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Overview 

 

ÅIntroduction and the fractional Laplacian 

ÅOur interest and motivation for this work 

ÅOur approach and main result 

ÅSome numerical simulations 

ÅPlan of future work 



Fractional in time vs fractional in space 

Standard diffusion equation 

‬όὼȟὸ Ўόὼȟὸ         ὼɴ ᴙ          ὸ π 

Fractional diffusion equation 
$zόὼȟὸ ɝ όὼȟὸ         π ‍ ρ        π ί ρ 

Caputo fractional derivative 
(in time) 

Fractional Laplacian  
(in space) 

Gaussian probability density function 

Lévy stable densities of index ςί 
 Olong range interactions 

fat tails and algebraic decay θȿὼȿ  

Non-Markovian processes  
 Omemory effects 



The fractional Laplacian in ᴙ  
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where  ὩЎό ὼḧύὼȟὸ 
is the solution to the heat equation  

‬ύ Ўύ π

 ύὼȟπ όὼ
 

ὼɴ ᴙ ȟὸ π 

As a Fourier multiplier: 

As the principal value of a singular integral: 

Defined via the heat semi-group: 



Let ɱṒᴙ  be a bounded domain 
How to restrict/redefine the operator in a meaningful way? 

What happens at the boundary  ‬ɱ ? 

The homogeneous Dirichlet case and the PV singular integral 

What about other boundary conditions? 

Extend the condition  to 
the entire complement 

ɱ 

ό π on ‬ɱ 
 

ɱ 

ό π on ᴙ ɱʌ 
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The spectral approach 
Let ‗ȟ•  for Ὦ ρȟςȟȣȟ be the eigenpairs of the classical Laplacian on  ɱ  coupled 

to homogeneous Dirichlet BC: 

 
ɝ• ὼ ‗ • ὼ ὼᶅɴ ɱ 

• ὼ π ὼᶅɴ ‬ɱ 

If  ό satisfies homogeneous  
Dirichlet BC, then όὼ ό  • ὼ  ό όὼ • ὼ Ὠὼ with 

Hence,  ɝό ‗  ό  •  and ɝ ό ‗  ό  •  

Ok, if eigenpairs are known. What about general domains and general BC?  



A challenging mathematical problem 

In particular, we are interested in: 
 
 
Å Providing a meaningful interpretation of boundary conditions for 

fractional powers of the Laplacian defined on bounded domains  
 

 
 

Å Providing an effective method to compute numerically the value of the 
considered nonlocal operator on ό 

hǳǊ ƛƴǘŜǊŜǎǘ ƛǎ ƴƻǘ ǇǳǊŜƭȅ ǘƘŜƻǊŜǘƛŎŀƭΦ Lƴ ŦŀŎǘΧ 

ɝ  ό  

Given a function  όȡɱṒᴙ ᴙ and ίɴ πȟρ, what is the meaning of 
 
  
when ɱ is a bounded domain? 



Space-fractional models to capture 
structural heterogeneity 

- Highly heterogeneous tissue 
 
- Lack of clear separation of scales 
 
- Presence of connectivity pathways 

A. Bueno-Orovio Ŝǘ ŀƭΦΣ άCǊŀŎǘƛƻƴŀƭ ŘƛŦŦǳǎƛƻƴ ƳƻŘŜƭǎ ƻŦ ŎŀǊŘƛŀŎ ŜƭŜŎǘǊƛŎŀƭ ǇǊƻǇŀƎŀǘƛƻƴΥ ǊƻƭŜ ƻŦ 
structural heterogeneity in dispersion of repoalarizationέΣ WƻǳǊƴŀƭ ƻŦ ǘƘŜ wƻȅŀƭ {ƻŎƛŜǘȅ LƴǘŜǊŦŀŎŜ 
2014, 11 (97), 20140352. 

Space-fractional modification of the monodomain model: 

… ὅ
‬ὺ

‬ὸ
Ὅ ὺȟ◊ Ὀ ɝ ὺ Ὅ  

Ὠ◊

Ὠὸ
█ὺȟ◊ 

π ί ρ 

Promising results in 1D.                          We want to see more! 



The final goal 
(and how to get there) 

 

 

We are interested in solving differential equations of the type 
 

‬ό ɝ ό Ὣ 
 
on a given bounded domain ɱṒᴙ  and for ὸ π. 
 
In order to do that we first need to be able to solve the stationary problem 
 

ɝ ό Ὣ 
 
in bounded settings. 
 
However, for general bounded domains, it is still unclear what the meaning of  
 

ɝ ό 
 
 is and how to effectively and efficiently compute it numerically.  
 



Our approach 

ό Ўύό ὼ
ρ
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ὩЎ ό ὼ όὼ  
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where  ὩЎ ό ὼḧύὼȟὸ is the solution to the heat equation 

‬ύ Ўύ π

 ύὼȟπ όὼ

ὄύ π

 

ὼɴ ɱȟὸ π 

ὼɴ ‬ɱȟὸ π 

Initial condition 
BC 

We define a family of boundary dependent operators via the heat semi-group 
definition: 

ὄύ ύ 
 

ὄύ
‬ύ

‬ὲ
 

 

             ὄύ
‬ύ

‬ὲ
‖ ύ 

Boundary operator 

Dirichlet: 

Neumann: 

Robin: 



Numerical approximation 

Quadrature formula for the computation of the integral 
 
Å Truncation of the singular part and the tail of the integral 
 
Å Mid-point quadrature rule with respect to the measure ‘ὼ

Ὠὸ

ὸ
 

We can view  ɝ ό  as 
ɝ όὼ ɡ ύὼȟẗ 

 
where ύὼȟὸ is the solution to the heat equation on  ɱ  and, given  ‪ȡᴙ ᴙ, 
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Our numerical method: quadrature + finite elements approximation 
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Finite Elements method for the solution of the heat equation 

‬ύ Ўύ π

 ύὼȟπ όὼ

ὄύ π

 

Heat equation 
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Variational formulation 

 
Å Domain discretisation via a family of 

triangulations  כ  Ὤ π 
 

Å Solution as linear combination of suitable 
spatial basis functions  (piece-wise polynomials 
of degree Ὧ on each element) 
 

 
 
Å Temporal discretisation with uniform time step 
Ўὸ π and solution of the discretised system 
with an appropriate —-method 

       

ὓ
Ὠ

Ὠὸ
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Semi-discrete approximation 

Fully discrete approximation 

ὓ — ɝὸὃ ╦ ὓ — ρὃ╦    

╦ Ὗ
 

ύ ὼȟὸ ὡ ὸ ‰ ὼ 

 

ύ ὼȟὸ ὡ  ‰ ὼ 

 



Our main result 
(assumptions) 

Let ίɴ πȟρȟ—ᶰπȟρȟὬ π and  όȡɱ ᴙ. 
 

Let ύ ὼȟὸ denote the fully discrete FE approximation of ύὼȟὸ of degree Ὧᶰᴓ .  

 
We assume to have: 
Å a good domain  

 the domain is bounded and has a smooth boundary, 
 

Å a good function ◊ satisfying the BC 

όᶰὅ ɱ ᷊Ὄ ɱ  
 
Å a good boundary operator 

e.g., if ὄ is the Robin operator, then ‖ὼ π for all ὼɴ ‬ɱ 
 

Å a good triangulation  
 .is a quasi-uniform family of triangulations כ

 

Let ɝὸ π such that    ɝὸ Ὤ    and ὔ integer such that    ὔ ͯЎὸ Ⱦ. 
 



Our main result 

Then, there exists a positive constant ὅ independent from Ὤ such that 

  

ɝ ό  ɡ ύ ὅ Ὤ  

 

where 

ɡ ύ ὼȟẗ ύ ὼȟὸ ύ ὼȟπ ‍ 

 

Some notes: 

-      ύ ὼȟπ is the FE approximation of the initial function όὼ 

- Order of convergence                          Ὤ  

- ὔ can be chosen much smaller than Ўὸ Ⱦ! 

 



Numerical simulations in 1D 



Dirichlet Fractional Laplacian,  όὼ ÓÉÎ, ɱ πȟς“ 



Neumann Fractional Laplacian,  όὼ ÃÏÓ, ɱ πȟς“ 



Robin Fractional Laplacian,  όὼ ὧÓÉÎ
 
ÃÏÓ , ɱ πȟς“ 



Comparing operators on a trigonometric function 
όὼ ρ ÃÏÓὼ,  ɱ πȟς“ 



And on a function with compact support 

όὼ Ὡ Ⱦ  
π

  
ὼ ὶ

ὶ ὼ ρ
    ɱ ρȟρȟὶ πȢψ 



Some simulations in 2D 





Dirichlet case (s=0.25),  όὼȟώ ÓÉÎ ÓÉÎ, ɱ πȟς“  



Neumann case (s=0.25),  όὼȟώ ÃÏÓ ÃÏÓ, ɱ πȟς“  


