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”Stable processes at Poisson times in connection with the frac-

tional shift operator”

L.Beghin

Abstract

We study the connections between partial di↵erential equations, involving
fractional shift operators, and the transition semigroup associated with stable
processes at random times. In particular, we consider the composition of stable
processes with an independent Poisson process with drift, or, in other cases, with
an independent drifted birth process. Only with the first choice we obtain a Lévy
process and its Lévy measure can be evaluated explicitly. On the other hand,
the main interesting feature of the birth case is the corresponding fractional
di↵erential equation, which involves non-constant coe�cients.
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Non-local time operators and hitting-times of

non-decreasing Lévy processes

Bruno Toaldo
bruno.toaldo@uniroma1.it

Dipartimento di Scienze Statistiche
Sapienza - Università di Roma

Piazzale Aldo Moro 5, 00195, Rome, Italy

October 2, 2014

Abstract

Space-fractional derivatives are naturally associated with stable

subordinators. Time-fractional derivatives are instead related with

the inverse process of a stable subordinator. We present a way for

writing the governing equation of the hitting-time of a subordinator

with a general Laplace exponent. This is done by means of integro-

di↵erential operators in the form of a fractional derivative having a dif-

ferent kernel of convolution. Extensions to the distributed order case

are also considered. In particular a di↵usion equation with a general

non-local time operator is investigated and the related (sub)di↵usion

examined by means of delayed Brownian motion.

References

[1] B. Toaldo. Convolution-type derivatives, hitting-times of subordinators
and time-changed C0-semigroups. Potential Analysis, in press.

[2] B. Toaldo. Lévy mixing related to distributed order calculus, subordina-
tors and slow di↵usions. Submitted, arXiv:1406.4669.
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Controlled Continuous Time Random Walks

and their position dependent extensions

Maria Veretennikova

Department of Statistics, University of Warwick

Abstract

In this talk I will present you our new results concerning controlled con-

tinuous time random walks and their scaling limits. We will discuss the

rigorous convergence proof of associated payo↵ functions, related analysis

and a verification theorem.
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A journey from kinetic transport models to

fractional-di↵usion-advection equations

P. Aceves-Sánchez & C. Schmeiser

In recent years the concept of superdi↵usion has been found to be a useful
tool to describe many phenomenon appearing in nature. In particular, it has
been recently discovered that the bacteria E. coli may exhibit a superdi↵usive
behavior under certain circumstances. E. coli is a microorganism that swims
towards regions of higher chemoatractants, and away from unfavorable environ-
ments. This type of behavior is known as chemotaxis. The movement of E. coli
is characterized by a series of run-and-tumble events, which can be modeled via
a velocity-jump process. Hence, a possible way to describe it is through kinetic
transport equations.

Due to the fact that E. coli was found to have a superdi↵usive behavior,
the Keller-Segel model, which is commonly used to describe the movement of
E. coli, fails in describing the behavior of it under this setting. In this talk we
shall introduce some kinetic models with a given chemoatractant concentration,
and perform the rigorous passage to the macroscopic limit, obtaining fractional-
di↵usion-advection equations. The coe�cients of the latter equations depend
on the microscopic quantities governing the movement of the agents.
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Stochastic models for space-time fractional di↵usion

Paolo Paradisi

ISTI-CNR Pisa, Italy

BCAM, Basque Country - Spain

Abstract

A self-similar stochastic process with stationary increment is derived for

studying anomalous di↵usion. The adopted approach follows the idea orig-

inally proposed to obtain the so-called generalised grey Brownian motion

[1, 2]. In particular, the stochastic particle trajectory is stated to be driven

by the fractional Brownian motion but, for any realisation, it is multiplied

by an independent random variable that is constant in space and time. It

is shown that for an apportune distribution of the moltiplicative random

variable, the one-point one-time probability density function for particle

displacement is equal to the solution of the spatially symmetric space-time

fractional di↵usion equation [3] for some particular interval of the involved

parameters. The stochastic process is based on the fractional Brownian mo-

tion, so this class of stochastic processes is self-similar with stationary incre-

ments in nature and uniquely defined by the mean and the auto-covariance

structure analogously to the Gaussian processes. Special cases are the time-

fractional di↵usion, the space-fractional di↵usion and the classical Gaussian

di↵usion. The research aims to provide a stochastic modelling approach to

describes anomalous di↵usion observed for example in plasma turbulence [4,

5].

[1] Mura A. and Pagnini G., Characterizations and simulations of a class

of stochastic processes to model anomalous di↵usion. J. Phys. A: Math.

Theor. 41, 285003 (2008)

[2] Pagnini G., Erdélyi–Kober fractional di↵usion. Fract. Calc. Appl. Anal.

15, 117–127 (2012)

[3] Mainardi F., Luchko Yu. and Pagnini G., The fundamental solution of

the space-time fractional di↵usion equation. Fract. Calc. Appl. Anal. 4,

153–192 (2001)

[4] del Castillo-Negrete D., Fractional di↵usion in plasma turbulence. Phys.

Plasmas 11, 3854–3864 (2004)

[5] del Castillo-Negrete D., Carreras B.A. and Lynch V.E., Nondi↵usive

transport in plasma turbulence: A fractional di↵usion approach. Phys. Rev.

Lett. 94, 065003 (2005)
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Fractional Calculus application

on mechanical engineering problems

Joseba Mendiguren Olaeta
Mondragon University, Spain

Abstract

This work presents an extension of the classical elastic law. The main ob-
jective of this new law is to represent linear and non-linear behaviour for
computational metal forming purposes. The extension of the model is built
by means of a stress-strain relationship given by an integral equation, its
kernel characterizing the mentioned complex behaviour. A specific applica-
tion is presented for a TRIP 700 steel. Using experimental data obtained
from elastoplasticity tests, the kernel of the model is formulated by means
of a specific computational curve fitting procedure. The excellent agreement
between experimental data and fitted model results validates the proposed
model.

Furthermore, a V-bending test is simulated, springback being represented by
means of three di↵erent models: elastic, linear elastic with variable elastic
modulus and extended elastic models. From the results di↵erences between
extended elastic law and the classical one are around 50%.
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Lévy processes with uniformly dominated sequences of jumps

Kamil Kaleta

University of Warsaw, Poland

Abstract

I will consider convolution semigroups corresponding to jump Levy pro-

cesses such that every double long jump of the process can be reduced to

the single jump. Examples to this class are isotropic and relativistic stable

processes. I will present recent results on the decay of eigenfunctions at in-

finity and the intrinsic ultracontractivity-type properties for the semigroups

of such processes perturbed by Schroedinger potentials (related to non-local

Schroedinger operators). The small time behaviour of the transition den-

sities (heat kernels) for non-perturbed processes will be discussed as well.

The talk is based on a joint work with J. Lorinczi and P. Sztonyk.
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NON-MARKOVIAN INTERACTING PARTICLE SYSTEMS

MA. ELENA HERNÁNDEZ-HERNÁNDEZ
SUPERVISOR: PROFESSOR VASSILI KOLOKOLTSOV

Abstract. Non-Markovian Interacting Particle Systems are introduced in a heavy-tail frame-
work by means of a semi-Markov approach. The main interest lies in considering that waiting
times at each state are given by distributions with infinite mean. Our results about the con-
vergence of an associated sequence of scaled semi-Markov walks is presented. Moreover, the
fractional (in time) evolution equation is given for certain functionals associated with the lim-
iting process.

Department of Statistics, University of Warwick

E-mail address: M.E.Hernandez-Hernandez@warwick.ac.uk

Date: October 16, 2014.
Key words and phrases. ↵−stable distribution, domain of attraction, mean-field particle system, semi-Markov

process, Markov renewal process, Caputo derivative.
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INTERNAL CONTROL FOR

NON-LOCAL SCHRÖDINGER AND

WAVE EQUATIONS INVOLVING

THE FRACTIONAL LAPLACE

OPERATOR∗

Umberto Biccari

BCAM - Basque Center for Applied Mathematics
ubiccari@bcamath.org

Abstract

In this talk we analyse the interior controllability problem for a non-
local Schrödinger equation involving the fractional Laplace operator (−∆)s,
s ∈ (0, 1), on a bounded C1,1 domain Ω ⊂ R

n. The controllability from a
neighbourhood of the boundary of the domain is obtained for exponents s
in the interval [1/2, 1), while for s < 1/2 the equation is shown to be not
controllable. As a consequence of that, we obtain the controllability for
a non-local wave equation involving the higher order fractional Laplace
operator (−∆)2s = (−∆)s(−∆)s, s ∈ [1/2, 1). The results follow from
a new Pohozaev-type identity for the fractional laplacian recently proved
by X. Ros-Oton and J. Serra and from an explicit computation of the
spectrum of the operator in the one dimensional case.

∗Partially supported by the Advanced Grants NUMERIWAVES/FP7-246775 of the Euro-
pean Research Council Executive Agency, FA9550-14-1-0214 of the EOARD-AFOSR, PI2010-
04 and the BERC 2014-2017 program of the Basque Government, the MTM2011-29306-C02-00
and SEV-2013-0323 Grants of the MINECO and Enrique Zuazua’s Chair in Control, PDEs,
Numerics and Applications in CIMI (Centre International de Mathématiques et Informatique)
of Toulouse, France
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Meeting on ”Fractional Calculus, Probability and Non-Linear Operators”
Thursday 13th and Friday 14th, November 2014

Nonlinear di↵usion with fractional Laplacian operator

Juan Luis Vazquez
Autonomous University of Madrid, Spain

Abstract

Much recent research is taking place in the area of elliptic and parabolic
equations, aimed at understanding the e↵ect of replacing the Laplace op-
erator, and its usual variants, by a fractional Laplacian operator or other
similar nonlocal operators, which represent long distance interactions. Lin-
ear and nonlinear models are involved. The lecture will describe some of
the progress made by the author and collaborators on the topic of nonlinear
and fractional heat equations, studying the interaction between nonlinear
di↵usion and long-range e↵ects.

References

L. A. Ca↵arelli, J. L. Vazquez. ”Nonlinear porous medium flow with frac-
tional potential pressure”. Arch. Rat. Mech. Anal., 202 (2011), 537-565.
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