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COURSES
Pedro CARO
BCAM & Ikerbasque, Bilbao
The inverse Calderón problem.
In this course we will consider the inverse Calderón problem, which aims at reconstructing the conductivity in a medium from knowledge of arbitrary many electric
voltages and currents on the boundary of the medium. This inverse boundary value
problem has been extensively studied since Alberto Calderón posed in the 80s. In dimension n = 2, the problem is very well understood. The situation is rather different for
dimensions n ≥ 3, where many interesting questions still need answers. Most of the
progress made to reconstruct the conductivity from these boundary data, base on the
existence and construction of a family of exponential growing solutions, usually called
complex geometrical optics. During the lectures, we will focus on the existence and
construction of these solutions for dimension n ≥ 3, and we will show how to use them
to partially solve the inverse problem. To this end, we will use Fourier analysis and
Carleman estimates.

Komla DOMELEVO & Stefanie PETERMICHL
Paul Sabatier University - Toulouse III, France
From change of law to weights to change of law.
We discuss some selected cornerstones of weighted theory, namely the ones whose
proofs have a probabilistic flavour. There will be two parts, Bellman functions and
sparse operators. In Part 1 we begin by an explanation of the Bellman function technique and the weighted estimate of the so-called Haar multiplier (2000 Wittwer, Nazarov
+ Treil + Volberg). We explain the first proof for the optimal estimate of the Hilbert transform (2007 P.) and give if time permits an extension to this argument (2012 Treil). We
move on to a model case of the so-called ellipse lemma (2007 Dragicevic + Treil +
Volberg) and to non-homogenous spaces (2015 Thiele + Treil + Volberg). We then
close the first loop with a weighted result in stochastic analysis using this 15 year history (2016 D.+P.). In Part 2 we discuss the idea of sparse operators in the martingale

setting with discrete time (2015 Lacey). We show at least one of the beautiful extensions to Calderon-Zygmund (and beyond) sparse domination (2015 numerous works
and authors). If time permits we close this loop as well with a recent probabilistic result
(2016 D.+P.). No prior knowledge on either Bellman functions or probability should be
required for understanding a large part of these lectures.

Luz RONCAL
University of La Rioja, Logroño
Harmonic Analysis and Partial Differential Equations around a discrete Laplacian.
The purpose of this course is two-fold. First, we shall develop a Harmonic Analysis
associated with a discrete Laplacian. The novelty is that our approach will be based
on the language of semigroups in the sense of E. M. Stein. This allows us to define
operators (maximal heat and Poisson, square functions, Riesz transforms, negative
and positive powers of the discrete Laplacian) in a natural way and, in general, without
making use of the (discrete) Fourier transform. The techniques involve the scalar and
vector-valued theory of Calderón–Zygmund operators in spaces of homogeneous type,
as well as a careful treatment of Bessel functions.
The second aim is to introduce the study of the existence and properties of solutions
to several equations involving either a discrete Laplacian or the fractional powers of a
discrete Laplacian. We will generalize the setting to a mesh of size h, and we will show
convergence results as h → 0.

David RULE
Linköping University, Sweden
Pseudodifferential Operators: The Fourier transform, orthogonality and cancellation.
We will use pseudodifferential operators as a base from which to explore several
important reoccurring themes in harmonic analysis. These include, for example, the
interplay between a function and it’s Fourier transform, orthogonality properties and
the subtle role of cancellation. An understanding of these themes in turn helps us to
understand the underlying differential equations from where such operators arise.

STUDENT SEMINARS
Joan Carles BASTONS GARCÍA
Universitat de Barcelona, Barcelona.
Lacunary Fourier Series.
Lacunary Fourier Series have some remarkable properties in Harmonic Analysis
and in Probability. The aim of this talk is to provide a motivation for the study of those
series and to examine two fundamental properties. The first one is the Lp -norm equivalence of these functions for 1 ≤ p < ∞. The second property focuses on the conditions which assure convergence of the Fourier series of a bounded function. Although
boundedness does not imply absolute convergence, if the function has lacunary Fourier
series, then the uniform convergence holds. This property is known as the Sidon property.

Juan Carlos CANTERO GUARDEÑO
Universitat Autònoma de Barcelona, Barcelona.
Fluid Mechanics and Euler equation.
On this talk we will study the well known Euler partial differential equation
∂~u
~ u = − 1 ∇P,
~
+ (~u · ∇)~
∂t
ρ
where ~u : Rn × [0, T ) → Rn for n = 2, 3 and 0 < T ≤ ∞, which describes the dynamics
of an inviscid fluid with no gravitational field acting over it.
We will first derive the equation from basic physical laws, and then we will study the
existence and uniqueness of the local-in-time solution, using Picard’s theorem. Finally,
we explain a result from Beale, Kato and Majda, which relates the breakdown of the
solution with the curl of the velocity field (the vorticity), and see how this result allows
us to assure the existence of the solution for any positive time in the case n = 2.

Marı́a Eugenia CEJAS
UNLP-CONICET, Argentina
Weighted a priori estimates for solutions of uniformly elliptic systems.
Let us consider the following problem
Lu = f in Ω,
Bj u = 0 on ∂Ω, 1 ≤ j ≤ m − 1,

(1)

where Ω ⊆ Rn is a bounded domain, L is an uniformly elliptic operator of order 2m
defined for functions u : Ω → Rn in the spirit of [1] and the operators Bj are differential
operators of order less than or equal to 2m − 1.
In this talk we present some results obtained for the problem (1) in weighted Sobolev
spaces.
First of all, we give a simpler proof of the weighted a priori estimate
||u||Ww2m,p (Ω) ≤ C||f ||Lpw (Ω)

(2)

where w is a weight in the well-known Ap class.
In [2] and [3] the authors prove the estimate (2) for L = −∆ and L = (−∆)m , where
Ω is smooth enough. We obtain a different proof generalizing to a bounded domain
the classic arguments used to obtain the continuity of singular integral operators in Lpw .
The advantage of this proof is that it is simpler and it does not require estimates of
derivatives of the Green function involving the distance to the boundary.
The idea to obtain this proof is based on two inequalities. The first one is the
pointwise estimate
1
MΩ# (T f )(x) ≤ C(M |f |s ) s (x),
where s > 1, T f is the operator associated to the derivatives of order 2m of u, MΩ#
is the sharp maximal operator restricted to Ω and M the Hardy-Littlewood maximal
operator. The second inequality is the local Fefferman-Stein inequality
||f ||Lpw (Ω) ≤ C||MΩ# f ||Lpw (Ω) ,
where f is a function with mean value zero in Ω.
Finally, we obtain a necessary condition on the weight for the estimate (2) in the
case of L = (−∆)m . To show this we were motivated by [4] where the authors prove a
necessary condition for boundedness of some singular integrals of convolution type in
Lpw .

[1] Agmon, S.; Douglis, A.; Nirenberg, L., Estimates near the boundary for solutions
of elliptic partial differential equations satisfying general boundary conditions, I.
Comm. Pure Appl. Math 12 (1959), 623–727.
[2] Durán, R.; Sanmartino, M.; Toschi, M., Weighted a priori estimates for the Poisson
equation. Indiana Univ. Math. J. 57 (2008), no. 7, 3463–3478.
[3] Durán, R.; Sanmartino, M.; Toschi, M., Weighted a priori estimates for solution
of (−∆)m u = f with homogeneous Dirichlet conditions. Anal. Theory Appl. 26
(2010), no. 4, 339–349.
[4] Garcı́a-Cuerva, J.; Rubio de Francia, J. L., Weighted norm inequalities and related
topics. North-Holland Mathematics Studies, 116. Notas de Matemtica [Mathematical Notes], 104. North-Holland Publishing Co., Amsterdam, 1985.

Giulio COLOMBO
University of Milan, Italy
Fourier integral operators as approximate solution operators for the strictly hyperbolic
Cauchy problem.
The solution u(x, t) to the Cauchy problem for the constant coefficient wave equation on Rn × R 3 (x, t) can be expressed in terms of the Fourier transforms of suitable
initial data g0 (x) = u(x, 0), g1 (x) = ut (x, 0) by (Fourier) integral operators
ˆ
ˆ
u(x, t) =
K0 (x, t, ξ)ĝ0 (ξ) dξ +
K1 (x, t, ξ)ĝ1 (ξ) dξ
Rn

Rn

whose kernels K0 , K1 solve the wave equation on Rn × R with initial data
K0 (x, 0, ξ) = ∂t K1 (x, 0, ξ) = e2πix·ξ ,
∂t K0 (x, 0, ξ) = K1 (x, 0, ξ) = 0,
for every ξ ∈ Rn \ {0}. In a similar way, Fourier integral operators with appropriate
kernels can be used to obtain exact solutions to Cauchy problems for more general
constant coefficient strictly hyperbolic linear differential operators of order m and to
approximate (modulo smooth functions) solutions to Cauchy problems for variable coefficient strictly hyperbolic operators, at least for small values of t.

Juan Carlos FELIPE NAVARRO
Universitat Politècnica de Catalunya, Barcelona
The fractional Laplace operator: Introduction and 1D problems.
The aim of this lecture is to present the fractional Laplace operator, (−∆)s , one of
the most important nonlocal operators and the most basic nonlinear integro-differential
operator of order 2s. First we are introducing it via a probabilistic approach, the random walk with arbitrarily long jumps, as well as some interesting properties and the
extension problem of Caffarelli and Silvestre. Then we explain some applications of
this operator in different fields as ecology, finances, heat diffusion or fluid dynamics.
Finally we present some important results about equations in one dimension involving
the fractional laplacian: the fractional heat equation, the fractional Poisson nonlinear
equation and the periodic variational problem of Chen and Bona for nonlinear equations, which leads to the existence of periodic solutions.

Anna Rita GIAMMETTA
Pisa University, Italy.
Continuity of wave operators in homogeneous Besov spaces for 1D Schrödinger
operators.
We consider the 1D Laplace operator on the real line with a short range potential
V : R → R, such that
(1 + |x|)γ V (x) ∈ L1 (R), γ > 1.
We study the equivalence of classical homogeneous Besov type spaces Ḃps (R), p ∈
(1, ∞) and the corresponding perturbed homogeneous Besov spaces associated with
the perturbed Hamiltonian H = −∂x2 +V (x). It is shown that the assumptions 1/p < γ−1
and no zero resonance guarantee that the perturbed and unperturbed homogeneous
Besov norms of order s ∈ [0, 1/p) are equivalent. This result implies the continuity of
wave operators in classical homogeneous Besov spaces of order s ∈ [0, 1/p). This talk
is based on a work in collaboration with Prof. Vladimir Georgiev.

Carolina Alejandra MOSQUERA
IMAS-CONICET, Argentina
Invariant spaces nearest to observed data.
Let H be Hilbert space and (Ω, µ) be a σ-finite measure space. Multiplicatively
invariant (MI) spaces are closed subspaces of L2 (Ω, H) that are invariant under pointwise multiplication by functions in a fix subset of L∞ (Ω). Given a finite set of data
F ⊆ L2 (Ω, H), in this talk we prove the existence and construct an MI space M that
best fits F, in the least squares sense. MI spaces are related to shift invariant (SI)
spaces via a fiberization map, which allows us to solve an approximation problem for
SI spaces in the context of locally compact abelian groups. On the other hand, we
introduce the notion of decomposable MI spaces (MI spaces that can be decomposed
into an orthogonal sum of MI subspaces) and solve the approximation problem for
the class of these spaces. Since SI spaces having extra invariance are in one-to-one
relation to decomposable MI spaces, we also solve our approximation problem for this
class of SI spaces.
The results are based on a joint work with Carlos Cabrelli and Victoria Paternostro.

Jesús OCÁRIZ GALLEGO
ICMAT-UAM, Madrid
Coarea Formula and Γ-convergence in phase transition.
In this short talk we shall explain the Γ-convergence of some important functionals
concerning the Van der Waals-Cahn Hilliard theory of phase transition. This is a key
result to obtain a weak form of a conjecture of De Giorgi. In order to prove it we need
to use the coarea formula for BV (bounded variation) functions.

Ljudevit PALLE
University of Zagreb, Croatia
Rubio de Francia’s Inequality and an Extension of the Marcinkiewicz Multiplier
Theorem.
We will present Rubio de Francia’s inequality, a type of Littlewood-Paley inequality without the requirement for the intervals in the decomposition to be dyadic. After
exposing the main ideas in its proof, the inequality will be used to prove an extension
of the classical Marcinkiewicz multiplier theorem in which the multiplier’s Lp operator
norm is essentially bounded by the q-variation of the multiplier.

Imanol PÉREZ ARRIBAS
BCAM, Bilbao.
Different approaches to existence and uniqueness of weak solutions in elliptic PDEs.
The aim of this talk will be to introduce different approaches to prove existence and
uniqueness of solutions of elliptic partial differential equations. Specifically, the talk will
be focused on the elliptic problem Lu + µu = f in a domain Ω ⊂ RN , with Dirichlet condition u = g on ∂Ω, where the operator L is the usual second-order partial differential
operator satisfying the uniform ellipticity.
Different techniques will be used to prove that the elliptic problem has a unique
solution, which include LaxMilgram Theorem, fixed point theorems and spectral theory.
Some of these approaches will also provide estimates for the solution.

Eduard ROURE
Universitat de Barcelona, Barcelona
Classical and modern extrapolation of operators.
We will give an introduction to the classical theory of Ap weights and extrapolation
of linear operators in order to understand a new extrapolation result due to Carro,
Grafakos and Soria, concerning the extrapolation to the endpoint p = 1.

Olli SAARI
Aalto University, Finland.
Exceptional sets for the degenerate p-parabolic equation.
We study the exceptional sets of the evolutionary p-Laplacian. We characterize the
sets with nonlinear parabolic capacity zero through three different notions: polar sets;
sets removable for the equation, and sets whose parabolic balayage is identically zero.
Compared to the theory of linear heat equation, several new phenomena appear in the
degenerate range of the nonlinear theory, and they are also discussed. This is joint
work with B. Avelin.
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David Rule, Linköping University.
Olli Saari, Aalto University.
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