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 location

BCAM:
Address: Alameda Mazarredo 14, Bilbao.
Lecture room: α1

GPS coordinates:
Latitude: 43.267128
Longitude: -2.930281



 

 

 

program

Monday,
July 10

Tuesday,
July 11

Wednesday,
July 12

Thursday,
July 13

Friday, July
14

10:00 - 10:50 Thangavelu Mourgoglou Fanelli Pick Pick

11:00 - 11:50 Thangavelu Mourgoglou Fanelli Pick Fanelli

11:50 - 12:20 Coffee break Coffee break Coffee break Coffee break Coffee break

12:20 - 12:45 Leslie Singh Mourgoglou Thangavelu Negro

12:50 - 13:15 Roure Debernardi Mourgoglou Thangavelu -

13:15 - 15:30 Lunch break Lunch break Lunch break Lunch break -

15:30 - 16:20 Mourgoglou Thangavelu Pick Fanelli -

16:30 - 17:20 Mourgoglou Thangavelu Pick Fanelli -

17:20 - 17:50 Coffee break Coffee break Coffee break - -

17:50 - 18:15 Ol′hava Lamouchi Brocchi - -

18:20 - 18:45 Elong Sánchez
Galán Cossetti - -



 

 

 mini courses

Luca Fanelli
Sapienza Università di Roma

Hardy inequalities and spectral properties of Schrödinger operators.

This is an introduction to the Hardy inequality, as one of the most important mathemat-
ical evidences of the Uncertainty Principle in Quantum Mechanics. We will introduce a
quite general point of view to understand this type of inequalities. We will then point our
attention to 0-order perturbations of the free Hamiltonian, possibly complex-valued, and
prove some results concerning the spectrum of those operators. We will finally con-
sider covariant first-order perturbations (magnetic potentials) of the free Hamiltonian
and produce examples of potentials which improve, in a suitable sense, the inequality,
in connection with the diamagnetic effect.

Mihalis Mourgoglou
University of the Basque Country & IKERBASQUE

Harmonic measure, Riesz transform, and rectifiability.

In this course, our main focus will be on the interplay between Harmonic Analysis,
Elliptic PDE and Geometric Measure Theory to prove results that connect the regular-
ity of PDE objects (e.g. harmonic measure defined in an open set Ω ⊂ Rn+1) with the
regularity of the boundary of Ω. We will first introduce some basic notions and tools
from elliptic PDE (e.g. harmonic functions, Green function, harmonic measure and re-
lated estimates) as well as from non-homogeneous harmonic analysis (big pieces Tb
theorem of Nazarov-Treil-Volberg) and Geometric Measure Theory (e.g. rectifiability,
tangent measures and Jones beta functions). We will also discuss the connection of
L2(µ)-boundedness of Riesz transform for some Radon measure with rectifiability via
the celebrated theorem of Nazarov-Tolsa-Volberg and finally prove how mutual abso-
lute continuity of harmonic measure with respect to n-dimensional Hausdorff measure
Hn on a set E ⊂ ∂Ω of finite Hn-measure implies that E is rectifiable. If time permits,
we will also discuss the analogous two-phase result. That is, if Ω ⊂ Rn+1 is open
and Ωext = Rn+1 \ Ω stands for the exterior domain, then mutual absolute continuity
of interior and exterior harmonic measure on a set E ⊂ ∂Ω ∩ ∂Ωext implies that E is
rectifiable.



 

 

 Luboš Pick
Charles University in Prague

Optimal function spaces in Euclidean and Gaussian Sobolev embeddings.

In connection with the study of quantum fields and hypercontractivity semigroups,
extensions of the classical Sobolev inequality in Rn to the setting when the underlying
measure space is infinite-dimensional have been investigated. The main motivation
for this research is that, in certain circumstances, the study of quantum fields can be
reduced to operator or semigroup estimates which are in turn equivalent to inequalities
of Sobolev type in infinitely many variables.

The classical Sobolev inequality implies that if u is a weakly differentiable function
in Rn, decaying to 0 at infinity, and |∇u|p is integrable on Rn for some p ∈ [1, n), then
|u| raised to the larger power np

n−p is integrable. When p > n (and the support of u has
finite measure), u is in fact essentially bounded. Note, in particular, that the gain in the
integrability depends on the dimension n.

In attempting to generalize these results to the case where the underlying space is
infinite-dimensional, one immediately meets two problems. First, np

n−p → p+ as n→∞,
so the gain in integrability is apparently being lost. Second, and more serious, the
Lebesgue measure on an infinite-dimensional space is meaningless.

These problems were overcome in the fundamental paper by L. Gross in 1975, in
which the Lebesgue measure was replaced by the Gauss measure γn, defined on Rn

by

dγn(x) = (2π)−n
2 e−

|x|2
2 dx.

In the lectures delivered at the Third Summer School, we shall present a detailed de-
velopment of a powerful theory that will enable us to reduce complicated problems in-
volving Sobolev inequalities and arbitrary rearrangement-invariant norms with respect
to both the Lebesgue and the Gauss measure in Rn, is equivalent to a one-dimensional
inequality, for a suitable Hardy-type operator, involving the same norms with respect to
the standard Lebesgue measure on an interval. This result will be exploited to provide a
general characterization of optimal range and domain partner norms in Euclidean and
Gaussian Sobolev inequalities. Applications to special instances will yield optimal Eu-
clidean and Gaussian Sobolev inequalities in Orlicz and Lorentz(-Zygmund) spaces.
We shall moreover point out new phenomena, such as the existence of self-optimal
spaces, and provide further insight into classical results. Particular emphasis will be
given on higher-order embeddings that bring surprising new difficulties. Applications to
product probability measures will be considered.



 

 

 Sundaram Thangavelu
Indian Institute of Science

Hardy type inequalities for fractional powers of Laplacians and sublaplacians.

In these lectures we try to prove Hardy type inequalities for fractional powers of Lapla-
cians on Rn and sublaplacians on the Heisenberg groups Hn. We consider two kinds
of inequalities: one with homogenous and another with non-homogeneous weights.
We also describe two methods of proving such inequalities: one via ground state rep-
resentations and another using trace Hardy inequalities. For the latter approach we
need to find solutions of an extension problem associated to Laplacians/sublaplacians.
We write down these solutions explicitly and using them to prove the inequalities. For
the case of Laplacians we obtain Hardy inequalities with sharp constants. However,
for the sublaplacians, we prove the sharpness only for the non-homogeneous Hardy
inequality. We only assume some basic results from Fourier analysis. The lectures will
be self contained otherwise.



 

 

 contributed talks

Gianmarco Brocchi
University of Bonn

Modulation spaces and Brownian motion.

A central question in applied mathematics and theoretical physics is how initial data
are propagated by non-linear PDEs. One important approach consists in constructing,
when possible, an invariant measure for the flow. On the torus T, such a measure can
be regarded as a weighted Wiener measure, which is supported on function spaces
with low regularity. Therefore, in constructing a flow on the support of this measure,
we have to go beyond the usual Sobolev spaces, and cross over in different function
spaces. In this talk we will introduce Modulation spaces Mp,q

s from Time-frequency
analysis. Then, making use of random Fourier series, we will show that the periodic
Brownian motion belongs to the modulation spaces on the torus Mp,q

s (T ) almost surely,
for (1 − s)q > 1. With the Wiener measure µ, the spaces (Mp,q

s (T ), µ) are abstract
Wiener spaces for the same range of indices, yielding large deviation estimates.

Lucrezia Cossetti
Sapienza Università di Roma

Spectral Stability of Lamé Operators with Subordinated Complex Potentials.

It is well known that the spectrum of the Lamé operator of elasticity −∆∗ is purely
continuous and coincides with the non negative semi-axes. The main purpose of the
talk is to show that, at least in part, this spectral property is preserved in the perturbed
setting. Precisely, developing a suitable multipliers technique, we will prove the ab-
sence of point spectrum for operators of the form −∆∗+V (x), assuming the potentials
to satisfy a variational inequality with suitable small constant. We stress that our result
also covers complex-valued perturbation terms.



 

 

 Alberto Debernardi
Centre de Recerca Matemtica

Weighted norm inequalities for integral transforms with kernels bounded by power
functions.

For 1 < p ≤ q < ∞ and β, γ ∈ R, we study necessary and sufficient conditions for
the weighted norm inequality

‖y−βFf‖Lq(R+) ≤ C‖xγf‖Lp(R+) (1)

to hold with absolute C, where

Ff(y) = yc
ˆ ∞

0
xbf(x)K(x, y) dx, b, c ∈ R,

and K is a continuous kernel satisfying the estimate

|K(x, y)| . min
{

(xy)b1 , (xy)b2
}
, (2)

with b1, b2 ∈ R (a priori). Examples of F are the Fourier, cosine and sine transforms,
the classical Hankel transform, and the Hα transform, defined as

Hαf(y) =
ˆ ∞

0
(xy)1/2f(x)Hα(xy) dx, α > −1/2,

where Hα is the Struve function of order α. Despite our approach is simple as it only
consists on applying Hardy’s inequality together with estimate (2), we readily find one
limitation; we have to assume b1 > b2 in (2), thus the Fourier and cosine transforms
are already out of our scope. Also, for the other mentioned transforms, the sufficient
conditions we can derive for (1) are not optimal (see [1], [4]–[6]), although they are
sharp for transforms with kernels satisfying K(x, y) � min

{
(xy)b1 , (xy)b2

}
.

Nevertheless, we have applications of our main result. In the first place, we consider
kernels of the type

K(x, y) =
∞∑
k=0

ak(xy)mk+d, {ak} ⊂ C, m ∈ N, d ≥ 0,

and obtain more relaxed sufficient conditions for (1) to hold provided that enough mo-
ments of f vanish, along the lines of [7]. Secondly, we apply our approach restricting
f to satisfy general monotonicity assumptions. In this case we also get less restrictive
sufficient conditions for (1) to hold, and those are sharp when F is one of the afore-
mentioned transforms (cf. [2, 3] for the Hankel and Fourier transforms).
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Ouissam Elong
Oran’s University and Nantes University

Semiclassical Lp estimates and applications.

Let u(h) a family of localized functions, h is the Planck constant, and let P be a semi-
classical pseudodifferential operator with symbol p. We show in this talk sufficient con-
ditions on p such that if Pu(h) = OL2(h) and ‖u(h)‖Lq = 1 then ‖u(h)‖Lp = O(h−µ(q)),
µ(q) ∈ R. We recall first some important results on semiclassical pseudodifferential
calculus and Strichartz estimates.

As application, we give a result about the density of eigenvalues near an energy
level for a semiclassical elliptic selfadjoint pseudodifferential operator, as the Schrödinger
operator −h2∆ + V (x), with V is a real smooth potential.



 

 

 Trevor Leslie
University of Illinois at Chicago

The Energy Balance Relation for Weak Solutions of the Density-Dependent
Navier-Stokes Equations.

We consider the incompressible inhomogeneous Navier-Stokes equations with con-
stant viscosity coefficient and density which is bounded and bounded away from zero.
We argue that the energy balance relation for this system holds for weak solutions
if the velocity, density, and pressure belong to a range Besov spaces of smoothness
1/3. Our approach mimics earlier work by Cheskidov, Constantin, Friedlander, and
Shvydkoy (CCFS), in which they prove that solutions u of the (constant-density) classi-
cal Euler equations belonging to the class L3B

1/3
3,c0 must conserve energy. Their result

represents the end of a long line of research regarding the positive direction of the
celebrated Onsager conjecture of 1949.

In this talk, we will give a brief overview of the Onsager conjecture for the classi-
cal Euler equations and prove the result of CCFS, using a setup that is conducive to
generalizing to the density-dependent case. Since the main idea of the proof is very
similar to the density-dependent case, we will remain in the simpler constant-density
regime as long as possible. However, removing the constant density assumption does
create several novel issues which we are able to treat and resolve. Therefore we will
also examine the main steps necessary for the generalization to the density-dependent
case, treating in more detail those steps which are substantially different from those of
CCFS.

Haithem Lamouchi
University of Tunis Al Manar

Shapiro’s theorems for the short time Fourier transform.

We prove a sharp quantitative form of Shapiro’s mean dispersion theorem withe
generalized dispersion for the short time Fourier transform, by using some estimation
of orthogonal projection in a reproducing kernel Hilbert space. We establish also a
form of localization of orthonormal sequences in L2(Rd) notably the umbrella theorem
for the short time Fourier transform.



 

 

 Giuseppe Negro
ICMAT & Université Paris 13

Stability for some sharp Strichartz inequalities for the wave equation.

Solutions to the linear wave equation satisfy a kind of dispersive estimates, known
as Strichartz inequalities. For some of those inequalities, the best constants are known
and the equality case is completely characterized. It is the case of the sharp Strichartz
inequalities found by Foschi (spatial dimension 3) and by Bez & Rogers (spatial dimen-
sion 5).

We show that these inequalities are stable. This means that they can be sharp-
ened with an extra term that is zero at the extremizers. To do so we use a method
based on the conformal compactification of Minkowski spacetime given by the Penrose
transform. As an application, we compute a Taylor expansion of the maximal Strichartz
norm for the energy-critical NLW in dimension 5, as the energy of the initial data tends
to 0, in the vein of Duyckaerts-Merle-Roudenkos work on the mass-critical NLS.

This is a work in progress (PhD thesis directed by Thomas Duyckaerts and Keith
Rogers).

Rastislav Ol′hava
Charles University in Prague

One-sided Ap weights & applications in ergodic theory.

It would be a short survey (history, motivation and properties) of one-sided Ap
weights, their correlation with the boundedness of one-sided maximal functions and
their most recent applications. I would also like to point out the differences with classi-
cal (two-sided) Ap-weight theory.



 

 

 Eduard Roure
Universitat de Barcelona.

Hölders inequality for Lorentz spaces and the product of Hardy-Littlewood maximal
operators .

We review classical results concerning the bounds of the Hardy-Littlewood maxi-
mal operator on weighted Lorentz spaces and discuss the analogous bounds for the
pointwise product of such operators. A new Hlder-type inequality for Lorentz spaces is
used.

Raúl Sánchez Galán
University College London.

Deformation theory for Monopoles.

In 1931 P.M. Dirac introduced the physical concept of a magnetic monopole, show-
ing that its existence would automatically imply the quantisation of the electric charge.
Since then and specially after the work of Jaffe, Taubes (1980) and Hitchin (1982) they
gained interest in the mathematical community. After introducing the equations defin-
ing the monopoles I will explain why they are considered topological solitons. I will
define the moduli space of solutions and how one can compute its dimension (when
non-empty and connected) via a deformation complex, for this I will introduce an elliptic
chain complex and the Sobolev spaces needed to have a Fredholm extension.

Gurpreet Singh
School of Mathematics and Statistics, University College, Dublin

Nonlocal Perturbations of Fractional Choquard Equation.

We study the Fractional Choquard equation involving nonlocal terms. First, the exis-
tence of a groundstate solutions using minimization method on the associated Nehari
manifold is obtained. Next, the existence of least energy sign-changing solutions is
investigated by considering the Nehari nodal set.
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 Raúl Sánchez Galán, University College London.

Zheng Shenzhou, Beijing Jiaotong University.

Beatrice Signorello, TU.

Gurpreet Singh, School of Mathematics and Statistics.

Diana Stan, BCAM.

Ferede Asena Tilahun, Hawassa University.

Sundaram Thangavelu, Indian Institute of Science.

Michael Tseng, École Polytechnique Fédérale de Lausanne.

Can Zhang, UPV/EHU.


