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ON THE GENERALISED NASH PROBLEM ON A SMOOTH SURFACE GERM

AND THE VALUATIVE CRITERIUM

JAVIER FERNÁNDEZ DE BOBADILLA, MARÍA PEPEREIRA, AND PATRICK POPESCU-PAMPU

Abstract. In this paper we study two notions of adjacency between prime divisors lying above the
origin O of the complex plane. We say that E is adjacent to F if there is a deformation of germs of

curves at O whose special and general members have strict transforms on a common model of E and
F which intersect F and E respectively at smooth points of the exceptional divisor. We say that E is
Nash-adjacent to F if the closure of the space of arcs associated to F is contained in the closure of the
one associated to E. Nash-adjacency implies adjacency. Our first main theorem states that adjacency
is equivalent to the purely combinatorial fact that the divisorial valuation associated to E is inferior to
the one associated to F . A similar characterisation is true for adjacencies between non-prime divisors.
Our second main theorem states that Nash-adjacency is also combinatorial.
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1. Introduction

Let C be a germ of complex plane curve in (C2, O). Its embedded topological type can be encoded
by the decorated dual graph of its total transform by the minimal embedded resolution (see [25]). The
classical adjacency problem consists in characterizing the pairs of decorated dual graphs (G0,G1) such
that there is a deformation of curve germs Cs, depending holomorphically on a parameter s, such that
the topological type of C0 and Cs, s 6= 0, is encoded by G0 and G1 respectively. In that case we say that
G1 is adjacent to G0.

Although for the beginning of Arnold’s list of singularities this problem has been solved, it is open in
general, and it is often very hard to determine whether G1 is adjacent to G0 for a given pair of graphs. Its
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study has motivated the development of deep invariants, like the Spectrum of singularities which behaves
in a semicontinous way by deformations (see [23]).

On the other hand, given a normal surface singularity (X,O) and given two prime exceptional divisors
appearing on its minimal resolution, Nash conjectured in [14] that the closure of the set of arcs whose
lifting to the minimal resolution hits the first divisor does not contain the set of arcs whose lifting to the
minimal resolution hits the second divisor. This conjecture, which was solved in [8], has the following
generalization which, as far as we know, was stated first by Ishii [11, 3.10]:

Let E and F be prime divisors appearing in a proper modification X̃ of (X,O). Denote by NE the

closure of the set of arcs whose lifting to X̃ hits E. Characterize when NF is contained in NE.

When this happens we say that E is Nash-adjacent to F . This problem is wide open even for smooth
germs (X,O). Using results of Reguera [22] and the first author [7], the generalized Nash problem can
be reformulated as follows:

Given E and F as before and denoting by π : X̃ → X the minimal model in which both E and F
appear, does there exist a wedge (a uniparametric family γs of arcs) such that the liftings of γ0 and γs,

s 6= 0 to X̃ hit F and E respectively in a transverse way at smooth points of the exceptional divisor of π?

Here we will care about this problem when (X,O) is smooth. We may assume that we work on the
germ (C2, O). In this case the existence of a family of parametrizations turns out to be equivalent to the
existence of a curve deformation Cs such that (see Theorem 4.7 and Theorem 6.3):

(1) It is δ-constant: for small s 6= 0, the δ-invariant of C0 at the origin equals the sum of the
δ-invariants of Cs at its singular points contained in a small enough Milnor ball of C0.

(2) The strict transforms of C0 and Cs, s 6= 0 hit F and E respectively in a transverse way at smooth
points of the exceptional divisor of π.

We say that F dominates E if E appears in the minimal birational model where F appears. To any
prime divisor E there is an associated divisorial valuation νE . It is well known and easy (see [14], [20]
and [16]) that each of the following assertions implies the next one:

(a) The divisor F dominates E (we write E ≤d F ).
(b) The divisor E is Nash-adjacent to F (we write E ≤N F ).
(c) We have νE ≤ νF (we write E ≤ν F ).

In fact Condition (c) has been used as a main tool for the investigation of Nash Conjecture, and has
been essentially enough to solve some cases (see [12], [17] and [18]). On the other hand, by an example
of Ishii [11, Section 4], it is known that it is not equivalent to Condition (b).

In the first part of Section 3 we prove that (c) is equivalent to a finite number of inequalities νE(f) ≤
νF (f), for well-chosen functions f (see Proposition 3.7. In particular, when E and F are prime, we see
that it is enough to check those inequalities when f varies among the approximate roots of a function
with minimal embedded resolution through E (see Proposition 3.13).

A particular case of our first main result (see Corollary 3.19) is a geometric characterization of Con-
dition (c), which is surprisingly elementary. It uses the following notion of adjacency of divisors :

Definition 1.1. Let E and F be two prime divisors over the origin. We say that E is adjacent to F if
there is a curve deformation Cs satisfying Property (2) above.

Theorem 1.2. Let E and F be two prime divisors over the origin. The divisor E is adjacent to F if
and only if we have the inequality νE ≤ νF .

In fact we prove a generalization of the above theorem that allows the involved divisors not to be prime
(see Proposition 3.18). Its proof is also surprisingly elementary.
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Let now GE be the dual resolution graph of the total transform of a curve whose strict transform to
a model where the prime divisor E appears is smooth and transverse to E at a smooth point of the
exceptional divisor. Given two divisors E and F , it is clear that if E is Nash-adjacent to F , then GE is
adjacent to GF . We find an example in Arnold’s list of singularities that shows that the converse is false.

The difference between curve deformations giving rise to adjacencies from graphs and divisors is as
follows. In a resolution of a plane curve singularity there are two kinds of blow up centers: those, called
satellite, that are the intersection of two previously appearing exceptional divisors, and those, called free,
that lie in a unique previously introduced exceptional divisor. In a deformation Cs giving rise to an
adjacency from GE to GF , the position of the free centers of the resolution process of Cs may depend
on s. On the other hand, if the deformation gives and adjacency from E to F , then the position of the
satellite points is fixed.

Given two prime divisors E and F , we consider a curve C whose strict transform to the minimal
model where E and F appear is a pair of smooth curves meeting transversely the exceptional divisor at
smooth points, one hitting in E and the other one in F . The combinatorial type of the pair (E,F ) is
the dual graph of the minimal embedded resolution of C. Since νE ≤ νF can be checked only from the
combinatorial type of (E,F ) (see Propositions 3.7 and 3.13), a corollary of the theorem above is that the
existence of an adjacency from E to F only depends on the combinatorial type of the pair (E,F ).

Our second main result (see Theorem 4.9) is:

Theorem 1.3. Let E and F be two prime divisors over the origin. The existence of a Nash-adjacency
from E to F only depends on the combinatorial type of the pair (E,F ).

The proof is more involved than the previous results and it is based on a similar result proved by the
first author in [7].

In the last part of Section 4 (see Subsection 4.2), we extract consequences of the second result. Given
a prime divisor E, as a special case of a general theorem of [5], we know that the codimension codim(NE)
of NE in the arc space of C2 equals its log-discrepancy (its coefficient in the relative canonical divisor
+1). Therefore, if E is Nash-adjacent to F , then codim(E) ≤ codim(F )). In Section 4.2 we improve
this as follows: given infinite families of divisors Et and Fs such that the pair (Et, Fs) have the same
combinatorial type as (E,F ) for any value of the parameters (t, s), we show as a corollary of the last
Theorem that if E is Nash-adjacent to F , then codim(∩tEt) ≤ codim(∪sFs). In most cases this improves
the existing bound.

We also state some conjectures in Section 4.2, relating the generalized Nash Problem stated above to
the existance of inclusions between maximal cylindrical sets in the space of arcs associated to a valuation
q · νE , as defined in [5] or [11].

In Section 5 we show an example where Condition (c) holds but not (b). Our example, by contrast
to Ishii’s one in [11], concerns two satellite divisors and also satisfies the further restrictions we found in
Section 4.2.

In the last Section 6 we make some observations that lead us to nice reductions of the generalized
Nash problem in C2.
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2. Notations and terminology

In this section we introduce the vocabulary about divisors, curves, infinitely near points and their
combinatorial types to be used throughout the paper. The reader can find further details in [25] and [3].

We work with (C2, O), seen as a germ of complex analytic surface, with local C-algebra OO, whose
maximal ideal is denoted mO. If h ∈ mO, we denote by V (h) its vanishing locus, seen as a germ of
effective divisor on C2. If h is irreducible, then V (h) is called a branch, and in general we say simply that
V (h) is a curve. If C and D are two curves, their intersection number is denoted by:

IO(C,D) ∈ N ∪ {+∞}.

One gets +∞ if and only if C and D share irreducible components.
We are mainly interested by prime divisors above O. But, since the valuative order and some results

concerning it in Section 3 can be extended to divisors not necessarily prime, we introduce our terminology
in that generality.

A model is any smooth surface S obtained from (C2, O) by a finite sequence of blow-ups of points.
We denote by πS : S → C2 the associated morphism and by ExS := π−1

S (O) the associated exceptional
divisor. If S, T are two models, we say that T dominates S if there exists a morphism ψ : T → S such
that πS ◦ ψ = πT .

Any point of the exceptional divisor of some model is called an infinitely near point of O. Two
such points are considered to be equivalent if the canonical bimeromorphic mapping between the models
which contain them restricts to a biholomorphism in their neighborhoods. In the sequel, we will call such
equivalent classes of infinitely near points simply points.

In a process of blowing up points starting from O, if a divisor E is created by blowing up a point p,
we may also denote that divisor by Ep or that point by pE . If a point q lies on the strict transform of
Ep on some model, we say that q is proximate to p.

Recall that in a blowing up process, an infinitely near point of O can be either satellite, if it is a
singular point of the exceptional divisor of the model on which it lies, that is, if it is the intersection point
of two components of this divisor, or free, if it is a smooth point of it. We make the abuse of language of
saying that a divisor E is satellite/free if pE is so.

In the sequel, a prime divisor (above O, which we won’t precise if there is no risk of confusion with
the divisor of a holomorphic function) will mean any irreducible component of the exceptional divisor
of any model, two such components being equivalent if there exists a third model on which their strict
transforms coincide. In other words, they are equivalent if and only if they define the same divisorial
valuation on OO. We will make an abuse of language and talk about prime divisors also for equivalence
classes of divisors according to this relation.

More generally, a divisor D will be an element of the free abelian semigroup generated by the prime
divisors. That is, D =

∑n

i=1 aiDi, where ai ∈ N and Di is a prime divisor. Whenever ai 6= 0, we say that
Di is a component of D.

We denote by DO the set of divisors above O.
Given a divisor D, we say that it appears on a model S if its components are equivalent to irreducible

components of the exceptional divisor ExS of S. In this case we denote by π∗
SD its total transform on S,

which is an effective divisor on D in the usual sense. Among all the models on which D appears, there
is a minimal one under the relation of domination of models. We call it the minimal model of D.

It is important not to confuse the divisor D and its total transform π∗
SD on some model written as a

combination of prime divisors. For instance, if D = EO and if S is obtained from C2 by blowing up first
O and then a point p ∈ EO, we have π∗

SEO = EO +Ep, but seen as elements of DO the divisors EO and
EO + Ep are distinct.
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Definition 2.1. Let E and F be two prime divisors. We say that F dominates E, and we write F ≥d E,
if and only if the minimal model of F dominates the minimal model of E.

Given a prime divisor D, we denote by hD ∈ OO any holomorphic germ that defines a branch V (hD)
whose strict transform on the minimal model of D intersects D transversally at a free point. We say that

hD and V (hD) are associated to D and that the strict transform is a curvetta of D. If D =
∑k

i=1 aiDi

with Di irreducible and ai ≥ 0, then hD will denote any function germ of the form

k∏

i=1

ai∏

j=1

h
(j)
Di

where the germs h
(j)
Di

may define the same curve for different j and the same i. We will also say that hD
and V (hD) are, respectively, a function and a curve associated to D.

Conversely, given an irreducible germ h ∈ mO, we denote by Hh the prime divisor given by the unique
irreducible component of the exceptional divisor of the minimal embedded resolution of V (h) that meets
the strict transform of V (h). If h ∈ mO is not irreducible but its irreducible factors are (hi)1≤i≤n, we
define its associated divisor Hh :=

∑
1≤i≤nHhi

.
Recall that the final divisors of the minimal embedded resolutions of branches are satellite. Conversely,

given any satellite divisor D, it is the the final divisor of the minimal embedded resolution of V (hD), for
any choice of germ hD.

Given an irreducible germ h ∈ mO, we denote by H(h) the set of prime divisors that meet transversally
the strict transform of V (h) in their minimal models. That is, it is the infinite set of the divisors which
follow the strict transform of V (h) after its minimal embedded resolution. A divisorD ∈ H(h) is obtained
by blowing up a finite number (possibly none) of free points starting from Hh. If h ∈ m is not irreducible
and (hi)1≤i≤n are its irreducible factors, then H(h) denotes the set of combinations

∑
1≤i≤nDi, where

Di belongs to H(hi).
The combinatorial type of the prime divisor D may be encoded in the following equivalent ways (see

more details in [3, Chapter 5] and [25, Section 3.6]):

(1) by the dual graph, that we denote by GD, of the exceptional divisor of the minimal model of D,
each vertex being weighted by the self-intersection of the corresponding component;

(2) by the character free/satellite of the finite set of points which have to be blown up in order to
reach the minimal model of D, enriched with the information about the proximity relation; this
information can be represented for example by the Enriques diagram (see [1, Chapter 3]);

(3) the multiplicity sequence. This sequence associates to the height k above O of each infinitely near
point pk which is blown up in order to reach D, the multiplicity at pk of the strict transform of
V (hD).

The combinatorial type of a not necessarily prime divisor D can be encoded in the same ways, by
keeping also the coefficients in D of each component of the minimal model of D. Moreover, we mark the
vertices in GD which correspond to the components of D and we add their coefficients in D as a second
decoration of those vertices of GD.

We write D ≡ D′ to say that D and D′ have the same combinatorial type.
Observe that a divisor D is not determined by its combinatorial type, even up to isomorphisms above

(C2, O). The existence of free points (and the second point to be blown up after O is always a free point)
gives moduli in the family of divisors with the same combinatorial type.

Note that for a free prime divisor E, the topology of V (hE) contains less information than the com-
binatorial type of E. Indeed, the combinatorial type of a prime divisor E is codified by the minimal
resolution of V (hE) and the number of free points we have to blow up after resolving V (hE) in order to
get the minimal model of E. That is, it is codified adding to the multiplicity sequence of V (hE) as many
1’s as free points we have to blow up after resolving V (hE).
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Given a pair of prime divisors E and F , we define the contact order between them as the number of
common points pi they share in the process of finding their minimal models. Said slightly differently, it
is the number of blow ups that we perform before the strict transforms of V (hE) and V (hF ) separate. In
the case in which E and F are satellite, we get the contact order between sufficiently general branches
V (hE) and V (hF ), as defined in [3, Def. 5.4.3]. For instance, assume that both E and F are different
from EO. Then their contact order is 1 if and only if the branches V (hE) and V (hF ) have different
tangent lines at O.

Given two divisors E and F , we will talk about the combinatorial type of the pair (E,F ) as the
combinatorial type of both E and F taken separately, to which we add the information of all the contact
orders between all their prime components. We write (E,F ) ≡ (E′, F ′) to say that these two pairs have
the same combinatorial type.

3. The valuative partial order

In this section we explore several properties of the valuative partial order on the set of non necessarily
prime divisors above O, introduced in Definition 3.5.

In the first subsection we see that the inequality for this partial order can be checked in a finite
number of inequalities νE(f) ≤ νF (f), for well-chosen functions f . In particular we see in this way that
the valuative order between two divisors E and F only depends on the combinatorics of the pair (E,F ).

In Subsection ?? we see that when E and F are prime it is enough to check those inequalities when f
varies among the approximate roots of a function with minimal embedded resolution through E.

In subsection 3.3 we proof the first main Theorem 1.3 which characterises the pairs of divisors (E,F )
such that there exists a deformation as in (c) in the Introduction.

3.1. Definition and first properties of the valuative partial order.

Given a prime divisor E, we denote by νE the divisorial valuation associated to it. Let πX : X → C2

be a model in which E appears. If h ∈ OO, the value νE(h) is the multiplicity along E of the total
transform π∗

X(h) in X . If the divisor E is not prime and is of the form
∑

i aiEi for some prime Ei, we
denote by νE the sum

∑
i aiνEi

. Therefore:

νE : OO → N ∪ {+∞}.

Note that, whenever E has at least two components, νE is not any more a valuation.
Let us recall several known facts about the integral divisors supported by the exceptional set ExX of

a given model X (for more details, see [13, Sect. 7]).
Denote by D(X) the free abelian group of such divisors. It has as (unordered) basis the set (Ei)i∈I(X)

of irreducible components of ExX and it is endowed with the intersection form on X , whose product
we denote simply by a dot ·. This intersection form is unimodular. Let (E∨

i )i∈I(X) be the opposite of
the dual base of (Ei)i with respect to this intersection form. That is, E∨

i is the unique effective divisor
supported by ExX such that E∨

i · Ej = −δi,j , for any prime component of ExX . This second basis is
again integral, because of the unimodularity of the intersection form.

There are two basic subsemigroups of the group (D(X),+):

• the semigroup EffX of effective divisors supported by ExX ;
• the Lipman semigroup LX of divisors supported by ExX which have non-positive intersections
with the elements of EffX , that is, which are anti-nef relative to πX .

It is a basic fact that one has the inclusion:

LX ⊂ EffX .

The basis (Ei)i∈I(X) generates freely EffX and the basis (E∨
i )i∈I(X) generates freely LX . Those two

semigroups are dual to each other with respect to the intersection form, in the sense in which not only
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the elements of LX are exactly those with non-positive intersection with the elements of EffX , but also
the elements of EffX are exactly those with non-positive intersection with the elements of LX .

Denote by:
σX : D(X) → D(X)

the automorphism of Z-modules which sends each Ei to E∨
i . Its basic interpretation is the following

immediate application of the definitions:

Lemma 3.1. (1) If D ∈ D(X), then the coefficient νEi
(D) of Ei in D is equal to −σX(Ei) ·D.

(2) σX send isomorphically EffX onto LX.

One may extend the notation νEi
(D) by linearity in the following way:

νE(D) := −σX(E) ·D, ∀ E ∈ DX .

Our notation νE(D) is motivated by the following immediate consequence of the definitions (we still
assume that X is a model of E):

νE(h) = νE((π
∗
Xh)ex), ∀ h ∈ OO. (1)

The automorphism σX allows also to get the following interpretations of the exceptional parts (π∗
XhE)ex

of the divisors of the pull-backs π∗
XhE and of the numbers νE(hF ):

Lemma 3.2. (1) For any divisor E ∈ DO which appears on X, one has:

(π∗
XhE)ex = σX(E).

(2) For any divisors E,F ∈ DO which appear on X, one has:

νE(hF ) = −σX(E) · σX(F ).

Proof. (1) Both sides being linear on D(X), it is enough to prove this equality when E is a component
Ei. But, for any component Ej of ExX , one has:

(π∗
XhEi

) · Ej = 0

where (π∗
XhEi

) denotes the total divisor on X of the pull-back π∗
XhEi

. As the strict transform of V (hEi
)

intersects only the component Ei, moreover transversally by the definition of hEi
, one gets that (π∗

XhEi
) ·

Ej = −δij . Therefore, (π
∗
XhEi

) ·Ej = σX(E) ·Ej for all j ∈ I(X), which proves the desired equality.

(2) By the bilinearity of both sides, it is enough to prove this equality when both E and F are prime.
In this case it results by combining Lemma 3.1 and the first part of the present lemma. �

An immediate consequence of the previous lemma is:

Lemma 3.3. If E and F are two divisors above O, then νE(hF ) = νF (hE).

One could have also proved the previous lemma using:

Lemma 3.4. Let E be a divisor above O and hE a curve associated with E. Then for any h ∈ mO, one
has:

νE(h) ≤ IO(V (hE), V (h))

with equality if and only if the strict transforms of V (hE) and V (h) in some model of E don’t meet.

Proof. Denote by X a model of E. It is enough to prove the analogous statement for each component of
E, the general statement being obtained then by additioning those elementary inequalities.

Assume therefore thatE is prime and thatX is some model of it. The intersection number IO(V (hE), V (h))
is also the intersection number on X of the strict transform of V (hE) and of the total transform of V (h).
But the first strict transform is a curvetta of E, which shows that the previous intersection number is
equal to the sum of the intersection number of the strict transforms of V (hE), V (h) and of the coefficient
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of E in the total transform of V (h). As this coefficient is precisely νE(h), we get the desired inequality,
with equality only when the two strict transforms do not meet. �

We will use the previous lemma in the proof of Proposition 3.13.

Definition 3.5. We define the valuative partial order ≤ν among divisors by saying that E ≤ν F if and
only if νE(h) ≤ νF (h) for all h ∈ OO. That is, E ≤ν F if and only if νE ≤ νF , where νE and νF are seen
as functions defined on the set OO with values in the ordered set (N ∪ {+∞},≤).

The only axiom of partial orders which is not tautological and needs an explanation is the antisym-
metry:

Lemma 3.6. If E and F are divisors above O and E ≤ν F ≤ν E, then E = F .

Proof. Assume that E ≤ν F ≤ν E. Therefore νE(h) = νF (h) for any h ∈ OO. Let us work on a model
of E+F . Apply the previous equality to functions hEj

, where Ej varies among the components of ExX .
By Lemma 3.2, we get that:

σX(E) · σX(Ej) = σX(F ) · σX(Ej), ∀ j ∈ I(X).

The intersection form being non-degenerate and σ being an isomorphism, we get the desired equality
E = F . �

In particular, it is immediate that if (E,F ) ≡ (E′, F ′) then:

E ≤ν F ⇔ E′ ≤ν F
′. (2)

To check whether two divisors are comparable for the valuative order, we can use the following criterion:

Proposition 3.7. Let E 6= F be divisors above O. Denote by X the minimal model of E + F . The
following are equivalent:

(1) E ≤ν F , that is νE(h) ≤ νF (h) for all h ∈ OO.
(2) νH(hE) ≤ νH(hF ) for any prime divisor H.
(3) νH(hE) ≤ νH(hF ) for all prime divisors H appearing in X.
(4) νE(hH) ≤ νF (hH) for all prime divisors H appearing in X.
(5) νE(hH) ≤ νF (hH) for all divisors H appearing in the minimal model of E.
(6) νH(hE) ≤ νH(hF ) for all prime divisors H appearing in the minimal model of E.
(7) Seen as elements of the Z-module D(X), the divisors E,F satisfy F − E ∈ σ−1

X (EffX).

Proof. The equivalences (1) ⇔ (2), (3) ⇔ (4) and (5) ⇔ (6) are immediate consequences of Lemma 3.3.
The implications (2) ⇒ (3) ⇒ (6) are immediate.

– Let us prove that (1) ⇔ (7). By formula (1), νE(h) = νE((π
∗
Xh)ex). But, when h varies in OO, the

divisors (π∗
Xh)ex one gets in this way are precisely the elements of the Lipman semigroup LX . Using

Lemma 3.1, the condition (1) is therefore equivalent to:

−σX(E) ·D ≤ −σX(F ) ·D, ∀D ∈ LX ,

which may be rewritten as:

σX(F − E) ·D ≤ 0, ∀D ∈ LX .

But the duality between the semigroups EffX and LX explained before shows that this last condition
is equivalent to σX(F − E) ∈ EffX , which is in turn equivalent to (7).

– Let us prove that (3) ⇒ (7). Denote by Ei the components of ExX . Condition (3) is equivalent, by
Lemma 3.2, to the fact that:

−σX(E) · σ(Ei) ≤ −σX(F ) · σ(Ei), ∀ i ∈ I(X),
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which in turn is equivalent to condition (7), because the E∨
i = σX(Ei) generate the Lipman semigroup

LX .

– Let us prove that (5) ⇒ (3). Let H0,...,Hl the divisors in the minimal model of E. Let pj be the point
we blow uo to obtain the divisor Hj for any j = 0, ..., l. Let i the maximum such that Hi appears also in
the minimal model of F (that is the contact of E with F ). We need to check that νHj

(hE) ≤ νHj
(hF )

for j > i. Observe that the strict transform of hE doesn’t meet pj for j > i. Then, recursively we can
prove the desired inequality. It is true by hypothesis of j = i. Then:

• if pj+1 is a free point, then

νHj+1(hE) = νHj
(hE) ≤ νHj+1 (hF ) = νHj

(hF ) +mF
j

with mF
j+1 the multiplicity at pj+1 of the curvette hF .

• if pj+1 is satellite, it is the intersection point of Hj with Hk for some k < j, then:

νHj+1 (hF ) = νHj
(hF ) + νHk

(hF ) +mF
j ,

νHj+1(hE) = νHj
(hE) + νHk

(hE).

�

Observe that conditions (3)− (7) are a finite number of inequalities to be checked.

Corollary 3.8. Assume νE ≤ νF . If F ′ is such that F ′ ≡ F and F ′ has the maximal possible contact
with E among the divisors with the same combinatorics as F , then we have νE ≤ νF ′ .

Proof. By hypothesis and using (1) ⇔ (5) of Proposition 3.7 we have that νH(hE) ≤ νH(hF ) for all
divisor H in the minimal model of E. Besides it’s clear that νH(hF ) ≤ νH(hF ′) so we can conclude by
(5) ⇔ (1) of the same proposition. �

3.2. The special case of prime divisors.

In this subsection we will show that Proposition 3.7 may be improved when both E and F are prime
divisors (see Proposition 3.13 below). We start by recalling several facts about the approximate roots of
polynomials, whose proofs may be found in [19]. In that reference one may find also explanations about
the papers of Abhyankar ad Moh in which this theory was developed.

In the sequel, if C is a branch on (C2, O), we say that f ∈ C{x}[y] is a Weierstrass polynomial
associated to C if:

• it is monic and irreducible;
• it defines C in some local coordinates (x, y) on (C2, O);
• the y-axis has contact 1 with C, that is, the y-degree dy(f) is equal to the multiplicity of C at
the origin.

If one computes the roots of the Weierstrass polynomials associated to C as Newton-Puiseux series in
x, the sequence α1 < · · · < αg of their rational characteristic exponents is an invariant of C. One has
g ≥ 1 if and only if C is singular. Denoting by β0 ∈ N∗ the least common denominator of those numbers,
let us introduce Zariski’s notation (see [26]):

βi := β0 · αi, ∀ i ∈ {1, ..., g}.

We say that (β0, β1, ..., βg) is the characteristic sequence of C or of f . One has dy(f) = β0 < · · · < βg.
Introduce also the integers:

ei := gcd(β0, ..., βi), ∀ i ∈ {0, ..., g}.

and their successive quotients:

ni :=
ei−1

ei
, ∀ i ∈ {1, ..., g}.
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One has the following sequence of strict divisibilities: 1 = eg| · · · |e1|e0 = dy(f). Finally, define a second
sequence (which is the minimal generating sequence of the semigroup of C, see [19, Prop. 4.2]):

β0 := β0, β1 := β1, βi+1 := niβi + βi − βi−1, ∀ i ∈ {1, ..., g − 1}.

In general, when one has a divisor of the degree of a monic polynomial which is invertible in the ring
of coefficients of the polynomial, it is possible to associate to it canonically a new polynomial (see [19,
Prop. 3.1]):

Proposition 3.9. Let A be a commutative ring with unit and P ∈ A[y] a monic polynomial of degree
d > 0. Let e > 0 be a divisor of d, which is moreover invertible in A. Then there exists a unique monic

polynomial Q ∈ A[y] such that dy(P −Qe) < d−
d

e
.

This polynomial is called the e-th approximate root of P . It is of degree
d

e
.

In particular, one may consider the e0, ..., eg-th approximate roots of a Weierstrass polynomial f
associated to C. Denote them by f0, ..., fg respectively. Therefore fg = f . Moreover (see [19, Thm. 5.1]):

Proposition 3.10. The approximate roots (fk)0≤k≤g have the following properties:

(1) dy(fk) =
β0
ek

and IO(V (f), V (fk)) = βk+1 (where, by convention, βg+1 = +∞);

(2) the polynomial fk is a Weierstrass polynomial for V (fk) and its characteristic sequence is

(
β0
ek
, ...,

βk
ek

).

For us, the most important property of the previous sequence of approximate roots of f is the possibility
to express canonically any other polynomial (f0, ..., fg)-adically, similarly to the expansion of integers in
a basis of numeration (see [19, Cor. 5.4]):

Proposition 3.11. Every (not necessarily monic) polynomial h ∈ C{x}[y] may be expressed uniquely as
a finite sum of the form:

h =
∑

(i0,...,ig)

ai0,...,igf
i0
0 · · · f ig

g

where the coefficients ai0,...,ig are elements of the ring C{x} and the indices are such that 0 ≤ ik ≤
nk − 1 for any k ∈ {0, ..., g − 1} and ig is any non-negative integer. Moreover, the intersection numbers

IO(V (f), V (ai0,...,ig−1,0f
i0
0 · · · f

ig−1

g−1 )) of C with the curves defined by the various terms of the sum which
do not vanish on C are also pairwise distinct.

Let us recall now some facts about the minimal embedded resolution πS : S → C2 of C = V (f). Let
us extend first the notation fk to the index k = −1 by:

f−1 := x.

Then (see [19, Cor. 5.6]):

Proposition 3.12. The components of ExS which intersect exactly one other component of ExS are
precisely those which are intersected by the strict transforms of the branches V (fk), for k ∈ {−1, ..., g−1}.

Those components are pairwise distinct, and if we denote by E
(k)
C the one intersected by V (fk), then fk

is a curve associated to E
(k)
C , for all k ∈ {−1, ..., g − 1}.

More generally, if a prime divisor E is given and S denotes its minimal model, then S is an embedded
resolution of the branch V (hE), where hE is any function associated to E. Apply the previous proposition

to f = hE . It may be shown that the components (E
(k)
V (hE))−1≤k≤g−1 are independent of the choice of
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(-1)

0E     =E
-1

V(f  )=V(x)

g-1V(f    )V(f  )0

E    
(g-1)

E  
(0)

E    =E
(g)

gV(f  )=V(f)

Figure 1. The strict transforms of the approximate roots

function hE . We will denote them simply by (E(k))−1≤k≤g−1. Extend this notation by saying that

E(g) := E. Therefore, the strict transform of V (fk) on S is a curvetta for E(k), for all k ∈ {−1, ..., g}.
Using the previous notations, we state now our improvement of Proposition 3.7 in the case when both

divisors E and F are prime:

Proposition 3.13. Let E 6= F be different prime divisors above O. Denote by S the minimal model of
E. The following statements are equivalent:

(1) E <ν F ;
(2) νE(hE(k)) ≤ νF (hE(k)) for all the prime divisors (E(k))−1≤k≤g.

Proof. The implication (1) ⇒ (2) is an immediate consequence of the definition of the valuative partial
order.

Let us prove that (2) ⇒ (1). Choose as function f := hE associated to E a Weierstrass polynomial
and let (fk)0≤k≤g be its approximate roots. By Proposition 3.12, each fk is a function associated to E(k).
Our hypothesis may therefore be rewritten as:

νE(fk) ≤ νF (fk), ∀ k ∈ {−1 ≤ k ≤ g}. (3)

Take any function h ∈ OO, which is identified to C{x, y} by the choice of local coordinates (x, y). By
Weierstrass’ preparation theorem, it is equal to a polynomial in C{x}[y] multiplied by a unit. Therefore
we may assume that h ∈ C{x}[y]. Expand it (f0, ..., fg)-adically (see Proposition 3.11):

h =
∑

(i0,...,ig)∈J(h)

ai0,...,igf
i0
0 · · · f ig

g .

Here J(h) is the finite set of those (g + 1)-tuples (i0, ..., ig) effectively appearing in this sum. As F is
prime, νF : Oo → N ∪ {+∞} is a valuation, therefore:

νF (h) ≥ min{νF (ai0,...,igf
i0
0 · · · f ig

g ) | (i0, ..., ig) ∈ J(h)}. (4)

The coefficients ai0,...,ig being moreover series in the variable x alone, one deduces also the following
equality from the fact that νF is a valuation:

νF (ai0,...,igf
i0
0 · · · f ig

g ) = ordx(ai0,...,ig) · νF (x) +

g∑

k=0

ik · νF (fk).

As E is also prime, one has the analogous equality obtained by replacing F by E. Therefore, our
hypothesis (3) implies that (recall that f−1 = x):

νF (ai0,...,igf
i0
0 · · · f ig

g ) ≥ νE(ai0,...,igf
i0
0 · · · f ig

g ), ∀ (i0, ..., ig) ∈ J(h),
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from which we get:

min{νF (ai0,...,igf
i0
0 · · · f ig

g ) | (i0, ..., ig) ∈ J(h)} ≥ min{νE(ai0,...,igf
i0
0 · · · f ig

g ) | (i0, ..., ig) ∈ J(h)}.

Assume that one has the equality:

νE(h) = min{νE(ai0,...,igf
i0
0 · · · f ig

g ) | (i0, ..., ig) ∈ J(h)}. (5)

Then, combining it with the inequality (4), we would deduce that νF (h) ≥ νE(h). This inequality being
true for any h ∈ OO, we would get the desired conclusion νF ≥ν νE .

We will prove now that the equality (5) indeed holds. We reason by contradiction, assuming that:

νE(h) > η (6)

where η denotes the right-hand-side of (5). As νE is a valuation, this implies that there are at least two
terms which realize that minimum, and that the sum of such terms has νE-value strictly bigger than η.
Replacing h by this sum, we may therefore assume that:

νE(ai0,...,igf
i0
0 · · · f ig

g ) = η, ∀ (i0, ..., ig) ∈ J(h). (7)

Dividing h by the highest power of f = fg appearing in the expansion, we may assume that there are
terms in it with ig = 0. For such terms, Lemma 3.4 implies that:

η = νE(ai0,...,ig−1,0f
i0
0 · · · f

ig−1

g−1 ) = IO(V (f), V (ai0,...,ig−1,0f
i0
0 · · · f

ig−1

g−1 )). (8)

Indeed, Proposition 3.12 shows that the strict transforms on S of the two curves V (f) and

V (ai0,...,ig−1,0f
i0
0 · · · f

ig−1

g−1 ) do not intersect. Proposition 3.11 implies that there is only one such term

ai0,...,ig−1,0f
i0
0 · · · f

ig−1

g−1 in the expansion of h, therefore:

IO(V (f), V (h)) = IO(V (f), V (ai0,...,ig−1,0f
i0
0 · · · f

ig−1

g−1 )). (9)

Combining now, in order, formula (6), Lemma 3.4, formula (9) and formula (8), we get the contradiction:

η < νE(h) ≤ IO(V (f), V (h)) = IO(V (f), V (ai0,...,ig−1,0f
i0
0 · · · f

ig−1

g−1 )) = η.

The proposition is proved. �

3.3. Classical adjacency of functions and deformations fixing the free points.

In this subsection we summarize numerical criteria obstructing the existence of the different kinds
of adjacencies. They are essentially based in upper semicontinuity of intersection multiplicities under
deformations. Condition (c) of the introduction is necessary for the existence of Nash adjacencies between
two divisors. The main result we prove here is Theorem 1.2, but stated a little more precisely (see Theorem
3.18).

Definition 3.14. [Definition and notation] A holomorphic mapping germ

H : (C3, 0) → (C, 0)

(x, y, s) 7→ H(x, y, s)

such that H(s, 0, 0) = 0 is said to be a deformation of the plane curve H(x, y, 0) = 0, which is called
the special curve of the deformation. We denote hs(x, y) = H(s, x, y). It is known that there exist a
small representative Λ of (C, 0) such that for s ∈ Λ \ {0}, the topological type of the curves (V (hs), O)
is constant. We call them the generic curves of the deformation. We denote the deformation by (hs)s∈Λ

or simply by (hs)s. We say Λ is the space of parameters and in this context, s will always mean s ∈ Λ.
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The classical adjacency problem for plane curves asks whether, given any two different embedded
topological types encoded for example by the two dual graphs G0 and G1 of the minimal embedded reso-
lution of two curves germs, there exists a deformation (hs)s where V (h0) and V (hs) have the embedded
topological types given by G0 and G1 respectively.

Given a deformation as in Definition 3.14 we can consider the combinatorial types of divisors Hh0 and
Hhs

all of whose components are satellite. In general the divisors Hhs
for s 6= 0 change with s because

the free points in the resolution of the family V (hs) for s 6= 0 change (in family) with s.

Definition 3.15. A deformation (hs)s∈Λ is said to fix the free points for the generic parameters or simply
to fix the free points, if the generic curves V (hs) for s 6= 0 are curves associated to the same divisor E.
In other words, it is a deformation satisfying condition (2) stated in the Introduction.

Then a deformation (hs)s fixes the free points if and only if all the generic curves can be resolved
simultaneously by a single (possibly not totally ordered) sequence of point blowing-ups.

Observe that in Definition 3.15 the divisor E may be not unique. We can always choose the biggest
possible one with respect to the domination relation in

⋂
s6=0 H(hs).

Let hs be a curve deformation and C any plane curve germ at the origin. It is classical that

IO(V (h0), C) ≥ IO(V (hs), C), (10)

where IO(V (h0), C) denotes intersection multiplicity.
Nemethi and Gorsky proved in Proposition 4.5.1 of [9] a refined criterion, consisting on a upper semi-

continuity of the Hilbert function associated to a (multi)-branch, which obstructs the existence of Arnol’d
ajacencies in the case in which the special curve is irreducible. Their proof boils down to inequality (10).

Observe that if in (10) the curve C doesn’t meet the strict transform of V (hs) in its minimal resolution
for any s ∈ Λ, then IO(V (hs), C) would compute the valuation associated to the divisor Hhs

for any s.
Then, (10) would mean νHh0

(f) ≥ νHhs
(f) for f an equation of C. However, (10) doesn’t mean that

νHh0
(f) ≥ νHhs

(f) for all f because not for every f one has that V (f) doesn’t meet V (hs) in the minimal

resolution of V (hs). Besides, given two (satellite) divisors E and F we cannot even guarantee that for
any f there exist a deformation gs with F ≡ Hg0 and E ≡ Hgs for s 6= 0, for which I(V (gs), V (f))
compute νE(f) and νF (f) for s 6= 0 and s = 0 respectively.

Nevertheless, in the case of deformations fixing free points, inequality (10) hints condition (c) at the
introduction:

Lemma 3.16. Let G = (gs)s be a deformation fixing the free points. For any E ∈
⋂

s6=0 H(gs) and

F ∈ H(g0), we have E ≤ν F .

Proof. We proceed as in [8] Section 3.2. Let be F =
∑
biFi and E =

∑n

i=1 aiEi.

Take the minimal model of (E,F ), say πE,F : (X̃,D =
⋃

iDi) → (C2, O).
Consider the mapping

σ := πE,F × IdΛ : X̃ × Λ → C2 × Λ

where (Λ, 0)((C, 0) is the space of parameters s of the deformation.

Let Y be the strict transform of V (G) in X̃ × Λ by σ. Denote Ys := Y ∩ (X̃ × {s}. Observe that

Ys = Ṽ (gs) for s 6= 0

Y0 = Ṽ (f0) +
∑

k

dkDk, with dk ≥ 0

where Ṽ (h) denoted the strict transform of V (h) by σ. Due to the invariance of the intersection number,
we have the system of equations Y0 ·Di = Ys ·Di for any i. This can be seen in matricial form using the
intersection matrix M = (Di ·Dj)i,j ,

(b0, b1, ..., bn)
t +M(d1, .., dn)

t = (a0, ..., an−1, an)
t.
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−M−1(b0 − a0, ..., bn − an)
t = (d1, ..., dn)

t ≥ 0.

and the entries of −M−1 are exactly νDi
(hDj

) = IO(V (hDi
), V (hDj

)) (see []). Then in particular we
obtained that νE(hDi

) ≤ νF (hDi
) for all i. Then, using (3) ⇒ (1) of Proposition 3.7 we conclude. �

Remark 1. In fact this proof works also for divisors over a singular normal point of a surface. One has
to consider models that are resolutions of X . Then the entries of the matrix −M−1, where M is the
adjacency matrix, are again positive (see [8, Lemma 10]).

For the converse of the previous lemma it is enough to look at linear families of functions:

Lemma 3.17. Let E, F be divisors, not necessarily prime, such that νE ≤ νF . Let V (hE) and V (hF )
be curves associated to E and F respectively. Then, for all s 6= 0 we have that V (hF + shE) is a curve
associated to E.

Proof. To simplify notation we will assume E is prime, but the proof is the same. We denote f := hF ,
g := hE . Let x0,...,xr be the infinitely near points that we blow up in order to obtain E. Let Ei be the
divisor obtained after blow up xi. Let m0, ..., mr the sequence of multiplicities of g. Let fi be the local

equation of the total transform of f in xi and f̃i the local equation of the strict transform of f in xi.
Take the same notation for g.

We have to prove that for s 6= 0 V (f + sg) has the same sequence of multiplicities than V (g) and that
the strict transform after the i− 1 blow-up goes through xi.

Initial step. Both f and g go through the origin x0 and multx0(f + sg) = multx0(g) = m0 for s small
enough because multx0(f) ≥ multx0(g): the multiplicity of f + sg is different from that of g only for
certain s, so it is equal for s arbitrarily small.

Let’s do in detail the case where xi is a satellite point and xi = Ei−1 ∩Ej . Assume Ei−1 = V (y) and
Ej = V (x) for local coordinates around xi. Then

fi = xνEj
(f)yνEi−1

(f)f̃i,

gi = xνEj
(g)yνEi−1

(g)g̃i

and so the total transform of f + sg around xi is

(f + sg)i = xνEj
(f)yνEi−1

(f)f̃i + s · xνEj
(g)yνEi−1

(g)g̃i =

= xνEj
(g)yνEi−1

(g)(xνEj
(f)−νEj

(g)yνEi−1
(f)−νEi−1

(g)f̃i + s · g̃i)

where what is inside the parenthesis is f̃ + sgi. If the two strict transforms V (f̃i) and V (g̃i) pass through

xi, then so V (f̃ + sgi). If only V (g̃i) passes through xi, in order to have that f̃ + sgi is zero in xi, we
need to guarantee that νEi−1(f)− νEi−1(g) and νEj

(f)− νEj
(g) are not both zero. But, if they were both

zero, we would have that

νEi
(f) = νEi−1(f) + νEj

(f) < νEi−1(g)− νEj
(g) +mi = νEi

(g)

which cannot be the case by hypothesis.

Moreover multiplicity of f̃ + sgi at xi is mi = multxi
(g̃i) because by Proposition 3.7 we know that

multxi
(xνEj

(f)−νEj
(g)yνEi−1

(f)−νEj
(f)f̃i) ≥ multxi

(g̃i)

and equality (and possible jump of multiplicity) may only occur for certain s but not for s arbitrarily
small.

The case where xi is a free point is analogous. �

Putting these lemmas together we have Theorem 1.2:

Theorem 3.18. Given two arbitrary divisors E and F over O ∈ C2, there exists a deformation G = (gs)s
fixing the free points with F ∈ H(g0) and E ∈

⋂
s6=0 H(gs) if and only if E ≤ν F .
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With respect to the classical adjacency problem stated in Subsection 3.3 we have the following:

Corollary 3.19. Consider two embedded topological types of curve germs, for example those of V (f)
and V (g). There exists a deformation of f = 0 fixing the free points with generic topological type that of
g = 0 if and only if νE′ ≤ νHf

where E′ is such that E′ ≡ Hg and it has the maximal possible contact
with F among all the divisors of the combinatorial type of Hg. Moreover, if this is the case, (f + shE′)s
is a deformation fixing the free points.

We show that not all the possible adjacencies between topological types can be realised by deformations
fixing the free points.

Looking at Arnold list of adjacencies of simple singularities, we find the first example where it is not
the case:

Example 1. We have the deformation

y3 + x4 + t2y2 + 2tx2y

of the singularity E6 and for t 6= 0 we have the singularity A4. It is easy to check that the valuative
criterion is not satisfied for these curves, so you can not realise the adjacency with a deformation fixing
the free points.

4. Inclusions of Nash sets in the arc space of C2

In this section we prove Theorem 1.3 and see some consequences. Before entering in the core of the
proof we need to recall a few known results about wedges and adjacencies and to introduce dicritical
wedges.

4.1. Nash adjacency for (E,F ) is a combinatorial property of the pair (E,F ).
Let (X,O) be any surface germ. In this paper we talk only about the case X = C2 but some of the

results we are using were proved in the singular setting so we state them in that generality.

Definition 4.1. An arc through the origin O ∈ X is a morphism

Spec(C[[t]]) → X

sending the special point to the origin O. We denote by X∞ the space of arcs through the origin of X .
An arc is said to be convergent if the power series that define it are convergent.

We will only speak about arcs through the origin, so an arc will be always through the origin.

We say X̃ is a model of (X,O) if

π : (X̃, E) → (X,O)

is a proper birational map. The divisor E is the preimage of 0 and is called the exceptional divisor. Let
E = ∪r

k=1Ek be the decomposition of E into irreducible components. As in Section 2 we can talk about
the minimal model where a divisor D appears.

Given any model of X , by the valuative criterion of properness any arc γ admits a unique lifting

γ̃ : Spec(C[[t]]) → X̃.

Of course, if γ is convergent, so is γ̃.

Definition 4.2. An arc is said to have a transverse lifting to X̃ if its lifting γ̃ to X̃ meets only one
irreducible component Ek transversely at a smooth point of E. An arc is said to have a transverse lifting
by a divisor F if its lifting to the minimal model of F is transverse at a smooth point of F .
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Given a prime divisor Ek and any model (X̃, E) → (X,O) where it appears, we can consider the
following subsets of the space of arcs

NEk
= {γ ∈ X∞ : γ̃(0) ∈ Ek},

ṄEk
= {γ ∈ NEk

: γ̃ is transverse toEk}.

The closure NEk
is called the Nash set associated to Ek and doesn’t depend on the model considered.

These sets were introduced by Nash in [14] and we collect the basics in the following lemma:

Lemma 4.3. (see [14] and [7] for more details)we have the following statements:

(1) The sets NE and NE are irreducible sets of X∞.

(2) The subset ṄE is open and dense in NE and then NE is the closure of ṄE.

(3) The sets ṄE are cylindrical (they are the preimage of a constructible set of m-jets by the m-
truncation map for certain m).

(4) The sets NE are of finite codimension and cylindrical.
(5) If E 6= F then NE 6= NF .

Definition 4.4. We say E is Nash-adjacent to F or that there is a Nash-adjacency for (E,F ), if and
only if NF(NE . This defines a partial order among divisors that we denote by E <N F .

Note that in previous articles (see [7], [15]), what we denote here as Nash-adjacencies were denoted
there by adjacencies.

We will study inclusions of Nash sets via a characterization using wedges, which are uni-parametric
families of arcs:

Definition 4.5. A wedge is a morphism

α : Spec(C[[t, s]]) → X

such that the closed subset V (t) is sent to the origin O ∈ X .
A wedge is said to be convergent if the power series that define it are convergent. In this case we

define αs := α|C×{s}. It is known that for s 6= 0 in a small representative Λ of (C, 0) we have that the
topological type of the curve parametrized by αs is constant. We say α0 and αs with s ∈ Λ \ {0} are the
special arc and the generic arcs of the wedge.

A wedge is said to be algebraic if for every i, the series αi(s, t) that define it are algebraic power series,
that is, for any i there exists a polynomial Gi(t, s, x) such that Gi(t, s, αi) = 0.

More precisely, we are interested in the following wedges:

Definition 4.6. A wedge realizing a Nash-adjacency NF(NE is a wedge α such that α0 is in ṄF and
αs is in NE. Moreover:

(1) we say α is dicritical if E is dicritical for the wedge, that is, if αs : Spec C((s))[[t]] → X sends
the special point to the generic point of E. In the convergent case: if α̃s(0) for s 6= 0 is not
constant and moves along the divisor E.

(2) we say α strictly realises the Nash-adjacency αs also lifts transversally by E for all s 6= 0.

Observe that a wedge realising a Nash-adjacency neither has to be dicritical nor has to stricly realises
an adjacency. There is also no implication between being dicritical and strictly realising an adjacency.

The following theorem was fundamental to prove Nash Conjecture in [8] and will be used in the proof
of Theorem 1.3. It was originally stated for any 2 divisors appearing in the minimal resolution of a
singular surface germ but it works in general for any two divisors appearing in a model (which is always
the case of a pair of divisors). It follows from the works in [22] and [7] and can be found in [7, Thm. A,
Prop. 17]:
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Theorem 4.7. (see [7]) Given any two divisors E and F over O ∈ X, the following assertions are
equivalent:

(1) NF(NE

(2) there exists a wedge α realising the Nash-adjacency with α0 ∈ ṄF .

(3) for any convergent arc γ ∈ ṄF there exists a convergent wedge α realising the Nash-adjacency
with α0 = γ.

(4) there exists an algebraic wedge α realising the Nash-adjacency with α0 ∈ ṄF (and can be chosen
coinciding up to a given order with any wedge realising the adjacency).

(5) for any γ ∈ ṄF there exists a wedge α strictly realising the Nash-adjacency with α0 = γ.
(6) there exists an algebraic wedge α strictly realising the Nash-adjacency (and can be chosen coin-

ciding up to a given order with any wedge strictly realising the adjacency).

Remark 2. In the proof of (1) ⇒ (2) a version of the curve selection lemma from [22] was used. For the
case of C2 we are interested in, we can substitute it by a simpler proof since the arc space of C2 is an
infinite dimensional affine space.

The following new lemma will be used:

Lemma 4.8. Let α be a wedge realising a Nash adjacency NF⊂NE. Then there exists E′ ≥d E such
that α realises the Nash-adjacency NF⊂NE′ and is dicritical for E′.

Besides, if α strictly realises the Nash-adjacency NF⊂NE, then it also strictly realises the Nash-
adjacency NF⊂NE′ .

Proof. Consider the minimal model of E + F . If the wedge is not dicritical we can assume that there is
a point p ∈ E where all the generic arcs αs meet. We blow-up p and keep blowing up points p1 ∈ Ep,
p2,..,pn if the liftings of the generic arcs still meet at pi ∈ Epi−1 . After a finite number of blow ups, the
intersection multiplicity Ipi

(α̃s1 , α̃s2) goes down and then after a finite number of blow ups we make the
divisor dicritical. �

We prove now Theorem 1.3, that is, that the existence of an inclusion NF(NE only depends on the
combinatorics of the pair (E,F ). It is based on a similar result in [7] (Theorem D) and we quote [7] for
technical aspects that are fully explained there. After Theorem 4.7 it is equivalent to the following:

Theorem 4.9. Assume there exists a wedge α realising the Nash-adjacency NE(NF . If (E′, F ′) ≡
(E,F ) then there exists a wedge β realising the Nash-adjacency NE′(NF ′ .

Proof. Using point (6) of Theorem 4.7, we can assume that α : (C2, 0) → (C2, 0) is an algebraic wedge
that strictly realizes the adjacency for (E,F ).

We can reduce it to the case of α a dicritical wedge as follows. If α is not dicritical for (E,F ), following
Lemma 4.8, we can take E2 >d E such that it is dicritical for (E2, F ). Now, we take E′

2 > E′ such that
(E′

2, F
′) ≡ (E2, F ). If we can find β realising the adjacency for (E′

2, F
′), since E′

2 >d E
′, then it is clear

that β also realises the adjacency for (E′, F ′).
So, let’s assume α is dicritical.

Let πE,F : X̃E,F → (C2, 0) be the minimal model of E + F .
By Proposition 22 in [7] there is a smooth algebraic surface S, a proper morphism:

Φ : S → C2

and an embedding:

i : (C2, O) → (S,O)
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such that the following diagram commutes:

S
Φ // (C2, O)

(C2, 0)

i

OO
α

66♠♠♠♠♠♠♠♠♠♠♠♠♠

(11)

In other words, the wedge α is the germ of the mapping Φ around a point p ∈ S and we can see (C2, 0)
the origin space of the wedge α as local coordinates around p. We denote by Ls and Lt the images by i
of the s-axis (defined by t = 0) and the t-axis of C2 respectively. We denote by Ω a small ball around p.

Let U be a milnor ball for the image of α0 around the origin of C2. Consider Ũ := π−1
E,F (U) which is

a small tubular neighborhood at the exceptional divisor of πE,F .

Define V := Φ−1(U). We assume Ω⊂V . Consider V the fiber product V ×U Ũ (with σi the projections

to the factors) and ρ : Ṽ → V its minimal resolution of V . Then the mapping Φ̃ defined as in the
following diagram is a proper map:

Ṽ

κ

��❃
❃❃

❃❃
❃❃

❃❃
❃❃

❃❃
❃❃

❃❃
❃❃

❃

Φ̃

++❲❲❲❲
❲❲❲❲

❲❲❲❲
❲❲❲❲

❲❲❲❲
❲❲❲❲

❲❲❲❲
❲❲

ρ

''◆◆
◆◆

◆◆
◆◆

◆◆
◆◆

◆◆
◆

V

σ1

��

σ2 // Ũ⊂X̃E,F

πE,F

��
V

Φ // U⊂C2

(C2, 0)

i

OO

α

66❧❧❧❧❧❧❧❧❧❧❧❧❧❧

(12)

We denote by L̃s and L̃t the strict transform by κ of Ls and Lt in Ṽ .

We denote by A := φ̃−1(π−1
E,F (0)) and consider its decomposition into irreducible components s A =

∪iAi. Consider the total transform of Ls+Lt in Ṽ by κ and its decomposition into irreducible components.
Then

(1) there is a non-compact component that contains L̃t;

(2) the curve L̃t is mapped by Φ̃ to α̃0, that is α̃0◦κ|L̃t
= Φ̃|

L̃t
;

(3) the rest of components are contained in A (and are compact).

(4) L̃t is transverse to a compact component;

(5) there is only one compact component that contains L̃s; we denote it by As;

(6) since α is a dicritical wedge, As is dicritical for Φ̃ and Φ̃(As) = E;

We take Stein factorization for Φ̃:

Ṽ
θ //

Φ̃

**❯❯❯
❯❯❯

❯❯❯
❯❯❯

❯❯❯
❯❯❯

❯❯❯
❯❯❯

❯ W

Ψ
��
Ũ

(13)

where θ is proper and birational, W normal and Ψ :W → Ũ finite. Then Ψ is a branched cover.
Let R⊂W be the ramification locus of Ψ and Λ := Ψ(R) be the branching locus.
We have the following:
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(1) a divisor Ai is dicritical for Φ̃ if and only if Ai is not collapsed by θ;

(2) the divisor As (that contains L̃s⊂Ṽ ) is dicritical for Φ̃, thus, it is not collapsed by θ and θ(As)
is a divisor in W ;

(3) since α̃s is transverse to E, θ(As) is not contained in the ramification locus, that is θ(As) * R.

We decompose ∆ = ∆exc ∪∆′, where ∆exc is the part collapsed by πE,F , that is the exceptional part.

Let πE′,F ′ : X̃ → C2 be the minimal model for E′ + F ′. Then, π−1
E′,F ′(0) has the same dual graph as

π−1
E,F (0). Let Ũ

′ be a tubular neighbourhood of π−1
E′,F ′(0).

As in [7, Section 6, Proof of Prop. 25 Part I or Proof of Prop. 32], we construct a diffeomorphism:

τ : Ũ → Ũ ′⊂X̃E′,F ′

such that:

(i) τ(E) = E′, τ(F ) = F ′ , τ(π−1
E,F (0)) = π−1

E′,F ′(0)

(ii) τ is a biholomorphism in a neighbourhood of the singularities of π−1
E,F (0), the points where ∆′ meet

π−1
E,F (0) and the point where α̃0 meets F .

Note that (ii) implies that β0 := πE′,F ′◦τ◦α̃0 is a holomorphic arc whose lifting to Ũ ′ is transversal to

F ′ and equals τ◦α̃0. We denote the lifting by β̃0.

The composition λ := τ◦Ψ is etale over Ũ ′ \ τ(∆) where τ(∆) is a complex analytic curve in Ũ ′ since
τ satisfies (iii).

Then, using Grauert and Remmert Theorem [10] as in the proof of Lemma 28 in [7], we deduce the
existence of a unique holomorphic structure inW that makes λ a complex analytic morphism. We denote
by W ′ the variety W with this new complex structure, by τ the identity diffeomorphism (as topological

spaces) from W to W ′ and by Ψ′ the complex analytic morphism from W ′ to Ũ ′ given by λ (or more
precisely λ◦τ−1):

W

λ

&&◆◆
◆◆

◆◆
◆◆

◆◆
◆◆

◆

Ψ
��

τ̄ // W ′

Ψ′

��
Ũ

τ // Ũ ′

(14)

In the left handside of diagram (16), you can find the diagrams (12)-(13) we have associated to the
wedge α. Diagram (14) appears in the center. In the rest of the proof we will complete the right handside.

Denote U ′ := πE′,F ′(Ũ ′).

First observe that since Ṽ is smooth, the mapping θ : Ṽ → W can be factorised as:

W̃

µ

��
Ṽ

ν

44✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐ θ // W

(15)

where µ is the minimal resolution of W and ν is a sequence of blow ups at points with certain combina-
torics.

Let µ′ : W̃ ′ → W ′ be the minimal resolution ofW ′. Since τ is a homeomorphism and the combinatorics
of the minimal resolution of a surface singularity only depends on the topology of the link, the dual graphs
of the divisors µ−1(π−1

E,F (0)) and µ
′−1(π−1

E′,F ′(0)) are the same .

We define Ṽ ′ as the space obtained from W̃ ′ by a sequence of blow ups ν′ : Ṽ ′ → W̃ ′ such that the
dual graph of B′ := ν′−1(µ′−1(π−1

E′,F ′(0)) is isomorphic to the dual graph of B := ν−1(µ−1(π−1
E,F (0)).

Define θ′ := ν′◦µ′ and Φ̃′ := Ψ′◦θ′.
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Ṽ

τ

,,

κ

��✿
✿✿

✿✿
✿✿

✿✿
✿✿

✿✿
✿✿

✿✿
✿✿

Φ̃

++❱❱❱❱
❱❱❱❱

❱❱❱❱
❱❱❱❱

❱❱❱❱
❱❱❱❱

❱❱

ρ

%%▲▲
▲▲

▲▲
▲▲

▲▲
▲▲

▲
θ // W

τ //

Ψ
��

λ

''PP
PP

PP
PP

PP
PP

PP
PP W ′

Ψ′

��

Ṽ ′θ′

oo

Φ̃′

ss❤❤❤❤❤
❤❤❤

❤❤❤❤
❤❤❤

❤❤❤❤
❤❤❤

❤❤❤❤
❤❤

ξ1

uu❦❦❦❦
❦❦❦

❦❦❦
❦❦❦

❦❦❦
❦❦❦

❦❦

κ′

��✄✄
✄✄
✄✄
✄✄
✄✄
✄✄
✄✄
✄✄
✄✄
✄

V

��

// Ũ⊂X̃E,F

πE,F

��

τ // Ũ ′

πE′,F ′

��

T

ξ2��⑧⑧
⑧⑧
⑧⑧
⑧⑧

V
Φ // U⊂C2 U ′ V ′

υ

^^❃❃❃❃❃❃❃❃
Φ′

oo

(16)

Notice that the pairs of complex spaces:

(W,Ψ−1(π−1
E,F (0) ∪ α̃0))

(W ′,Ψ′−1(π−1
E′,F ′(0) ∪ β̃0))

are diffeomorphic because τ sends α̃0 to β̃0. Hence the pairs:

(Ṽ , Φ̃−1(π−1
E,F (0) ∪ α̃0)) (17)

(Ṽ ′, Φ̃′−1(π−1
E′,F ′(0) ∪ β̃0)) (18)

are diffeomorphic. To construct a diffeomorphism from Ṽ to Ṽ ′ that goes down to τ we first lift τ to

a diffeomorphism of the minimal resolutions of W and W ′ obtaining τ ′ : W̃ → W̃ ′. Now, recall that Ṽ

and Ṽ ′ are obtained by a sequence of blow ups with the same combinatorics from W̃ and W̃ ′. Then, we

lift τ ′ step by step following this sequence of the blow ups, in both origin and target, starting from W̃

and W̃ ′ respectively. It is clear we can lift it for a single blow up, so finally we can find a differmorphism
τ : Ṽ → Ṽ ′.

In particular a divisor is collapsed by Φ̃ if and only if its image by τ is collapsed by Φ̃′. Also a divisor

D1 in Ṽ is dicritical onto some divisor D2 in π−1
E,F (0) if and only if τ (D1) is dicritical onto τ(D2) in

π−1
E′,F ′(0).

Let C be divisor that is collapsed by κ : Ṽ → V and let C′ be its image by τ . Then, since τ is a
diffeomorphism we can collapse C′ and obtain a smooth surface V ′.

Observe that a divisor in Ṽ ′ is collapse by κ′ if and only if it is the image by τ of a divisor in Ṽ that
is collapsed by κ respectively.

Let L′
t and L′

s be the images of L̃s and L̃t by κ′◦τ . Then they are normal crossing divisor because
they are not contracted by κ′, τ is a diffeomorphism and the smoothness and transversality depend only
on the combinatorics of the divisor C′ we collapse (that is the same as the one of C).

Applying Stein factorization to the composition πE′,F ′◦φ̃′ : Ṽ ′ → U ′ we obtain a normal space T , a

proper and birational mapping ξ1 : Ṽ ′ → T and a finite mapping ξ2 : T → U ′.

The mapping Ṽ ′ → T is the result of collapsing the divisor Φ̃′−1(π−1
E′,F ′(0). Since κ′ : Ṽ ′ → V ′ collapses

C′ which is a union of components of Φ̃′−1(π−1
E′,F ′(0)), then there is a morphism υ : V ′ → T .

Define Φ′ = ξ2◦υ and let β be the germ of Φ′ at the point p′ := L′
s ∩ L

′
t. Choose coordinates (t, s)

around p′ so that the t-axis is L′
t and the s-axis is L′

s.
We see that β is a dicritical wedge realising the Nash-adjacency for (E′, F ′) by construction. We think

of β defined in Ω′ := κ′(τ (Ω̃)).
In fact, by construction we have that:
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• the curve L′
t lifts to Ũ

′ to the lifting of β0, that is to τ◦α̃0 which is transverse to F ′ at a smooth
point of the exceptional divisor.

• the curve L′
s lifts to Ṽ ′ by κ′ to τ (As) which is transformed by Φ̃′ to E′ in a dicritical way. Thus

the special point of the lifting of the generic arc moves along E′ when s moves.

• the lifting β̃s meets E′ transversely because Φ̃′ is unramified at L̃′
s (this is because Φ̃ is unramified

at Ls⊂As and Φ̃′ is obtained from Φ̃ by composition with a diffeomorphism).

�

4.2. Consequences of Theorem 4.9 and some conjectures.

In this section we look for necessary or sufficient conditions for the existence of Nash-adjacencies,
mainly using Theorem 4.9.

We will write E ≡i E
′ to say that E and E′ have the same combinatorics and contact order greater

or equal than i.
We denote by Contq(E) the closure of the set of arcs whose lifting to the minimal model of E meets

E with multiplicity q. Following [5] or [11] it is the maximal cylindrical set associated to the valuation
q · νE .

Lemma 4.10. For any i the intersection ⋂

E′≡iE

NE′

is a closed cylindrical set. Moreover, there exists a finite set J such that
⋂

E′≡E

NE′ =
⋂

Ej≡iE, j∈J

NEj
.

Proof. The sets NE′ are closed and cylindrical for the same order of truncation. Then, the intersection
occurs at the level of truncation, that is in a finite dimensional set, where the intersection of an infinite
number of algebraic sets is intersection of only a finite number of them. �

Corollary 4.11. A Nash-adjacency for (E,F ) implies a Nash-adjacency for (E′, F ) for E′ ≡ E and any
higher contact order (than E) with F .

Proof. Let i+1 be the contact between E and F . Then, Epi
be the last divisor in common on the process

of finding the minimal model for E and F . The corollary doesn’t say anything unless the next point in
both resolutions is free. In this case there are other divisors with the same combinatorics than E and F
but with higher contact.

By the previous lemma and the Theorem we have that

⋃

(Ek,Fj)≡(E,F ) for all j∈J

NEk
⊂

⋂

Fj≡iF, j∈J

NFj
=

⋂

F ′≡iF

NF ′ . (19)

In particular we conclude NEk
(NF ′ with (Ek, F

′) with higher contact than (E,F ). �

Corollary 4.12. If E and F have contact order i, and NF(NE, then
⋃

F ′≡iF

NF ′(
⋂

E′≡iE

NE′

Conjecture 1. Given a divisor E. Consider the points {pi}i∈I you blow-up to obtain the minimal model
of E. Take p any of these points. Assume p = pi0 is a free point. Then the set

⋂
E′≡i0E

NE′ coincides

with Contq(Epi0
). In case the conjecture is true, it would be interesting to estimate q.
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Conjecture 2. For the case of contact 1 we conjecture that
⋂

E′≡0E

NE′ = Contβn(E0)

with βn the greatest Puiseux exponent of hE and E0 the divisor that appears after blowing up the origin
of C2.

This conjecture would imply in particular that NE(NF with E and F with contact 1 if and only if
mult0(hF ) ≥ βk that we conjecture also in Example 3 in Section 6.

Conjecture 3. Assume E and F have contact order i and that pEi+1 and p
F
i+1 are both free points. Consider

kF := max{m :
⋃

F ′≡iF

NF ′(ContmEpi
},

kE := min{m : ContmEpi
(

⋂

E′≡iE

NE′}.

We conjecture that NF(NE if and only if kF ≥ kE . We would like also to compute kE and kF .

These type of conjectures point out that solving our problem seems very close to solve the generalised
one about possible inclusions among maximal cylindrical sets that is, associated to valuations q · νE with
q ∈ N.

Definition 4.13. Given a prime divisor E, its log-discrepancy λ(E) is the positive integer 1+νE(dx∧dy).
Here νE(dx∧dy) denotes the order of vanishing along E of the pull-back of the holomorphic 2-form dx∧dy
to a model in which E appears.

As a special case of [5, Theorem 2.1] (see also [6, Theorem 6.2]), we have:

Theorem 4.14. The codimension codim(NE) of NE in the arc space of C2 is equal to the log-discrepancy
λ(E).

Observe that our subsets NE are always contained in the set of arcs centered at the origin which is a
set of codimension 2.

One has the following rules of computation of the log-discrepancy, whose proofs are direct:

• If E0 is the divisor that appears after the blow up of the origin of C2, then λ(E0) = 2.
• If E is satellite and appears after blowing up p ∈ E1 ∩ E2, then λ(E) = λ(E1) + λ(E2) + 1.
• If E is free right after E1 then λ(E) = λ(E1) + 1.

Then, from Corollary 4.12 we obtain the following:

Corollary 4.15. If E and F have contact order i, and NF(NE, then:

codim(
⋃

F ′≡iF

NF ′) > codim(
⋂

E′≡iE

NE′).

In particular, if the union and intersection are of more than one subset, we have that:

λ(F ) > λ(E) + 1.

Proof. The first statement is obvious. For the second one, we observe that all the ND are different, so
the union of at least two has less codimension than any of them and the intersection of more than two
has more codimension than any of them. �



ON THE GENERALISED NASH PROBLEM ON A SMOOTH SURFACE GERM AND THE VALUATIVE CRITERIUM23
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E

E

E0
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E=E

F=E5

3

Figure 2. Ishii’s example: N3(N5, that is, E5 �N E3 but E5 <ν E3 and λ(E5) = 8 <
λ(E3) = 9.

5. An Example

In [11], Ishii gave an example of a pair (E,F ) where the valuative criterion holds, that is νE ≤ νF , but
NF * NE . Since λ(F ) = 9 and λ(E) = 8 we can now use Corollary 4.15 to see that the Nash-adjacency
is not possible.

The example was for E = E5 and F = E3 as in figure 2. Observe that E5 is not a satellite divisor.
We will give an example of two satellite divisors (E,F ) with contact order 1 (that is in particular also

a counterexample of topological types) for which we have νE ≤ νF , λ(F ) > λ(E) + 1 but E �N F , that

is NF * NE .
The example is the following. Take for E a divisor such that some hE = 0 is parametrized by

(t9, t6 + t8). Then hE = 0 has multiplicity sequence (6, 3, 3, 2, 1, 1) and characteristic sequence (6, 9, 11).
For F we take a divisor whose curvette image associated has multiplicity sequence (10, 1, 1, ..., 1). We
consider them with contact order 1.

Then it is easy to check, using Proposition 3.7 (4), that νE ≤ νF . Besides we have that λ(F ) = 21 y
λ(E) = 17.

We will obtain NF * NE as a consequence of Proposition 5.3. To prove it we will need the following
Lemma after the following observation:

Fact 1. Given a satellite divisor E, all the curves V (hE) associated to E have the same Newton-Puiseux
expansion with exactly the same coefficients up to the greatest Newton-Puiseux exponent which varies
as the strict transform moves along E.

Lemma 5.1. Let α(t, s) = (α1(s, t), α2(s, t)) be a wedge realising an inclusion NF(NE with the generic
arc transverse by E. Then there exists t(u, s) ∈ C((s))[[u]] such that:

α(t(u, s), s) = (uβ0 ,

βk−1∑

i=β1

ciu
i + λ(s)uβk +

∑

i>βk

ci(s)u
i) (20)

where ci ∈ C for i = 1, ..., βk−1 and (20) is the Newton-Puiseux expansion for any generic arc.

Proof. We just follow the usual procedure to get the Newton-Puiseux expansion in family. Note that the
tangent line of the generic arcs is constant unless the arcs are smooth and E = EO. This case is easy so,
we assume the tangent of the generic arc is y = 0. Let α1(s, t) =

∑
j cj(s)t

j for some holomorphic cj(s).

If sβ0 doesn’t divide cβ0(s), we do the substitution s = sβ0 . Then, we can write α1 as follows:

α1(s, t) = sβ0Rv(s)tβ0(1 +
cβ0+1(s)

cβ0(s)
t1 + ...)
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with R > 0, v(0) 6= 0. Now we can take the β0-root of α1(t, s) for s 6= 0 which will be a function:

U(t, s) = tsR β0
√
v(s)(1 +

∑

i>1

bi(s)t
i))

for some bi(s) possibly meromorphic in s. Observe that since v(s) is holomorphic, so is β0

√
v(s).

Then, we have that:

U(t, s)β0 = α1(t, s). (21)

Consider T (u, s) the inverse function of U(t, s) that is, such that U(T (u, s), s) = u. Substituting t =

T (u, s) in 21, we have that α1(T (u, s), s) = uβ0 for all s 6= 0. Then, α(T (u, s), s) is in the Newton-Puiseux
form for s 6= 0, so it is constant in s up to order βk − 1. The constancy of the coefficients follow from the
fact that if we move any of them we are moving a free point in the resolution and by hypothesis these
remain constant form all s 6= 0. �

Equivalently, we state the following corollary:

Corollary 5.2. Let E be any divisor and let (uβ0 ,
∑βk

i≥β1 ciu
i+λuβk) with ci, λ ∈ C be the Newton-Puiseux

expansion of hE. Any wedge α with generic arc in ṄE is obtained from:

(uβ0 ,

βk−1∑

i≥β1

ciu
i + λ(s)uβk +

∑
...)

with λ(s) meromorphic in s by performing a meromorphic change:

u(t) = sRtw(s)(1 +
∑

i≥1

bi(s)t
i)

for some R > 0, some holomorphic function w(s) and meromorphic functions bi(s).

Proposition 5.3. Let E a divisor such that hE has characteristic sequence (β0, β1, ..., βk) (see Subsection
3.2). Let F be a divisor with contact order 1 with E. Then, if multO(fF ) = β1 + 1 then NF * NE.

Proof. Assume we have NF(NE . By Theorem 4.9 NF(NE′ for any E′ with (E,F ) ≡ (E′, F ). So, we

can assume fE has Puiseux expansion (uβ0 , u
β
1 + − − − + uβk−1 + λuβk ) for some λ ∈ C. Then, if there

exists that inclusion, then there exists a (holomorphic) wedge α(s, t) realising it and by the previous
corollary it can be obtained by a change u(t, s) = tsRv(s)(1 +

∑
ci(s)t

i) for some R > 0, v(s) ∈ C[[s]]
with v(0) 6= 0 and ci(s) ∈ C((s)) in:

β(u, s) = (β1(u, s), β2(u, s)) = (uβ0 , u
β
1 +−−−+ uβk−1 + λ(s)uβk + ...)

for some λ(s) ∈ CC((s)).
In particular, this means that α(t, s) = (α1(t, s), α2(t, s)) := β(u(t, s), s) is a holomorphic function and

that α2(t, 0) = µtm(E) + ... for some µ ∈ C∗.
Now, in the one hand, the coefficient of tβ1+1 in α2(t, s) is:

β1s
Rβ1v(s)β1c1(s).

We ask it to have neither poles nor zeros in s = 0. So we ask c1(s) to have exactly a pole of order Rβ1
in s = 0.

On the other hand, the coefficient of tβ0+1 in α1(t, s) is β0s
Rβ0v(s)β0c1(s). We want it to be holo-

morphic, so c1 can not have a pole in s = 0 of order greater that Rβ0 which is not compatible with the
previous requirement. So, we can conclude that such a wedge is impossible. �
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6. Some reductions of the Generalised Nash problem in C2

In this section we see some easy examples where we have Nash-adjacency between divisors but still no
domination relation. We also make some other observations that lead us to make some reductions of the
problem.

If E <d F then we have that NF(NE . To see this one just have to see the arcs in NF in the minimal
model of E. We call them the trivial Nash-adjacencies.

We can easily cooked some examples to show that the order given by Nash-adjacencies is much more
richer than the one given by domination: NF(NE doesn’t imply E <d F .

Example 2. (t5 + s3t3, (1 + s4)t4) is a family of arcs with different tangents for s = 0 and s 6= 0. So the
wedge realises a Nash-adjacency NF(NE with E and F with contact 1. Then, in particular there is no
domination relation between E and F .

Example 3. Fix a divisor E and take the Puiseux expansion of hE :

γE(t) = (tβ0 ,

βk∑

i=0

ait
i).

Let F be a divisor with mult0(hF ) > βm and contact order 1 with E. Take γF a parametrization of
V (hF ). It can be checked that γF (t) + γE(st) is a wedge realizing the Nash-adjacency.

Besides, we conjecture that the reciproque is also true: if the contact between E and F is 1 and
NF(NE , then mult0(hF ) > βmax(hE) where βmax(hE) is the greatest Puiseux exponent of hE .

We can reformulate our problem (up to trivial Nash-adjacencies):

Reduction 1. Describe all pair E, F such that NF(NE and

• for all F ′ < F we have that NF ′(NE and
• for all E′ with E < E′ we have that NF(NE′ .

Now, we introduce the notion of returns from [15]:

Definition 6.1. The returns of a wedge α : C2 → C2 are the curve germs (α−1((0, 0)), (0, 0)) \Λ×{O}.

They happen when deforming an irreducible curve and the generic curves of the family have several
branches at the origin.

In the general surface case, the existence of returns can be essential and inavoidable, see [15]. This is
not the case in C2:

Lemma 6.2. Given a wedge α strictly realizing a Nash-adjacency NF(NE, then there exists a wedge
strictly realizing it and without returns.

Proof. α(t, s) = (α1(t, s), α2(t, s)) = C2 → C2. Let (qi(s), s
ki) be the parametrizations of the zero set of

α1 : C2 → C. We can always redefine α(t, s) := α(t, sk) with k = maxi{ki}, which is a wedge with the
same properties than the original one. So, we can assume that the parametrizations of the zero set of α1

are now of the form (qi(s), s).
A branch (qi(s), s) gives a return of the wedge if and only if it is contained in the zero set of α2.
It is clear that exists M such that α2(qi(s), s) is different from s · qi(s)

M for all i.
Then, the wedge given by β(t, s) = (α1(t, s), α2(t, s) + stM ) doesn’t have returns.
Besides, by taking M big enough we can guarantee that the generic arc of β is also transverse by the

divisor F :

• the condition to ensure that a series can be inverted happens in the first term, so the term in
tM for M high enough doesn’t affect, and we can perform the sequence of blow ups needed to
resolve αs in order to resolve βs,
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• the transversality to F is given also by the non-nullity of the first terms so, again tM doesn’t
affect.

�

Assume there is a Nash-adjacency for (E,F ). Let k be the contact of E with F . Let p1 = O, p2,..., pk
be the points one has to blow up before hE and hF separate. Let Ej be the divisor that appears after
blowing up pj . Consider now a wedge strictly realising the Nash-adjacency for (E,F ). We can ask if the
wedge lifts to the minimal model of Ek−1, that is to a neighbourhood of pk. Even for a wedge without
returns with all its arcs lifting through pk, the lifting of the wedge to the blow up may not exist.

Recall the following classical theorem of Teissier [24] (see also [2]):

Theorem 6.3. A family of curves admits a parametrization in family if and only if it is δ-constant.

Then a wedge parametrizes a δ-constant family of curves. The lifting would be also a δ-constant family.
Since the blow up doesn’t change the family out of the origin, a necessary condition is that the difference
of δ(αs, O) − δ(α̃s, O) is constant for all s. In fact this is a sufficient condition:

Lemma 6.4. Let α be a wedge without returns and with all the arcs lifting by the same point p ∈ E0. It
lifts to the blow up if and only if it is equimultiple, that is multO(α0) = multO(αs). Equivalently if and
only if δ(αs, O)− δ(α̃s, O) is constant.

Proof. Let see first that equimultiplicity is equivalent to δ constancy at the origin. We recall the formula
for the δ-invariant of a curve germ C in terms of its multiplicity sequence {mi}i:

δ(C, 0) =

n∑

i=0

mi(mi − 1)/2.

Then for the lifting to the blow up of the origin we have δ(C̃, 0) =
∑n

i=1mi(mi−1)/2 wherem0 = multOC.

Then, the difference δ(C, 0)− δ(C̃, 0) is m0(m0 − 1)/2. So the jump of the delta invariant for the special
and generic arc is the same if and only if the multiplicity is the same for both.

Let’s see that in the case of equimultiplicity we have a lifting in family of the arcs αs for all s. By
hypothesis the special and generic arcs have the same tangent line. So, we can assume it is y = 0. Then,
the wedge has the form (tm0

∑
i ai(s)t

i, tm0
∑

j bj(s)t
j) with a0(0) 6= 0 and b0(s) = 0. Then, the lifting of

α to the blow up is given by (
∑

i ai(s)t
i,
∑

j bj(s)t
j/(

∑
i ai(s)t

i)−1) where both entries are power series
with the same convergent domain than the entries in α.

�

Example 4. The reader can work out the following example:

(t5, st6 + t7).

After Lemma 6.4 we can state the following equivalence for our problem:

Reduction 2. Describe all the pairs E, F such that NE(NF and such that, moreover, one of the following
conditions is satisfied:

(type A) the contact of (E,F ) is 1;
(type B) the contact between E and F is strictly bigger than 1 and multO(hE) 6= multO(hF ).

It is an equivalent problem in the sense that any other inclusion NF(NF :

• either comes from domination,
• or is such that there exists a composition of blowing ups π′ : (X,D) → C2 and two divisors E′

y F ′ over a point p ∈ D such that NF ′(NE′ of type A or B for (X, p) ≈ (C2, O) such that
NE′ = π′

∗(NE) and NF ′ = π′
∗(NF ).
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[5] L. Ein, R. Lazarsfeld, M. Mustaţă. Contact loci in arc spaces. Compos. Math., 140 (2004), 1229-1244.
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