
∫ t

0
a(t − τ)

∂T

∂x
dτ. (4)
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In the case of a(t) = 1
τ e
− t

τ , we recover the Maxwell–Cattaneo
model, leading to the so-called telegraph equation, an hyperbolic
equation for the heat propagation

∂2T

∂t2
+ 2τ

∂T

∂t
= kT

∂2T

∂x2
. (5)

Gurtin and Pipkin (1968) have also shown that their theory leads
to the following linearized constitutive equation for heat
propagation, based on equation (4):

c
∂2T

∂t2
+ β(0)

∂T

∂t
+

∫ ∞
0

β′(s)
∂

∂t
T (x , t − s)ds

= a(0)
∂2T

∂x2
+

∫ ∞
0

a′(s)
∂2

∂x2
T (x , t − s)ds, (6)

where β(t) is the energy relaxation function. Assuming that
β(t) ≡ 0, this equation is related to finite speed of propagation

equal to v =
√

a(0)
c .
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Fractional thermoelasticity: a short
survey



In the framework of the Gurtin-Pipkin theory of heat conduction
with memory, different studies about the applications of fractional
calculus in the heat propagation models appeared in literature.

In pioneering works, Compte and Metzler (1997) studied different
fractional generalizations of the Maxwell-Cattaneo model, based on
mechanical statistics and physical motivations.
The generalized model, that can be considered as a basis of the
so-called fractional thermoelasticity (Povstenko, 2015), is based on
the replacement of the ”short-tail memory” exponential kernel of
the Cattaneo model with a one-parameter Mittag-Leffler
Eα,1(−

(
t
τ

)α
) kernel (exibiting an asymptotic slow power law

decay) .
This choice leads to the following heat flux law with memory

q + τα
∂αq

∂tα
= − ∂α−1

∂tα−1

(
kT
∂T

∂x

)
, α ∈ (0, 1] (7)

that substituted in the energy balance law gives the generalized
Cattaneo equation

∂2−αT

∂t2−α
+ τα

∂2T

∂t2
= kT

∂T

∂x2
, (8)

involving Riemann-Lioville fractional derivatives.



In the framework of the Gurtin-Pipkin theory of heat conduction
with memory, different studies about the applications of fractional
calculus in the heat propagation models appeared in literature.
In pioneering works, Compte and Metzler (1997) studied different
fractional generalizations of the Maxwell-Cattaneo model, based on
mechanical statistics and physical motivations.

The generalized model, that can be considered as a basis of the
so-called fractional thermoelasticity (Povstenko, 2015), is based on
the replacement of the ”short-tail memory” exponential kernel of
the Cattaneo model with a one-parameter Mittag-Leffler
Eα,1(−

(
t
τ

)α
) kernel (exibiting an asymptotic slow power law

decay) .
This choice leads to the following heat flux law with memory

q + τα
∂αq

∂tα
= − ∂α−1

∂tα−1

(
kT
∂T

∂x

)
, α ∈ (0, 1] (7)

that substituted in the energy balance law gives the generalized
Cattaneo equation

∂2−αT

∂t2−α
+ τα

∂2T

∂t2
= kT

∂T

∂x2
, (8)

involving Riemann-Lioville fractional derivatives.



In the framework of the Gurtin-Pipkin theory of heat conduction
with memory, different studies about the applications of fractional
calculus in the heat propagation models appeared in literature.
In pioneering works, Compte and Metzler (1997) studied different
fractional generalizations of the Maxwell-Cattaneo model, based on
mechanical statistics and physical motivations.
The generalized model, that can be considered as a basis of the
so-called fractional thermoelasticity (Povstenko, 2015), is based on
the replacement of the ”short-tail memory” exponential kernel of
the Cattaneo model with a one-parameter Mittag-Leffler
Eα,1(−

(
t
τ

)α
) kernel (exibiting an asymptotic slow power law

decay) .

This choice leads to the following heat flux law with memory

q + τα
∂αq

∂tα
= − ∂α−1

∂tα−1

(
kT
∂T

∂x

)
, α ∈ (0, 1] (7)

that substituted in the energy balance law gives the generalized
Cattaneo equation

∂2−αT

∂t2−α
+ τα

∂2T

∂t2
= kT

∂T

∂x2
, (8)

involving Riemann-Lioville fractional derivatives.



In the framework of the Gurtin-Pipkin theory of heat conduction
with memory, different studies about the applications of fractional
calculus in the heat propagation models appeared in literature.
In pioneering works, Compte and Metzler (1997) studied different
fractional generalizations of the Maxwell-Cattaneo model, based on
mechanical statistics and physical motivations.
The generalized model, that can be considered as a basis of the
so-called fractional thermoelasticity (Povstenko, 2015), is based on
the replacement of the ”short-tail memory” exponential kernel of
the Cattaneo model with a one-parameter Mittag-Leffler
Eα,1(−

(
t
τ

)α
) kernel (exibiting an asymptotic slow power law

decay) .
This choice leads to the following heat flux law with memory

q + τα
∂αq

∂tα
= − ∂α−1

∂tα−1

(
kT
∂T

∂x

)
, α ∈ (0, 1] (7)

that substituted in the energy balance law gives the generalized
Cattaneo equation

∂2−αT

∂t2−α
+ τα

∂2T

∂t2
= kT

∂T

∂x2
, (8)

involving Riemann-Lioville fractional derivatives.



Thermal stresses

The theory of thermal stresses is governed by the equation of
motion in terms of dislacements

µ∆u + (λ+ µ)∇(∇ · u)− ρ∂
2u

∂t2
= βtK∇T , (9)

and the equation about stress-strain-temperature relation

σ = 2µe + (λTre + βtKT )I, (10)

where u is the vector of displacements, σ the stress tensor, λ and
µ the Lamé coefficients, K = λ+ 2/3µ, βt the thermal expansion
constant and

e =
1

2

(
∇u + (∇u)T

)
, (11)

is the strain tensor.



Lord and Shulman equation

When the effect of deformation on the thermal state of a solid is
considered under the effect of an external heat source W (x , t), the
energy balance equation becomes

ρc
∂T

∂t
+ βtKT0

∂

∂t
Tre = −∇ · q + W (12)

and according to (7) in Rd , we finally obtain the generalized Lord
and Shulman equation (Povstenko 2015)

∂2−αT

∂t2−α
+τα

∂2T

∂t2
+γe

∂2−αTre

∂t2−α
+τα

∂2Tre

∂t2
= kT∆T+

∂1−αQ

∂t1−α
+τα

∂Q

∂t
,

where γe = βKT0
ρc and Q = W

ρc .



A probabilistic parenthesis:
time-changed processes related to
time-fractional Cattaneo equations



In a recent paper, D’Ovidio, Orsingher and Toaldo (2014) studied
time-changed processes governed by space and time-fractional
telegraph on a pure mathematical ground.

The authors have shown that the fundamental solution of the
space-time fractional d-dimensional equation

∂2νu

∂t2ν
+ 2λ

∂νu

∂tν
= −c2 (−∆)β u, ν ∈ (0,

1

2
], β ∈ (0, 1] (13)

coincides with the probability law of the vector process

Wn(t) = S2β
n (c2Lν(t)), (14)

that is the composition of an isotropic vector of stable processes
S2β
n (t), with

Lν(t) = inf{s ≥ 0 : Hν(s) = H2ν
1 (s)+(2λ)1/νHν

2 (s) ≥ t}, t > 0,
(15)

where H2ν
1 and Hν

2 are independent positively skewed stable
processes of order 2ν and ν respectively.
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An interesting corollary of this result is that for β = 1, ν = 1/2
and d = 1, the fundamental solution of the equation (13) coincides
with the law of the composition

W (t) = T (|B(t)|), t > 0, (16)

where T (t) is the Goldstein-Kac process (a finite velocity random
motion whose probability law is governed by the Maxwell-Cattaneo
equation) and |B(t)|, t > 0, is a reflecting Brownian motion
independent from T . It was also proved the following relevant
equality in distribution

B
(
c2L1/2(t)

)
law
= T (|B(t)|), t > 0. (17)



Implications in fractional thermoelasticity
An interesting question is: can be the role of memory in fractional
models of thermoelasticity represented by a mere time-change in
the microscopic Markovian models of the particle random motions?

Much care should be given to a physical meaningful formulation of
the model equations.

• The equations considered by D’Ovidio et al. (2014) should
have the order of time-fractionality ν ∈ (0, 1/2], inconsistent
with physical models, even if interesting for mathematical
reasons.

• A derivation of an equation like (13) requests an ad hoc
modification of the energy balance equation, without a clear
meaning.

• However is generally useful the representation in terms of
time-changed processes for the solutions of fractional-wave
equations as also shown by Meerschaert et al. (2015).

• New non trivial mathematical problems arise when memory
and nonlinearity are considered
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A first physical application: heat
propagation in nonlinear rigid
conductors



The Hardy-Hardy-Maurer (HHM) model
of heat propagation in rigid nonlinear

conductors
The HHM model describes the heat propagation in rigid nonlinear
conductors.

For low absolute temperature θ, the thermal conductivity K (θ) and
the specific heat at constant volume cV of the metallic body,
according to the literature, is given by

K (θ) ∼ Kr

(
θ

θr

)
, cv (θ) ∼ γθ, (18)

where γ > 0 is the Sommerfeld coefficient and Kr is the value of
the thermal conductivity K at some reference temperature θr .
The internal energy density of the metal is given by

e(θ) := ρ

∫
cV (θ)dθ → e(θ) ∼ 1

2
ργθ2. (19)
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Therefore the constitutive equations of heat propagation in pure
metals at low temperatures in 1+1 dimensions are given by

∂e

∂t
= −∂q

∂x
, (20)

τm
∂q

∂t
+ q = −K (θ)

∂θ

∂x
= −

(
Kr

θr

)
θ
∂θ

∂x
, (21)

where τm is a relaxation time.

These finally give

τm
∂2θ2

∂t2
+
∂θ2

∂t
= km

∂2θ2

∂x2
, (22)

where km := Kr
ργθr

.
This is a C -integrable equation in the sense of Calogero, i.e.
linearizable by means of the change of variable θ :=

√
w into the

Cattaneo equation.
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The fractional HHM model
In the more general framework of the Gurtin-Pipkin, we consider
memory effects in the heat propagation for the HHM model within
the fractional calculus theory.

In particular we assume the generalized heat flux equation, studied
by Compte and Metzler (1997)

q + ταm
∂αq

∂tα
= − ∂α−1

∂tα−1

(
K (θ)

∂θ

∂x

)
(23)

in order to consider ”long-tail” memory effects by means of the
Mittag-Leffler relaxation function (instead of the exponential kernel
of the classical Cattaneo equation).
We therefore obtain the governing equation of the generalized
HHM model

∂2−αθ2

∂t2−α
+ ταm

∂2θ2

∂t2
= kr

∂θ2

∂x2
, (24)

that is still linearizable to the time-fractional Cattaneo-type
equation, deeply studied in literature.
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• A nonlinear fractional model of heat propagation arise from a
generalization of the HHM model based on the specialization
of the relaxation kernel in the general theory of Gurtin and
Pipkin of heat propagation with memory

• This physical model is linearizable by change of variable, in
analogy to well-known relevant nonlinear partial differential
equations of the mathematical physics

• The linearized equation is a time-fractional Cattaneo-type
equation widely studied in literature both from a physical and
mathematical point of view.
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The fractional HHM model: a second
generalization

Let us consider the equation (4) in the case in which the kernel
behaves as a power law function, that is a(t) ∼ t−α. Then, we can
express the heat flux memory law by means of the
Riemann-Liouville fractional integral:

q(x , t) = − Kr

2θr

1

Γ(α)

∫ t

0
(t−τ)α−1

(
∂θ2(x , t)

∂x

)
dτ = − Kr

2θr
Jαt

(
∂θ2

∂x

)
, α ∈ (0, 1),

(25)

This model essentially differs from the previous one. Here the
memory is parametrized by means of a power law memory kernel,
implying an infinite velocity of propagation of heat propagation
according to the Gurtin and Pipkin theory.
By using (25) in the energy balance equation, we obtain a
nonlinear time-fractional wave-type equation

ργ
∂α

∂tα
∂θ2

∂t
=

Kr

θr

(
∂2θ2

∂x2

)
. (26)
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• Considering a different relaxation function in the theory of
Gurtin and Pipkin, we obtain a nonlinear fractional wave-type
equation

• This second model leads to an infinite velocity of propagation

• The model is still linearizable by change of variable

• A similar theory can be developed in the physics of dielectrics
where higher order nonlinearities appear, but the equations
governing heat propagation are still linearizable by change of
variable.
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Towards memory and nonlinearity in
the theory of heat propagation: open
problems.



Fractional models in thermoelasticity gives physical motivations for
the analysis of new mathematical models where both nonlinear and
memory effects are not negligible.

In many cases researchers consider ”fractionalized” equations for
their own interest or for explorative studies, but a physical
derivation is often deserved in order to preserve the fundamental
constitutive equations (balance and conservation laws) and permit
to the applied community to use the obtained results.
Problems of heat propagation and elasticity tipically involve both
memory effects and nonlinearities and seem to be the ideal
framework to consider new complex mathematical problems
involving fractional operators.
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Open problems: fractional models with
temperature-dependent conductivity

Let us consider the generalized Cattaneo equation, in the case of
temperature-dependent conductivity. Constitutive equations are:
• Energy balance:

ρc∂tT = −∂xq

• Generalized heat flux equation (23)

q + ταm
∂αq

∂tα
= − ∂α−1

∂tα−1

(
kT (T )

∂T

∂x

)
• Empirical power law temperature-dependence of the

conductivity kT ∼ k0T
γ (Straughan, 2011)

The resulting model equation is the following nonlinear
time-fractional equation

∂2−αT

∂t2−α
+ τα

∂2T

∂t2
= k0

∂

∂x
T γ ∂T

∂x
. (27)
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The Allen-Caffarelli-Vasseur(2015) paper
In a recent preprint Allen, Caffarelli and Vasseur (2015) considered
porous medium flow with both a fractional potential pressure and
fractional-time derivative.

Nonlocal space-fractional porous medium equations have recently
found great interest in the literature. My question regards the
physical meaning and the consistency with the basic equations of
physics of the time-fractional version.
The model: gas flow in a porous medium.
The evolution of the density u(x , t), according to the mass
conservation is given by

∂u

∂t
+ div(vu) = 0, (28)

where the velocity field is related to the pressure by means of
empirical Darcy law that has been generalized by Caputo (1999) as
follows

v = − ∂α

∂tα
∇p. (29)
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Moreover the nonlocal relation between pressure and density is
taken as follows (Caffarelli and Vazquez, 2010)

p = (−∆)−σu. (30)

All this leads to the equation

∂1−αu

∂t1−α
= div

(
u∇(−∆)−σu

)
. (31)

The role of nonlocality in this kind of models has been widely
studied in the physical literature (Meerschaert, Schumer,..).

The novelty in the formulation of the model equation is based on
the appearance of the generalized Darcy law that introduces
fractionality in time and therefore memory effect.
It was introduced by Caputo on basis of heuristic reasoning but it
can be questioned if it is the correct way to introduce memory
effects and it also depends on the physical context.
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The modified Darcy law

For example in Caputo and Plastino (2004), a more general Darcy
law was considered(

γ + ε
∂n1

∂tn1

)
v = −(c + d

∂n2

∂tn2
)∇p, (32)

with n1, n2 ∈ [0, 1).

This formulation leads to the following more general equation(
γ + ε

∂n1

∂tn1

)
∂u

∂t
=

(
c + d

∂n2

∂tn2

)
div(∇(−∆)−σu). (33)
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A weighted Darcy law
A different formulation of (29) can be given, as a ”weighted”
Darcy law, in order to take into account the empirical
time-dependence of the porosity coefficient.

In a more general form, in analogy to the Gurtin-Pipkin theory, a
modified Darcy law with memory can be given as follows (see e.g.
Allaire, 2010)

v = −
∫ t

0
K (t − τ)∇p(x , τ)dτ, (34)

and specializing the kernel with a power law function, a
Riemann-Liouville weighted Darcy law can be obtained.
Assuming this different generalization of the Darcy law, the
corresponding fractional porous medium equation can be formally
rearranged in the following equation

∂α

∂tα
∂u

∂t
= div

(
u∇(−∆)−σu

)
(35)
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What is the correct formulation?

Rigorous physical derivations of the generalized Darcy law should
still be given
The rigorous treatment of the mathematical problems involved (i.e.
different formulations of time-fractional porous medium equations
based on weighted Darcy law) can help physicists in their work



What is the correct formulation?
Rigorous physical derivations of the generalized Darcy law should
still be given

The rigorous treatment of the mathematical problems involved (i.e.
different formulations of time-fractional porous medium equations
based on weighted Darcy law) can help physicists in their work



What is the correct formulation?
Rigorous physical derivations of the generalized Darcy law should
still be given
The rigorous treatment of the mathematical problems involved (i.e.
different formulations of time-fractional porous medium equations
based on weighted Darcy law) can help physicists in their work



A second physical application:
nonlinear thermoelastic waves
propagating in porous media



Field equations for fluid-saturated porous
media: early models

In an early model, Bonafede (1991) considered the role of
thermoelastic waves as source of ground deformation in the
framework of the bradeseismic crisis at Campi Flegrei (Napoli).

In fluid-saturated porous media at local thermal equilibrium the
energy balance equation has the following expression (McTigue,
1986)

ρmcm
∂T

∂t
+ ρf cf (u · ∇)T = kT∆T , (36)

where

• ρm (ρf ) is the medium (fluid) mass density;

• cm (cf ) is the medium (fluid) specific heat;

• T (x, t) is the common temperature of matrix and fluid;

• kT is the thermal conductivity of the saturated medium.

• u(x, t) is the volumic flow rate of fluid.
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The velocity field u is related to the pressure field through the
Darcy law

u = −kf
µ
∇p, (37)

where kf is the permeability coefficient and µ is the viscosity
coefficient.
Moreover McTigue (1986) has shown that in the one-dimensional
case, the relation between pressure and temperature fields is given
by (

∂

∂t
− κf

∂2

∂z2

)
p =

S

T0

∂T

∂t
, (38)

where κf is the hydraulic diffusion coefficient (depending by
several characteristic geological parameters of the medium) and
the storage coefficient S is assumed to be a constant depending on
the drained(undrained) Poisson ratio, the expansivity of the solid
phase and the Skempton parameter.



Therefore, by using the Darcy law, the governing equations are
coupled nonlinear PDEs on pressure and temperature fields

ρmcm
∂T

∂t
− β0

∂p

∂z

∂T

∂z
= kT

∂2T

∂z2
(39)(

∂

∂t
− κf

∂2

∂z2

)
p =

S

T0

∂T

∂t
, (40)

where β0 = ρf cf kf /µ. In some cases it is possible to neglect the
diffusive term in (40) obtaining

ρmcm
∂T

∂t
− β

(
∂T

∂z

)2

= kT
∂2T

∂z2
, (41)

where β = Sρf cf kf /µT0. In this case the master equation (41) is
linearizable by means of the Cole-Hopf transform

T (x , t) =
kT
β

lnψ, (42)

to the classical heat equation

∂ψ

∂t
=

kT
ρmcm

∂2ψ

∂z2
. (43)



Generalization involving memory effects

We now reconsider constitutive equations of the model in light of
mathematical models of fractional thermoelasticity.

ρmcm
∂T

∂t
+ ρf cf u

∂T

∂z
= −∂q

∂z
, (44)

q(x , t) = −kT Jαt
(
tη
∂T

∂z

)
. (45)

Therefore the system of coupled nonlinear equations describing the
evolution of pressure and temperature fields is given by

ρmcm
∂α

∂tα
∂T

∂t
− ρf cf kf

µ

∂α

∂tα

(
∂p

∂z

∂T

∂z

)
= kT t

η ∂
2T

∂z2
(46)(

∂

∂t
− κf

∂2

∂z2

)
p =

S

T0

∂T

∂t
. (47)
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η ∂
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∂

∂t
− κf

∂2
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S

T0

∂T

∂t
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Equations (46)-(47) are in general difficult to solve. Here we give
only some hints about a particular class of exact solution that can
be found by means of the Invariant Subspace Method (ISM)
(Galaktionov and Svirshchevskii, 2007) It can be proved that the
system of equations admit solutions of the following form{

T (z , t) = T0 + a(t)z2 + b(t)

p(z , t) = p0 + c(t)z2 + f (t)
(48)

Substituting (48) into (46)-(47), we obtain

ρmcm
[
z2∂αt ∂ta + ∂αt ∂tb

]
− 4ρf cf kf /µ z2 ∂αt (ac) = 2kT t

ηa
(49)

z2∂tc + ∂t f − 2κf c = S/T0

[
z2∂ta + ∂tb

]
. (50)



Therefore the following mixed system of ordinary differential
equations involving both fractional and ordinary derivatives.

ρmcm∂
α
t ∂ta = 4ρf cf kf /µ ∂

α
t (ac)

ρmcm∂
α
t ∂tb = 2kT t

ηa

∂t f = 2κf c + S/T0 ∂tb

∂tc = S/T0 ∂ta

(51)

The application of Lie group method and ISM to find exact
solution for nonlinear fractional equations is object of recent
research, from the relevant papers of Gazizov and Kasatkin (2013)
and Leo,Sicuro, Tempesta (2014).
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• Replacing in the energy balance equation a generalized heat
flux law that consider memory effects, a nonlinear fractional
model of coupled pressure and temperature fields is obtained

• This model is merely theoretical but essentially based on the
idea that the Fourier law of heat flux is not always valid and a
fractional model (interpolating the classical law) can work
better

• The obtained equations are difficult to treat, but by means of
symmetry methods (ISM), class of special solutions can be
obtained

• Further work about the evolution of nonlinear thermoleastic
waves within the fractional context should be done in order to
understand their role in the geophysical context



• Replacing in the energy balance equation a generalized heat
flux law that consider memory effects, a nonlinear fractional
model of coupled pressure and temperature fields is obtained

• This model is merely theoretical but essentially based on the
idea that the Fourier law of heat flux is not always valid and a
fractional model (interpolating the classical law) can work
better

• The obtained equations are difficult to treat, but by means of
symmetry methods (ISM), class of special solutions can be
obtained

• Further work about the evolution of nonlinear thermoleastic
waves within the fractional context should be done in order to
understand their role in the geophysical context



• Replacing in the energy balance equation a generalized heat
flux law that consider memory effects, a nonlinear fractional
model of coupled pressure and temperature fields is obtained

• This model is merely theoretical but essentially based on the
idea that the Fourier law of heat flux is not always valid and a
fractional model (interpolating the classical law) can work
better

• The obtained equations are difficult to treat, but by means of
symmetry methods (ISM), class of special solutions can be
obtained

• Further work about the evolution of nonlinear thermoleastic
waves within the fractional context should be done in order to
understand their role in the geophysical context



• Replacing in the energy balance equation a generalized heat
flux law that consider memory effects, a nonlinear fractional
model of coupled pressure and temperature fields is obtained

• This model is merely theoretical but essentially based on the
idea that the Fourier law of heat flux is not always valid and a
fractional model (interpolating the classical law) can work
better

• The obtained equations are difficult to treat, but by means of
symmetry methods (ISM), class of special solutions can be
obtained

• Further work about the evolution of nonlinear thermoleastic
waves within the fractional context should be done in order to
understand their role in the geophysical context



Conclusions and remarks

• In problems of wave propagation in porous medium, memory
effects should be typically taken into account for the
well-known theory of dynamic permeability and tortuosity in
fluid-saturated porous media (Johnson et al., 1987)

• The role of Darcy law with memory is an object of great
interest for physical and mathematical communities

• Further work should be done about the physical derivation
and implications of the different formulations of memory
Darcy law present in literature

• Memory effects (within fractional tools) and nonlinearity
naturally arise in a great number of models of thermoelasticity
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