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Overview

A Introduction and the fractional Laplacian
A Our interest and motivation for this work
A Our approach and main result

A Some numerical simulations

A Plan of future work



Fractional in time vs fractional in space

Standard diffusion equation
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Gaussian probability density function

Fractional diffusion equation
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Non-Markovian processes Lévy stable densities of indexi
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fat tails and algebraic dec8y s



The fractional Laplacian m

As a Fourier multiplier:
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As the principal value of a singular integral:

s w3 e 0w ow
O 300(w opl EI — Qw
° g SO
Defined via the heat sergroup:

y Q0

6 306(@ —— Q76 0h ——

3 | (@)
where QY[0](¢) h 0 (¢fv) O YO m QN 5

~7

is the solution to the heat equation V() O W

3



LetmO a be a bounded domain

How to restrict/redefine the operator in a meaningful way?
What happens at the boundarym?

The homogeneou®irichletcase and the PV singular integral
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What about other boundary conditions?



The spectral approach

Let _h for’Q pleh8 hbe theeigenpairsof the classical Laplacian an coupled
to homogeneouDirichletBC:
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Ok, ifeigenpairsare known. What about general domains and general BC?



A challenging mathematical problem

Given a functionogm O = a4 andi M (dp), what is the meaning of
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whenmjisa bounded domaifi

In particular, we are interested in:

A Providing a meaningful interpretation of boundary conditions for
fractional powers of the Laplacian defined on bounded domains

A Providing an effective method to compute numerically the value of the
considered nonlocal operator an
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Spacefractional models to capture
structural heterogeneity
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- Highlyheterogeneous tissue
- Lackof clear separation of scales

- Presenceof connectivity pathways
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2014, 11 (97), 20140352.

Spacefractional modification of thenonodomainmodel:
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Promising results in 1D.: » We want to see more!




The final goal

(and how to get there)
We are interested in solving differential equations of the type
o (306 Q

on a given bounded domamO s and ford Tt
In order to do that we first need to be able to solve the stationary problem
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in bounded settings.
However, for general bounded domains, it is still unclear what the meaning of
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Is and how to effectively and efficiently compute it numerically.



Our approach

We define a family of boundary dependent operators via the heat sgoup
definition:
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where QY [6](¢) h 0 () is the solution to the heat equation
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Numerical approximation

We can view( 3 ) 0 as
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where0 oD is the solution to the heat equation o) and, given[ dg q,
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Our numerical method: quadrature + finite elements approximation
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Quadrature formula for the computation of the integral
A Truncation of the singular part and the tail of the integral

A Mid-point quadrature rule with respect to the measure (¢) ——
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Finite Elements method for the solution of the heajuation

Heat equation Variational formulation
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Semidiscrete approximation
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A Solution as linear combination of suitabl
spatial basis functions (piesdse polynomials U5 0 OfF 0 T
of degree Qon each element) x
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A Temporal discretisation with uniform time step
Y0 mand solution of the discretised system Fully discrete approximation
with an appropriate—method

0 —30 6f( ) O (— P)0)Tr

0 (&) W %o O



Our main result
(assumptions)

Leti ¥ (rip)h— [mdp]AQ mand 6gn 4.
Letv (chd ) denote the fully discrete FE approximationtofcio) of degree s .

We assume to have;:

A agood domain
the domain is bounded and has a smooth boundary,

A a good function¢ satisfying the BC
ONO m. O m

A a good boundary operator
e.g., if0 is the Robin operator, theth(cy  tfor allN T m

A a good triangulation
D is a quasuniform family of triangulations.

Let30 Tisuchthat|{30 "Q |and{0 integer suchthat O x Yo 7.




Our main result

Then, there exists a positive constanindependent fromQsuch that
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where
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Some notes:

- 0 (adm) is the FE approximation of the initial functionco
- Order of convergence ——— "Q

- 0 can be chosen much smaller thin 7!



Numerical simulations in 1D
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Robin Fractional Laplaciard (¢) 5)((') B
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Comparing operators on a trlgonometrlc function
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And on a function with compact support
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Some simulations in 2D
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Dirichlet test

Robin test
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Dirichlet case (s=0.250(chv) -OEIOEIm (mft 9
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Neumann case (s=0.25% ()
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