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THE TIME-DEPENDENT HARTREE-FOCK-BOGOLIUBOV

EQUATIONS FOR BOSONS

VOLKER BACH, SÉBASTIEN BRETEAUX, THOMAS CHEN, JÜRG FRÖHLICH,
AND ISRAEL MICHAEL SIGAL

Abstract. In this article, we use quasifree reduction to derive the time-
dependent Hartree-Fock-Bogoliubov (HFB) equations describing the dynamics
of quantum fluctuations around a Bose-Einstein condensate in Rd. We prove
global well-posedness for the HFB equations for sufficiently regular pair in-
teraction potentials, and establish key conservation laws. Moreover, we show
that the solutions to the HFB equations exhibit a symplectic structure, and
have a form reminiscent of a Hamiltonian system. In particular, this is used
to relate the HFB equations to the HFB eigenvalue equations encountered in
the physics literature. Furthermore, we construct the Gibbs states at positive
temperature associated with the HFB equations, and establish criteria for the
emergence of Bose-Einstein condensation.

1. Introduction

In this paper, we study the time-dependent generalization of the Hartree-Fock-
Bogoliubov (HFB) equations which describe the quantum fluctuations of the Bose
field around a Bose-Einstein condensate.

The starting point of our analysis is the evolution of the quantum many-body
system of Bose particles with the quantum Hamiltonian

H =

∫

dx ψ∗(x)hψ(x) +
1

2

∫

dxdy v(x− y)ψ∗(x)ψ∗(y)ψ(x)ψ(y) , (1)

with h := −∆+ V (x) acting on the variable x, defined on the scalar bosonic Fock
space

F :=
⊕

n≥0

(

L2(Rd;C)
)⊗symn

, (2)

where the n-th summand is an n-fold completely symmetric tensor product space,
accounting for the Bose-Einstein statistics. Here, ψ(x) and ψ∗(x) stand for the
annihilation and creation operators, respectively, satisfying the canonical commu-
tation relations (CCR, see, e.g. [8]),

[

ψ(x), ψ∗(y)
]

= δ(x− y) ,
[

ψ(x), ψ(y)
]

= 0 =
[

ψ∗(x), ψ∗(y)
]

. (3)

For brevity, we write ψ♯(x) to denote either ψ(x) or ψ∗(x).

We assume that (a) the external potential V is infinitesimally form bounded
with respect to the Laplacian −∆ and (b) v2 ≤ C(1−∆) in the sense of quadratic
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forms, for some constant C < ∞. These conditions imply that H is selfadjoint on
the domain of the operator H0 :=

∫

dx ψ∗(x)(−∆)ψ(x) (see Appendix D).

States of our system are positive linear (‘expectation’) functionals ω on the Weyl
CCR algebra W over Schwartz space S(Rd). They can correspond either to non-
zero densities and temperatures, or to a finite number of particles as in the case of
BEC experiments in traps. In the latter case they are given by density operators
on Fock space F , ω(A) = Tr(AD), for all observables A, where D is a positive,
trace-class operator with unit trace on F .

It is convenient to define states ω on products ψ#(f1) . . . ψ
#(fn) of creation

and annihilation operators. This is done using derivatives ∂sk of expectation val-
ues ω(W (s1f1) . . .W (snfn)) of the Weyl operators W (f) := eiφ(f), with φ(f) :=
ψ∗(f)+ψ(f) (see [9], Section 5.2.3). We always assume that the states we consider
are such that such derivatives (and therefore the corresponding correlation func-
tions) exist, to arbitrary order. For n ≤ 4, which is our case, this is guaranteed by
assuming that ω(N2) < ∞, where N is the number operator N :=

∫

dx ψ∗(x)ψ(x).
This implies, in particular, that ω is given by a density operator.

As usual, it is convenient to pass from the multilinear functionals ω(ψ♯(f1) · · ·ψ♯(fn))
to the multi-variable functions ω(ψ♯(x1) . . . ψ

♯(xn)). Consequently, by an observ-
able, we mean either an element of the Weyl algebra W or a linear combination of
operators of the form ψ#(f1) . . . ψ

#(fn).

The evolution of states is given by the von Neumann-Landau equation ([31, 19],
see also [33, 5] and, for some history, [37])

i∂tωt(A) = ωt([A,H]) , (4)

for all observables A. We refer to [9, 25] for a mathematical justification of this
equation.

1.1. Quasifree States and Truncated expectations. As the evolution (4) is
extremely complicated, one is interested in manageable approximations. The nat-
ural and most commonly used approximation is given in terms of quasifree states,
the simplest class of states.

Quasifree states are defined in terms of the truncated expectations with which
we begin. We abbreviate ψj := ψ♯j (xj). The (nth order) truncated expectations
(correlation functions) ωT (ψ1, . . . , ψn) of a state ω are defined recursively through

ω(ψ1 · · ·ψn) =
∑

Pn

∏

J∈Pn

ωT (ψi1 , . . . , ψi#(J)
) (5)

where Pn are partitions of the ordered set {1, ..., n} into ordered subsets, J . Thus,
we have for example

ωT (ψ(x)) = ω(ψ(x)) ,

ωT (ψ1, ψ2) = ω(ψ1ψ2)− ω(ψ1)ω(ψ2) . (6)

A state ω is called quasifree if the truncated expectations ωT (ψ1, . . . , ψn) vanish
for all n > 2. We denote quasifree states by ωq and the set of quasifree states, by
Q ⊆ S.
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For quasifree states, all expectations ωq(ψ♯1
1 · · ·ψ♯n

n ), with n > 2, can therefore

be expressed through ωq(ψ♯i
i ) and ωq(ψ

♯j
j ψ

♯k
k ), with i, j, k ∈ {1, . . . , n}. The explicit

formula is called Wick’s formula or Wick’s theorem, see [8]. Examples for small
orders are given in Appendix A.

1.2. Quasifree reduction of the full dynamics. As was mentioned above, the
detailed properties of the dynamics of the many-body system described by (4) are
rather complicated, and an approximation is required to extract some key qualita-
tive features. The main idea is to restrict the dynamics to quasifree states.

However, the property of being quasifree is not preserved by the dynamics given
by (4) and the main question here is how to project the true quantum evolution
onto the class of quasifree states.

The projection (or reduction) we propose is to map the solution ωt of (4), with
a quasifree initial state ω0 ∈ Q, to the family (ωq

t )t≥0 ∈ C1
(

R
+
0 ;Q

)

of quasifree
states satisfying

i∂tω
q
t (A) = ωq

t ([A,H]) (7)

for all observables A, which are at most quadratic in the creation and annihilation
operators. (For the Hamiltonian H given by (1), the commutator [A,H] contains
products of at most 4 creation and annihilation operators.) This is the quasifree
reduction of equation (4).

As was mentioned above, a quasifree state ωq determines and is determined by
the truncated expectations to the second order:











φ(x) := ωq(ψ(x)),

γ(x; y) := ωq[ψ∗(y)ψ(x)] − ωq[ψ∗(y)]ωq[ψ(x)],

σ(x, y) := ωq[ψ(x)ψ(y)]− ωq[ψ(x)]ωq[ψ(y)] .

(8)

Let γ and σ denote the operators with the integral kernels γ(x, y) and σ(x, y). This
definition implies that

γ = γ∗ ≥ 0 and σ∗ = σ̄, (9)

where σ̄ = CσC with C being the complex conjugation. (More detailed character-
izations of γ and σ are given in Proposition 3.1.)

Evaluating (7) for monomials A ∈ A(2), where

A(2) := {ψ(x), ψ∗(x)ψ(y), ψ(x)ψ(y)},

yields a system of coupled nonlinear PDE’s for (φt, γt, σt), the Hartree-Fock-Bogo-
liubov (HFB) equations. Since quasifree states are characterized by their truncated
expectations φ, γ, σ, this system of equations is equivalent to equation (7).

To give a flavor of the HFB equations at this point, we formally assume the
pair interaction potential to be a delta distribution, v(x) = gδ(x) with coupling
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constant g ≥ 0. The HFB equations then have the form

i∂tφt = hgδ(γ
φt

t )φt + gd(σφt

t )φ̄t − 2g|φt|2φt , (10)

i∂tγt = [hgδ(γ
φt

t ), γt] + gd(σφt

t )σ∗
t − gσtd(σ

φt

t ) , (11)

i∂tσt = [hgδ(γ
φt

t ), σt]+ + g[d(σφt

t ), γt]+ + d(σφt

t ) , (12)

where [A,B]+ = ABT +BAT , AT := CA∗C and d(σ)(x) := σ(x, x) and

σφ := σ + φ⊗ φ , γφ := γ + |φ〉〈φ| , (13)

hgδ(γ) := h+ 2gd(γ) . (14)

Here and in what follows, we denote the multiplication operators and the functions
by which they multiply by the same symbols. The difference is always clear from
context.

The physical interpretation of the truncated expectations of ωq
t is that φt gives

the quantum mechanical wave function for the Bose-Einstein condensate, while γt
and σt describe the dynamics of sound waves in the quasifree approximation (in
particular, γt gives the density of the thermal cloud of atoms). (In the physics
literature, n = d(γ) and m = d(σ) are called the non-condensate density and
“anomalous” density, respectively.)

The HFB equations provide a time-dependent extension of the standard station-
ary Hartree-Fock-Bogoliubov equations for a Bose gas appearing in the physics
literature, see e.g. [14, 15, 32]. Related equations (with φt = 0) appear in super-
conductivity (Bogoliubov-de Gennes equations), where they are equivalent to the
BCS effective Hamiltonian description.

1.3. Main Results. The quasifree reduction of the dynamics (4) and evaluation of
the resulting equations for the truncated expectations φ, γ, σ – the HFB equations
– are among the main results of this paper (see Theorem 2.2).

We show that the HFB equations are equivalent to the self-consistent equation

i∂tω
q
t (A) = ωq

t ([A,Hhfb(ω
q
t )]) (15)

where Hhfb(ω
q) is an explicitly constructed quadratic Hamiltonian (see (31)), for

all observables A. See Theorem 2.4.

Equation (15) suggests to define the HFB stationary states as the quasifree states
satisfying

ωq([A,Hhfb(ω
q)]) = 0,

for all observables A. (If ωq is given by a density matrix, we can rewrite this
equation as a fixed point problem, see (16) below.) The most interesting among
such states are the ground or Gibbs states. These states are defined as

ωq
β,µ := lim

L→∞
ωq
L,

where ωq
L is the quasifree ground or Gibbs state of the Bose gas confined to a

torus, ΛL = R
d/2LZd, i.e., the box [−L,L]d, with periodic boundary conditions.

It satisfies the fixed point equation

Φ(ωq
L) = ωq

L with Φ(ωq
L)(A) := Tr[A exp(−β(Hhfb(ω

q
L)− µN))/Ξ] (16)
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where β > 0 is the inverse temperature, µ is the chemical potential, and Ξ =
Tr[exp(−β(Hhfb(ω

q
L)) − µN)], and is a stationary solution to the equation (15) on

ΛL. (To prove the second statement, ωq([Hhfb(ω
q),A]) := limL→∞ ωq

L([Hhfb(ω
q),A]) =

0, for any observable A defined on some torus ΛL.)

We also initiate a mathematical discussion of the HFB equations. In particular,
for γ trace-class and σ Hilbert-Schmidt operators (for the precise restriction see
Section 2), we show

• Global well-posedness (Theorem 5.1) of the HFB equations;
• Conservation of the total particle number

N (φt, γt, σt) := ωq
t (N) , (17)

where N is the number operator (see Corollary 2.7);
• Existence and conservation (under certain conditions on v and ωq

t ) of the
energy:

E(φt, γt, σt) := ωq
t (H) (18)

(see Corollary 2.7 and Theorem 2.8, or Prop 3.12).

More generally, any observable conserved by the von Neumann-Landau dynamics
and which is at most quadratic in the creation and annihilation operators is also
conserved by the quasifree dynamics. See Theorem 2.5. In the special case of the
observable N, this gives the statement above.

Note that conservation of the total particle number is related to the U(1)-gauge
invariance, i.e., invariance under the transformation ψ♯ → (eiθψ)♯, of the Hamil-
tonian H.

The total particle number and energy, N (φ, γ, σ) := ωq(N) and E(φ, γ, σ) :=
ωq(H), as functions of (φ, γ, σ) can be evaluated explicitly:

N (φ, γ, σ) =

∫

(

γ(x;x) + |φ(x)|2
)

dx , (19)

and, in the case of a delta pair potential v = gδ, the energy, E(φ, γ, σ), takes the
form

E(φ, γ, σ) = Tr[h(γ + |φ〉〈φ|)] (20)

+g

∫

(

2n(x)|φ(x)|2 + n(x)2 +
1

2
|w(x)|2

)

dx .

(In terms of Hhfb(ω
q), we have that E(φ, γ, σ) := ωq(H) = ωq(Hhfb(ω

q)) + scalar.)

As usual, for γ trace class and σ Hilbert-Schmidt, the energy provides the vari-
ational characterization of stationary Gibbs states:

• Gibbs states minimize the energy E(φ, γ, σ) under the constraint of constant
entropy and the expected number of particles.

In the thermodynamic limit, with V = 0, one should replace the energy and the
number of particles by the energy and particle number densities.
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Quasifree states ωq that are U(1)-gauge invariant, i.e. which satisfy ωq(ψ) =
ωq(eiθψ), ∀θ, etc, have vanishing truncated expectations φωq and σωq . Indeed, the
U(1)-gauge invariance of ωq implies that ωq(ψ) = ωq(eiθψ) = eiθωq(ψ), which yields
φωq = 0. Similarly one shows that σωq = 0. For quasifree, U(1)-gauge invariant
states, the HFB equations reduce to the bosonic Hartree-Fock equation.

For V = 0 and γ and σ translationally invariant, our full energy functional
(see (35)) reduces to the energy density functional going back to the work [13]
and considered in [28, 29]. It is shown in the latter papers that this functional
has minimizers under the constraint of constant entropy and particle densities.
[28, 29] show also the appearance of a Bogoliubov condensate for the corresponding
minimizers. (One still has to show that states thus obtained are stationary solutions
to the equation (15).)

In this paper we do not consider the general problem of existence of static so-
lutions. However, for V = 0, we present a result on the existence of the positive
temperature, U(1)-gauge and translation invariant Gibbs HFB states and show that
Bose-Einstein condensation (BEC) occurs above a critical density, see Theorem 6.3.

As was mentioned above, the U(1)-gauge invariant states have φ = 0 and σ = 0
and therefore are, in fact, stationary solutions of the bosonic Hartree-Fock equation.
Moreover, as the results of [28, 29] show, in the BEC regime, these states are not
minimizers of the full HFB (mean) energy for the (mean) entropy and number
of particles fixed. However, the existence of such states exhibiting Bose-Einstein
condensation indicates that there are also symmetry breaking Gibbs HFB states,
i.e. with φ 6= 0 and σ 6= 0.

1.4. Fixed Point Equation. Let Uωq (t, s) denote the unitary propagator on the
Fock space solving

i∂tUωq (t, s) = Hhfb(ω
q
t )Uωq (t, s) ,

Uωq (s, s) = 1 . (21)

Then, we can rewrite the equation (15) with an initial condition ωq
0 as an ‘integral’

equation

ωq
t (A) = ωq

0(Uωq (t, 0)∗ AUωq(t, 0)) , (22)

where A is an arbitrary observable. This is the fixed point problem, ωq
t = Φ(ωq

t ),
where Φ(ωq

t )(A) := ωq
0(Uωq (t, 0)∗ AUωq(t, 0)). Since Uωq (t, s) are generated by

quadratic Hamiltonians, we have that ωq
0(Uωq (t, 0)∗ AUωq (t, 0)) is quasifree for any

time t > 0. This formulation opens an opportunity to proving the existence of the
quasifree dynamics directly, without going to the truncated expectations.

In this article, we do not show that the HFB equations provide an accurate ap-
proximation of the many–body dynamics (4) for finite times. There is a considerable
literature on the derivation of the simpler Hartree and Hartree – Fock equations.
Recently, the Hartree equation with linear fluctuations around the Hartree solutions
(producing the linearized HFB equations with respect to γ and σ) were derived in
[16, 23, 26, 22, 21], see [20] for a recent review.
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1.5. Organization of the paper. In Section 2, we present the HFB equations,
which we prove in Appendix B using the method of quasifree reduction, applied to
the interacting Bose field in Rd characterized by the Hamiltonian (1). We also show
that conservation laws for the many-body problem imply conservation laws for the
HFB equation. In Section 3, we show that the solutions to the HFB equations
possess a symplectic structure, and that they have similarities with a Hamiltonian
system. In Section 4 we show how the symplectic version of the HFB equations and
the HFB eigenvalue equations found in the physics literature are related. In Section
5, we prove that the Cauchy problem for the HFB equations is globally well-posed in
the energy space, provided that the pair interaction potential is sufficiently regular.

Our proof of global well-posedness is in part inspired by previous works on the
Hartree-Fock equation [6, 12, 7, 11, 38]. In Section 6, we give a proof of the Bose-
Einstein condensation in the stationary case. A brief account on quasifree states
along with the proofs of various technical lemmata are collected in the Appendices.

Acknowledgements. T.C., I.M.S. and S.B. thank J.F. for his hospitality at ETH
Zürich. T.C. thanks I.M.S. for his hospitality at the University of Toronto, and
I.M.S. thanks T.C. for his hospitality at UT Austin. The work of I.M.S. is sup-
ported in part by NSERC Grant No. NA7901 and SwissMAP Grant. The work of
T.C. is supported by NSF CAREER grant DMS-1151414. The work of S.B. is sup-
ported by the Basque Government through the BERC 2014-2017 program, and by
the Spanish Ministry of Economy and Competitiveness MINECO (BCAM Severo
Ochoa accreditation SEV-2013-0323, MTM2014-53850), and the European Union’s
Horizon 2020 research and innovation programme under the Marie Sklodowska-
Curie grant agreement No 660021.

2. The HFB equations and their basic properties

In this section, we formulate the HFB equations for a general pair potential v
and prove the associated conservation laws. The derivation of the HFB equations
is done in Appendix B by applying the quasifree reduction as in the introduction.

Notations. Let M := 〈∇x〉 =
√
1−∆x, with ∆x being the Laplacian in d dimen-

sions. We denote by B the space of bounded operators on L2(Rd), with the operator
norm denoted by ‖ · ‖. For j ∈ N0 we define the spaces

Xj,∞ =
{

(φ, γ, σ) ∈ Hj × Bj × Bj : γ = γ∗ ≥ 0 and σ∗ = σ̄
}

, (23)

with Hj the Sobolev space Hj(Rd) and Bj =M−jBM−j. The norms on Xj,∞ are
given by the norms on the Banach spaces, Hj × Bj × Bj, i.e.,

‖(φ, γ, σ)‖Xj,∞ = ‖M jφ‖L2(Rd) + ‖M jγM j‖+ ‖M jσM j‖.
(The superindex ∞ indicates that we are dealing with bounded operators, as op-
posed to the trace-class and Hilbert-Schmidt ones appearing later.)

Moreover, we let X∞
T := C0([0, T );Xj,∞) ∩ C1([0, T );X0,∞), for a fixed j satis-

fying j > d/2 and j ≥ 2, and denote by Xj,∞
qf and X∞

T,qf spaces of quasifree states

and families of quasifree states with the 1st and 2nd order truncated expectations
from the spaces Xj,∞ and X∞

T , respectively.
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The reason for introducing the spaces Bj is the following elementary result.

Lemma 2.1. Any α ∈ Bj, j > d/2, has a bounded, Hölder continuous integral
kernel α(x, y).

Let v ∈ L1. Then the operator k : α→ v ♯ α, defined through its integral kernel:

v ♯ α (x; y) := v(x− y)α(x; y) , (24)

is bounded from Bj, j > d/2, to Bs, s < j − d/2.

Proof. Let G(x) be the Fourier transform of the function (1 + |ξ|2)−j/2, j > d/2.
Then G ∈ Hs(Rd), s < j − d/2, and we can write α(x, y) = 〈Gx, α1Gy〉, where
Gx(x

′) := G(x − x′) and α1 := M jαM j . Since α ∈ Bj, j > d/2, α1 is a bounded
operator and therefore |α(x, y)| ≤ ‖Gx‖L2‖α1‖‖Gy‖L2 = ‖α1‖‖G‖2L2. Similarly,
one shows the Hölder continuity.

For the second statement, the result above gives ‖(v ♯ α)f‖L2 ≤ ‖α(·)‖L∞‖|v| ∗
|f |‖L2 ≤ ‖α(·)‖L∞‖v‖L1‖f‖L2. Similarly, one shows the estimates involving M s.

�

In what follows we use the same notation for functions and the operators of
multiplication by these functions. Which one is meant in every instance is clear
from the context.

Theorem 2.2. Assume that the pair interaction potential v is even, v(x) = v(−x),
infinitesimally ∆−bounded, with v ∈ L1(Rd). Then ωq

t ∈ X∞
T,qf satisfies

i∂tω
q
t (A) = ωq

t ([A,H]) , ∀ A ∈ A(2) , (25)

with the Hamiltonian H defined in (1), if and only if the triple (φt, γt, σt) ∈ X∞
T

of the 1st and 2nd order truncated expectations of ωq
t satisfies the time-dependent

Hartree-Fock-Bogoliubov equations

i∂tφt = h(γt)φt + k(σφt

t )φ̄t , (26)

i∂tγt = [h(γφt

t ), γt] + k(σφt

t )σ∗
t − σtk(σ

φt

t )∗ , (27)

i∂tσt = [h(γφt

t ), σt]+ + [k(σφt

t ), γt]+ + k(σφt

t ), , (28)

where [A1, A2]+ = A1A
T
2 +A2A

T
1 , γ

φ := γ + |φ〉〈φ| and σφ := σ + |φ〉〈φ|, and
h(γ) = h+ b[γ] , b[γ] := v ∗ d(γ) + v ♯ γ , (29)

k(σ) = v ♯ σ , d(α)(x) := α(x, x). (30)

If v = gδ, h(γ) agrees with hgδ(γ) in (13), and k(σ) agrees with the multiplication
operator by g d(σ)(x) in (13).

Due to Lemma 2.1 and the fact that h(γt) is ∆−bounded, for each t > 0, the
r.h.s. of (26) - (28) belongs to the space X0,∞. The proof of Theorem 2.2 is given
in Appendix B.

Remark 2.3. If we base our spaces for γ and σ on the trace-class and Hilbert-
Schmidt operators, instead of bounded ones, then we can relax the conditions on the
potentials.
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We now show that equations (7) (or (26) to (28)) and (15) describing the quasifree
dynamics are equivalent.

For a quasifree state ωq with 1st and 2nd order truncated expectations (φ, γ, σ) ∈
X1, we define the quadratic Hamiltonian parametrized by (φ, γ, σ) as

Hhfb(ω
q) =

∫

ψ∗(x)hv(γ)ψ(x) dx

−
∫

b[|φ〉〈φ|]φ(x)ψ∗(x) dx + h.c.

+
1

2

∫

ψ∗(x)(v#σ)ψ∗(x) dx + h.c. . (31)

Theorem 2.4. Assume that the pair potential v is even, v(x) = v(−x), and satisfies
v2 ≤ CM2 for some C > 0. Then (φt, γt, σt) ∈ X∞

T satisfy the HFB equations (26)
to (28) if and only if the corresponding quasifree state ωq

t ∈ X∞
T,qf satisfies the

equation

i∂tω
q
t (A) = ωq

t ([A,Hhfb(ω
q
t )]) . (32)

The proof of Theorem 2.4 is given in Appendix C.

We now prove the conservation laws for the number of particles (or more gen-
erally, for any observable commuting with the Hamiltonian H which is quadratic
with respect to creation and annihilation operators), and for the energy.

Theorem 2.5. Assume that an observable A ∈ A(2) satisfies [H,A] = 0. Then
ωq
t (A) is conserved:

ωq
t (A) = ωq

0(A) ∀ t ∈ R . (33)

Proof. This follows from (25) for A of order up to two, with [A,H] = 0. �

To draw some consequences from this result we need to define additional spaces.

Remark 2.6. We identify Hilbert-Schmidt operators on L2(Rd), denoted by L2,
with their kernels in L2(R2d), if no confusion may arise.

Notations. We denote by L1 the space of trace-class operators on L2(Rd) endowed
with the trace norm ‖ · ‖L1 . For j ∈ N0 we define the spaces

Xj =
{

(φ, γ, σ) ∈ Hj ×Hj ×Hj
s

}

, (34)

with Hj being the Sobolev space Hj(Rd), Hj =M−jL1M−j, and Hj
s the Sobolev

space Hj(R2d) restricted to functions σ such that σ(x, y) = σ(y, x). These are
real Banach spaces, similar to the Sobolev spaces Hj(Rd) in the scalar case, when
endowed with the norms

‖(φ, γ, σ)‖Xj = ‖M jφ‖L2(Rd) + ‖M jγM j‖L1 + ‖(M2 ⊗ 1 + 1⊗M2)j/2σ‖L2(R2d).

The norm ‖(M2 ⊗ 1 + 1 ⊗M2)j/2σ‖L2(R2d) is equivalent to the usual ‖σ‖Hj(R2d)

norm.

Furthermore, we let XT := C0([0, T );X3) ∩ C1([0, T );X1) and, as above, we

denote by Xj
qf and X qf

T the spaces of quasifree states and families of quasifree
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states with the 1st and 2nd order truncated expectations from the spaces Xj and
XT , respectively.

Corollary 2.7. Let ωq
t ∈ X qf

T solve (25) (or (32)). Then the number of particles
N (φt, γt, σt) = ωq

t (N) is conserved.

If, in addition, v is as in Theorem 2.4, then the energy ωq
t (H) is conserved.

Theorem 2.8. Let v be as in Theorem 2.4 and ωq ∈ Xqf . Then the energy ωq(H) =
E(φ, γ, σ) is given explicitly as

E(φ, γ, σ) = Tr[h(γ + |φ〉〈φ|)] + Tr[b[|φ〉〈φ|]γ]

+
1

2
Tr[b[γ]γ] +

1

2

∫

v(x− y)|σ(x, y) + φ(x)φ(y)|2dxdy . (35)

Proof. We use

ωq
C(A) := ωq(WφAW

∗
φ ) , (36)

where the Weyl operators are defined throughWφ = exp
(

ψ∗(φ)−ψ(φ)
)

and satisfy

W ∗
φψ(x)Wφ = ψ(x) + φ(x) . (37)

Note that the state ωq
Ct is quasifree because ωq is quasifree. By construction

ωq
C(ψ(x)) = 0 and thus using (5) and the quasifreeness of ωq

C one sees that ωq
C

vanishes on monomials of odd order in the creation and annihilation operators.
Note that E(φ, γ, σ) = ωq

C(W
∗
φHWφ), hence using the vanishing on monomials of

odd order in the creation and annihilation operators

E(φ, γ, σ) = ωq
C,t

(

∫

v(x− y)ψ∗(x)ψ∗(y)ψ(x)ψ(y)dxdy

+
1

2

(

∫

v(x− y)φt(x)φt(y)ψ
∗(x)ψ∗(y)dxdy + h.c.

)

+

∫

(

h+ b[|φ〉〈φt|]
)

(x; y)ψ∗(x)ψ(y)dxdy
)

+
1

2

∫

|φ(x)φ(y)|2v(x− y)dxdy + 〈φ, hφ〉 .

Then, using that ωq
C is a quasifree state with expectations (0, γ, σ) yields

E(φ, γ, σ) = 1

2
Tr[b[γ]γ] +

1

2

∫

σ(x, y)v(x − y)σ(x, y)dxdy)

+ ℜ
(

∫

σ(x, y)v(x− y)φ(x)φ(y)dxdy
)

+Tr[(h+ b[|φ〉〈φ|])γ] + 1

2

∫

|φ(x)φ(y)|2v(x − y)dxdy + 〈φ, hφ〉

which gives the expression of the energy in terms of φ, γ and σ. �

3. Generalized One-particle Density Matrix and Bogolubov

Transforms

In this section, we consider the HFB equations (27) - (28) for γt and σt and refor-
mulate them in terms the generalized one-particle density matrix Γt =

( γt σt

σ̄t 1+γ̄t

)

.
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We show that the diagonalizing maps for Γt are symplectomorphisms (see below for
the definition) and that the resulting equation for Γt is equivalent to the evolution
equation for these symplectomorphisms. The latter will allow us to (a) give an-
other proof of the conservation of energy without using to the second quantization
framework and (b) connect the time-dependent HFB equations (27) - (28) to the
time-independent HFB equations used in the physics literature. See Section 4.

We begin by relating properties of Γ =
( γ σ
σ̄ 1+γ̄

)

to those of γ and σ.

Proposition 3.1. The generalized one-particle density matrix, Γ, satisfies:

Γ =

(

γ σ
σ̄ 1 + γ̄

)

≥ 0 . (38)

This property is equivalent to the following statements:

(1) The operator γ ≥ 0 is positive semidefinite.
(2) The expectation σ(x, y) = σ(y, x) is symmetric.
(3) The inequality σ(1 + γ̄)−1σ∗ ≤ γ holds.
(4) The bound 1

2‖σ‖2H1
s
≤ ‖γ‖H1(1 + Tr[γ]) holds.

(Statement (4) follows from (1) and (3) and is given here for later convenience of
references.)

Proof. We remark that the truncated expectations γ and σ are the expectations of
the state

ωC(A) := ω(Wφt
AW ∗

φt
)

where Wφ = exp
(

ψ∗(φ)−ψ(φ)
)

are the Weyl operators. Wφ satisfy Wφψ(x)W
∗
φ =

ψ(x) − φ(x). The generalized one particle density matrix Γ of ωC is non-negative,
since, for all f, g in L2,

〈

(

f
g

)

,

(

γ σ
σ̄ 1 + γ̄

)(

f
g

)

〉

= ωC

(

(ψ∗(f) + ψ(ḡ))(ψ(f) + ψ∗(ḡ))
)

≥ 0 . (39)

Statements (1) and (2) are obvious. The inequality in Point (3) follows from the
Schur complement argument:

0 ≤
(

1 −σ(1 + γ̄)−1

0 1

)(

γ σ
σ∗ 1 + γ̄

)(

1 −σ(1 + γ̄)−1

0 1

)∗

=

(

γ − σ(1 + γ̄)−1σ∗ 0
0 1 + γ̄

)

.

Finally, we observe that (1) and (3) and the inequality γ ≤ Tr[γ]1 imply the
following bound on σσ∗,

(1 + Tr[γ])−1σσ∗ ≤ σ(1 + γ̄)−1σ∗ ≤ γ.

Inserting M =
√
1−∆x on both sides and taking the trace yields (4). �
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Notations. For j ∈ N0 we define the spaces

Y j = Hj ×Hj
s , (40)

where the spaces Hj and Hj
s are defined after (34). The norms on Y j are given by

‖(γ, σ)‖Y j = ‖γ‖Hj + ‖σ‖Hj
s
,

where ‖γ‖Hj := ‖M jγM j‖L1(L2(Rd)) and ‖σ‖Hj
s
:= ‖(M2⊗1+1⊗M2)j/2σ‖L2(R2d).

We also use the spaces YT := C0([0, T );Y 3) ∩ C1([0, T );Y 1) and ỸT := the space
of generalized one-particle density matrices, Γ, with entries in YT .

In what follows we fix a number T > 0 and a family φt ∈ C0([0, T );H3) ∩
C1([0, T );H1) (not necessarily a solution (26)) and do not display it in our notation.
A simple computation yields the first result of this section:

Proposition 3.2. (γt, σt) ∈ YT is a solution to the HFB equations (27) - (28) iff

Γt =
( γt σt

σ̄t 1+γ̄t

)

∈ ỸT solves the equation

i∂tΓt = SΛ(Γt)Γt − ΓtΛ(Γt)S , (41)

with Λ(Γ) =
( h(γ) k(σ)

k(σ) h(γ)

)

, where, recall, h(γ) and k(σ) are defined in (29) and (30),

and S =
(

1 0
0 −1

)

.

To formulate the next result we introduce some definitions.

Definition 3.3. Let h denote a complex Hilbert space. A bounded linear operator
U =

(

u v
v̄ ū

)

on h× h with the property that

U∗SU = S and USU∗ = S , (42)

with S =
(

1 0
0 −1

)

, is called a symplectomorphism.

If, moreover, there exists a unitary transformation U on the Fock space, some-
times called implementation of U , such that

∀f, g ∈ h , U[ψ∗(f) + ψ(ḡ)]U∗ = ψ∗(uf + vg) + ψ(vf̄ + uḡ) ,

then the symplectomorphism U is said to be implementable.

Remark 3.4. The operator U is a symplectomorphism in the sense that it preserves
the symplectic form ℑ〈 · ,S · 〉 on h × h (i.e. is a canonical map). (In fact, U
preserves 〈 · ,S · 〉.)
Remark 3.5. The operator U is a symplectomorphism if and only if the operator
f 7→ uf + vf̄ is a symplectomorphism on (h,ℑ〈·, ·〉) in the usual sense (i.e., it
preserves the symplectic form ℑ〈·, ·〉)
Remark 3.6. The conditions in (42) are equivalent to satisfying the four equations

uu∗ − vv∗ = 1 , u∗u− vT v̄ = 1 , u∗v = vT ū , uvT = vuT . (43)

Remark 3.7. The transformation

∀f, g ∈ h , (ψ∗(f), ψ(f̄)) → (ψ∗(uf) + ψ(vf̄), ψ∗(vf) + ψ(uf̄)) (44)

is called the Bogoliubov transformation. It is easy to check that it preserves the
CCR iff the operator U =

(

u v
v̄ ū

)

satisfies (42).
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If v is Hilbert-Schmidt, then the Bogoliubov transformation (44) is implementable.
This condition is referred to as the Shale condition; see [36].

For later use, we introduce the Banach space

H∞,2 =
{

(

a b
b̄ ā

)

∣

∣

∣
a ∈ B(H1) ≃MBM−1 , b ∈ML2M−1

}

,

endowed with the norm
∥

∥

(

a b
b̄ ā

)∥

∥

H∞,2 = ‖a‖B(H1) + ‖b‖ML2M−1 , using the same
identification between operators and kernels as before.

We begin with an auxiliary result:

Proposition 3.8. Let Γ =
( γ σ
σ̄ 1+γ̄

)

∈ Y 1 and Γ ≥ 0. Then there exist an imple-

mentable symplectomorphism U ∈ H∞,2 such that

Γ = U
(

γ′ 0
0 1 + γ′

)

U∗ ,

where 0 ≤ γ′ ≤ γ. The operator γ′ is unique up to conjugation by a unitary
operator.

This result is related to Theorem 1 of [27], which is stronger. See also [2, 3].
As the relation between the two results is not obvious, we give a direct proof of
Proposition 3.8 after the proof of Proposition 3.9.

The next result relates the evolution of Γt to the evolution of implementable
symplectomorphisms Ut ∈ H∞,2(h× h), diagonalizing Γt.

Proposition 3.9. (i) For any Γt ∈ ỸT and any implementable symplectomorphism
U0 ∈ H∞,2, the initial value problem

i∂tU∗
t = SΛ(Γt)U∗

t , Ut=0 = U0 , (45)

has a unique solution in H∞,2, which is a symplectomorphism for every t.

(ii) Let Γt ∈ ỸT solve the equation (41), with an initial condition Γ0 ∈ Ỹ 3, s.t.
Γ0 ≥ 0. Let U0 be an implementable symplectomorphism diagonalizing Γ0:

Γ0 = U0Γ
′
0U∗

0 , Γ′
0 =

(

γ′0 0

0 1 + γ′0

)

.

Then the continuous family of implementable symplectomorphisms Ut in H∞,2(h×h)
satisfying (45), with the above U0, diagonalizes Γt:

Γt = U∗
t Γ

′
0Ut ≥ 0 . (46)

Proof of Prop. 3.9. The operator Λt can be decomposed as Λt = Λ1 + Λ2,t with

Λ1 =

(

h 0
0 h̄

)

, Λ2,t =

(

b[γt + |φt〉〈φt|] k[σt + φ⊗ φ]

k[σt + φ⊗ φ] b[γt + |φt〉〈φt|]

)

.

The first operator, Λ1, is the generator of a continuous one-parameter group in
H∞,2. As for the second one, using the continuity of t 7→ ρt ∈ X1, and Prop. E.1,
we get the continuity of t 7→ Λ2,t ∈ H∞,2. We can thus use classical results of
functional analysis (see, e.g., [18]) to obtain the existence and uniqueness of Ut and
its regularity.
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The same arguments as in the next lemma prove that Ut is a symplectomorphism.

Finally, Γt and U∗
t Γ0Ut satisfy the same differential equation, and the uniqueness

of a solution to (45) proves the last equality. �

Proof of existence in Prop. 3.8. We split the proof into two lemmas, Lemmas 3.10
and 3.11 below. The strategy is to construct Γt and symplectomorphisms Ut such
that UtΓtU∗

t = Γ0, for all t, and in the limit t→ ∞, Γ∞ has the desired form. The
key step will be to use a differential equation for Γt implying ‖σt‖H1

s
ց 0.

Lemma 3.10. Let T > 0 and Λt =
( at bt
b̄t āt

)

∈ C([0, T );H∞,2). Then, the ordinary

differential equation

i∂tU∗
t = SΛtU∗

t , (47)

with initial data U∗
0 =

(

1 0
0 1

)

, has a unique global solution Ut ∈ C1([0, T );H∞,2),
and Ut is a symplectomorphism for all time.

Moreover, if γt ∈ C1([0, T );H1), σt ∈ C1([0, T );H1
s ) satisfy

i∂tγt = atγt − btσ̄t − γtat + σtb̄t , (48)

i∂tσt = atσt − bt(1 + γ̄t)− γtbt + σtāt , (49)

with initial data σ0 = σ, γ0 = γ given in Prop 3.9(i), then, for all time t,

UtΓtU∗
t = Γ0 . (50)

Proof. The existence and uniqueness of U∗
t follows from the theory of time-dependent

linear ordinary differential equations once one observes that H1 and H1
s are con-

tinuously embedded in B(H1) and ML2(L2)M−1. At t = 0, U0SU∗
0 = S and

i∂t(UtSU∗
t ) = Ut

(

− ΛtSS + SSΛt

)

U∗
t = 0 ,

thus UtSU∗
t = S for all time, and, to prove U∗

t SUt = S, one observes that

i∂t(U∗
t SUt) = −(U∗

t SUt)ΛtS + SΛt(U∗
t SUt) ,

which is a linear time-dependent ordinary differential equation for U∗
t SUt which

also admits the constant solution S. By uniqueness of the solution, one gets that
U∗
t SUt = S. Hence Ut is a symplectomorphism for all time.

Similarly, the derivative i∂t
(

UtΓtU∗
t

)

vanishes because, using (48) and (49),

i∂tΓt = ΛtSΓt − ΓtSΛt .

Thus UtΓtU∗
t = U0Γ0U∗

0 = Γ0 for all times. �

We choose at and bt in (48) and (49) such that σt vanishes in the limit t→ ∞. Let
L1(h) and L2(h) denote the spaces of trace-class and Hilbert - Schmidt operators
on the space h.

Lemma 3.11. The ordinary differential equation

∂tγt = −2σtσ̄t , (51)

∂tσt = −(σt + σtγ̄t + γtσt) , (52)
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with initial data σ0 = σ, γ0 = γ given in Prop. 3.9(i), has a unique global solution
(γt, σt) ∈ C1

(

[0,∞);L1(h)× L2(h)
)

.

Let Λt =
(

0 iσt

−iσ̄t 0

)

, and Ut =
( ut vt
v̄t ūt

)

and Γt =
( γt σt

σ̄t 1+γ̄t

)

as in Lemma 3.10:

• Ut converges in H∞,2 to a symplectomorphism U∞.
• Γ0 = U∞Γ∞U∗

∞ = U∞

( γ∞ 0
0 1+γ̄∞

)

U∗
∞ with 0 ≤ γ∞ ≤ γ0.

Proof. The existence of maximal solutions to (51) - (52) follows from the Picard-
Lindelöf theorem. Now using the Ut constructed in Lemma (3.10), one gets that
(Ut)

−1Γ0(U∗
t )

−1 = Γt, which implies that Γt ≥ 0 and thus γt ≥ 0. It then follows
from (51) that γt is decreasing in the sense of quadratic forms and ‖γt‖H1 ≤ ‖γ0‖H1 .
Using (52) and γt ≥ 0 yields

∂t‖σt‖2H1
s
= Tr[−(σt + σtγ̄t + γtσt)σ

∗
tM

2 − σt(σ
∗
t + σ∗

t γ̄t + γtσ
∗
t )M

2]

≤ −2Tr[σtσ
∗
tM

2] = −2‖σt‖2H1
s
.

Hence, the estimate ‖σt‖H1
s
≤ ‖σ0‖H1

s
exp(−t) follows. The pair (γt, σt) is thus

bounded in H1 × H1
s and the maximal time of the solution is T = ∞. We also

get that γt → γ∞ in H1 as t → ∞ as γt is decreasing and bounded by below, and
σt → 0.

Integrating the derivative of U∗
t and taking the norm of both sides yields

‖U∗
t ‖H∞,2 ≤ ‖U∗

0 ‖H∞,2 +

∫ t

0

‖σs‖H1
s
‖U∗

s ‖H∞,2ds . (53)

The Grönwall lemma, combined with ‖U∗
0 ‖H∞,2 = 1 and the estimate on ‖σt‖H1

s

provide

‖U∗
t ‖H∞,2 ≤ exp

(

∫ t

0

‖σs‖H1
s
ds
)

≤ exp
(

‖σ0‖H1
s

)

.

Thus, the integral
∫∞

0
SΛsU∗

s ds is absolutely convergent and

U∗
t −−−→

t→∞
U∗
0 − i

∫ ∞

0

SΛsU∗
s ds =: U∗

∞

in H∞,2, and the limit U∗
∞ is still an implementable symplectomorphism.

Hence,

Γ0 − U∞Γ∞U∗
∞ = UtΓtU∗

t − U∞Γ∞U∗
∞ → 0

as t → ∞, where Γ∞ =
( γ∞ 0

0 1+γ̄∞

)

, and the convergence takes place in the space

of block operators with diagonal elements in H1 and off-diagonal elements in H1
s .

This proves the last point. �

This completes the proof of existence. �

Proof of uniqueness in Prop. 3.8. Indeed, let us consider γ′ and γ′′ satisfying the
conditions of Prop. 3.8. Then there exists a symplectomorphism U such that
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( γ′′ 0

0 γ′′+1

)

= U∗
( γ′ 0

0 γ′+1

)

U . As U∗SU = S, this is equivalent to
(

γ′′ + 1/2 0
0 γ′′ + 1/2

)

= U∗

(

γ′ + 1/2 0
0 γ′ + 1/2 ,

)

U (54)

and we want to prove that γ′ and γ′′ are unitarily equivalent in L2. The off-
diagonal entries in (54) yield u∗(γ′ + 1/2)v + vT (γ′ + 1/2)ū = 0 and as U is a
symplectomorphism, we get from (43) that u is invertible and vū−1 = u∗−1vT .
Thus,

(γ′ +
1

2
)vū−1 + vū−1(γ′ +

1

2
) = 0 .

We can now use a known method to solve the Lyapunov (or Sylvester) equations:

vū−1 = −
∫ ∞

0

d

dt

(

e−t(γ′+ 1
2 )vū−1e−t(γ′+ 1

2 )
)

dt

=

∫ ∞

0

e−t(γ′+ 1
2 )
(

(

γ′ +
1

2

)

vū−1 + vū−1
(

γ′ +
1

2

)

)

e−t(γ′+ 1
2 )dt = 0 ,

where we used that γ + 1/2 ≥ 1/2, so that there is no problem in handling the
integrals. Hence v = 0, and, using (43) again, u is a unitary operator. And thus
γ′′ = u∗γ′u which proves the result. �

We now write the HFB equations in a form that is reminiscent of a Hamiltonian
structure, and use it to give a direct proof of the conservation of the energy.

Notation: For φ ∈ H1, U =
(

u v
v̄ ū

)

∈ H∞,2 a symplectomorphism, and γ′0 ∈ H1

non-negative. We set

Hγ′

0
(φ, u, v) := 〈φ, hφ〉+Tr[(u∗γ′0u+ vT (1 + γ̄′0)v̄)(h+ b[|φ〉〈φ|])]

+
1

2
Tr[(u∗γ′0u+ vT (1 + γ̄′0)v̄)b[u

∗γ′0u+ vT (1 + γ̄′0)v̄]]

+
1

2
Tr[k[u∗γ′0v + vT (1 + γ̄′0)ū + |φ〉〈φ̄|](v∗γ′0u+ uT (1 + γ̄′0)v̄ + |φ̄〉〈φ|)] .

In the next proposition and its proof we use the abbreviations h(t) ≡ h(γφt

t ) and

k(t) ≡ k(σφt

t ), where, recall, γφ := γ + |φ〉〈φ| and σφ := σ + φ ⊗ φ, and h(γ) and
k(σ) are defined in (29) and (30).

Proposition 3.12. Let ρt = (φt, γt, σt) ∈ C0([0, T );X3) ∩ C1([0, T );X1) be a
solution to the HFB equations (26)∼(28) in the classical sense, on an interval
[0, T ), with T > 0. Let Ut and γ

′
0 be as in Proposition 3.9.

Then E(φt, γt, σt) = Hγ′

0
(φt, ut, vt) and the derivatives of Hγ′

0
and of (φt, ut,vt)

are linked through the equations

∂Hγ′

0

∂〈φ| (φt, ut, vt) = i∂tφt , (55)

∂Hγ′

0

∂u∗
(φt, ut, vt) = γ′0 i∂tut +

1

2
vtk(t) , (56)

∂Hγ′

0

∂v∗
(φt, ut, vt) = −γ′0 i∂tvt + vth(t) +

1

2
utk(t) . (57)

The conservation of the energy E(φt, γt, σt) follows.
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Proof. Eq. (46) is equivalent to

γt = u∗tγ
′
0ut + vTt (1 + γ̄′0)v̄t ,

σt = u∗tγ
′
0vt + vTt (1 + γ̄′0)ūt .

Hence, we can rewrite the expression of the energy in terms of φt, ut, and vt as
E(φt, γt, σt) = Hγ′

0
(φt, ut, vt). We then compute the derivatives of Hγ′

0
:

∂Hγ′

0

∂〈φ| (φ, u, v) = hφ+ b[u∗γ′0u+ vT (1 + γ̄′0)v̄]φ+ k[σ + φ⊗ φ]|φ̄〉 ,

∂Hγ′

0

∂u∗
(φ, u, v) = γ′0u(h+ b[|φ〉〈φ|] + b[u∗γ′0u+ vT (1 + γ̄′0)v̄])

+ (
1

2
+ γ′0)vk[v

∗γ′0u+ uT (1 + γ̄′0)v̄ + |φ̄〉〈φ|] ,
∂Hγ′

0

∂v∗
(φ, u, v) = (1 + γ′0)v(h̄+ b[|φ̄〉〈φ̄|] + b[uT γ̄′0ū+ v∗(1 + γ′0)v])

+ (
1

2
+ γ′0)uk[u

∗γ′0v + vT (1 + γ̄′0)ū+ |φ〉〈φ̄|] .

Replacing (φ, u, v) by (φt, ut, vt) yields

∂Hγ′

0

∂〈φ| (φt, ut, vt) = hφt + b[γt]φt + k(t)φ̄t ,

∂Hγ′

0

∂u∗
(φt, ut, vt) = γ′0uth(t) + (

1

2
+ γ′0)vtk(t) ,

∂Hγ′

0

∂v∗
(φt, ut, vt) = (1 + γ′0)vth(t) + (

1

2
+ γ′0)utk(t) ,

which are in fact (55), (56), (57) using the HFB equations. Hence, using first the
chain rule, then (55), (56), and (57),

d

dt
Hγ′

0
(φt, ut, vt) = 〈∂tφt|

∂Hγ′

0

∂〈φ| (φt, ut, vt) +
∂Hγ′

0

∂|φ〉 (φt, ut, vt)|∂tφt〉

+Tr[∂tu
∗
t

∂Hγ′

0

∂u∗
(φt, ut, vt)] + Tr[∂tut

∂Hγ′

0

∂u
(φt, ut, vt)]

+ Tr[∂tv
∗
t

∂Hγ′

0

∂v∗
(φt, ut, vt)] + Tr[∂tvt

∂Hγ′

0

∂v
(φt, ut, vt)]

= ℜTr[∂tu∗t vtk(t) + ∂tv
∗
t (vth(t) +

1

2
utk(t))] .

We can now use that the evolution equation (45) on Ut is equivalent to

i∂tut = uth(t) + vtk(t) , (58)

i∂tvt = −utk(t)− vth(t) , (59)

along with Tr[AT ] = Tr[A] and the cyclicity of trace to group all the terms as in

d

dt
Hγ′

0
(φt, ut, vt) = ℑTr[k(t)h(t)(vTt ūt − u∗tvt)− k(t)k(t)v∗t vt

+ k(t)h(t)vTt ūt + 2h(t)h(t)vTt v̄t + k(t)k(t)uTt ūt + h(t)k(t)uTt v̄t]
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this article φ(x) γ(x;x) σ(x, x) hgδ kgδ Nj V

[15] Φ(r) ñ(r) m̃(r) L̂ gm(r) N0(Ej) Uext − µ
Table 1. Correspondence between the notations of this article
and some notations common in the physics literature [15].

which then vanishes since vTt ūt = u∗tvt for a symplectomorphism (see (43)), and

the terms k(t)k(t)v∗t vt, h(t)h(t)v
T
t v̄t, k(t)k(t)u

T
t ūt, and k(t)h(t)v

T
t ūt+h(t)k(t)u

T
t v̄t

give real traces. �

4. Relation with the HFB eigenvalue equations

In this section, we link our work with the HFB eigenvalue equations often en-
countered in the physics literature [15, 14, 32].

To be explicit, we give, in Table 1, the correspondence between the notations of
this article and those of an article of Griffin [15]. We note that the setting in [15]
is not exactly the same as ours, since the class of external potentials V that we
consider excludes trapping potentials, and the solutions Φ(r) considered in [15] are
time-independent. Moreover, we note that in this paper, we give rigorous proofs
in the case of a two-body interaction potential v such that v2 is relatively form-
bounded with respect to the Laplacian, which excludes potentials as singular as gδ;
hence, the correspondence we establish in this section is only formal. Nevertheless,
we believe that pointing out this relationship is useful.

Moreover, we note that in the physics literature (see e.g., [15, (23)]), the HFB
eigenvalue equations are often investigated using a generalized eigenbasis decom-
position (using vectors often denoted by uj, vj which play the same role as below),
which we can relate to our approach in the following manner, based on our discus-
sion from Section 3.

Let Ut =
( ut vt
ūt v̄t

)

, and let γ′0 ≥ 0 be a trace class operator as in Prop. 3.9, with
the orthonormal decomposition γ′0 =

∑

j≥0Nj|ζj〉〈ζj |. Let
uj,t := u∗t ζj and vj,t := −v∗t ζj .

Then (46) yields

γt =
∑

j≥0

(

Nj |uj,t〉〈uj,t|+ (1 +Nj) |v̄j,t〉〈v̄j,t|
)

,

σt =
∑

j≥0

(

Nj |uj,t〉〈vj,t|+ (1 +Nj) |v̄j,t〉〈ūj,t|
)

.

which yield [15, (25)] by evaluation on the diagonal:

γt(x;x) =
∑

j≥0

(

Nj |uj,t(x)|2 + (1 +Nj) |vj,t(x)|2
)

, (60)

σt(x, x) =
∑

j≥0

uj,t(x)v̄j,t(x)(1 + 2Nj) . (61)
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We now consider a pair interaction potential v = gδ. We assume that φ is
independent of time and uj,t, vj,t have the simple form

uj,t = e−itEjuj,0 , vj,t = e−itEjvj,0 . (62)

We also distinguish the quantities corresponding to v = gδ by the index gδ. Then
(45) formally yields the HFB eigenvalue equations

hgδuj − kgδvj = Ejuj ,

hgδvj − kgδuj = −Ejvj ,

as presented in the work of Griffin [15, (23)]. Note that (60), (61), and (62) imply
that γt(x;x) and σt(x;x) are time independent, since the phases simplify.

We conclude that the HFB eigenvalue equations are the stationary version of our
equation (45). It amounts to finding eigenvalues and eigenvectors for the matrix
ΛS in (45), which is a nonlinear problem since Λ depends on γ and σ (that is, on
u, v and γ′0). Furthermore, the decomposition in functions uj and vj corresponds
to a “diagonalization” of the generalized one-particle density matrix Γ in the sense
of Proposition 3.8.

5. Existence and Uniqueness of Solutions to the HFB Equations

We prove the global in time existence and uniqueness of mild solutions to the
time-dependent Hartree-Fock-Bogoliubov equations in the H1-setting, and for a
class of interaction potentials including the Coulomb potential. The proof is based
on a standard fixed point argument (through an application of the Cauchy-Lipschitz
and Picard-Lindelöf theorem in the proof of Theorem 5.1).

Let X be a Banach space, f ∈ C(X) a continuous function on X , and −iA the
infinitesimal generator of a strongly continuous semigroup G(t) such that ‖G(t)‖ ≤
exp(κt), for all t ≥ 0 with a fixed κ ∈ R. We say that a continuous function
ρ : [0, T ) → X is a mild solution of the problem

{

i∂tρ = Aρ+ f(ρ) ,

ρ(0) = ρ0 ∈ X ,
(63)

if ρt solves the fixed point equation in integral form

ρt = G(t)ρ0 − i

∫ t

0

G(t− s)f(ρs) ds (64)

(with the integral in Bochner’s sense).

In what follows we will use the space X = X1. Moreover, A determines the
linear part in the HFB equations and f the nonlinear part. (The explicit form of
A and f is given in Eq. (66) and Eq. (67).)

Theorem 5.1. Let d ≤ 3 and ρ0 = (φ0, γ0, σ0) ∈ X1. Assume that the potentials
V and v are such that

• V is infinitesimally form-bounded with respect to the Laplacian,
• v is symmetric, v(x) = v(−x), and such that v2 ≤ CM2 for some C > 0.
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Then the following hold:

(1) Existence and uniqueness of a local mild solution:
There exists a unique maximal solution

(ρt)t∈[0,T ) = (φt, γt, σt)t∈[0,T ) ∈ C0([0, T );X1)

to the HBF equations (26) to (28) in the mild sense, for some 0 < T ≤ ∞.
(2) Existence and uniqueness of a local classical solution:

If ρ0 ∈ X3, then

(ρt)t∈[0,T ) ∈ C0([0, T );X3) ∩ C1([0, T );X1)

and ρt satisfies the HBF equations (26) to (28) in the classical sense.
(3) Conservation laws:

The number of particles Tr[γt] and the energy (35) are constants.
(4) Existence of a global solution:

If additionally Γ0 ≥ 0, then the solution is global, i.e., T = ∞.

Remark 5.2. The class of potentials v considered here includes the repulsive
Coulomb potential, as can be seen using the Hardy-Rellich inequality.

Proof of Theorem 5.1.(1) [Local Mild Solutions]. We use the notations introduced
at the beginning of Section 2. Separating the linear part Aρ and nonlinear part
f(ρ), we can write the HFB equations (26) to (28) in the form

i∂tρ = Aρ+ f(ρ) , (65)

where ρ := (φ, γ, σ) ∈ X2. Then the linear part in the HFB equations is given by

Aρ =
(

hφ , [h, γ] , [h, σ]+ + k[σ]
)

, (66)

and the nonlinear part f := (f1, f2, f3) by

f1(ρ) = b[γ]φ+ k[σ + φ⊗2]φ̄ , (67)

f2(ρ) = [b[γ + |φ〉〈φ|], γ] + k[σ + φ⊗2]σ̄ − σk[σ + φ⊗2] , (68)

f3(ρ) = [b[γ + |φ〉〈φ|], σ]+ + [k[σ + φ⊗2], γ]+ . (69)

From Lemma 5.4, below, we obtain that f is continuously Fréchet differentiable
in X1 and therefore is locally Lipschitz, and from Lemma 5.3, we obtain that
G(t) = exp(itA) defines a strongly continuous uniformly bounded semigroup onX1.

Consequently, we can rewrite the HFB equations (26) - (28) as a fixed point
problem

ρt = G(t)ρ0 − i

∫ t

0

G(t− s)f
(

ρs
)

ds .

and use the Banach contraction theorem to show that (26) - (28) have the unique
local mild solution to in X1 for the given initial data. (For the details for this
standard argument, see [24], Section 9.2e, Theorem 3.) �

We will now prove our main Lemmata on G(t) = exp(itA) and f . First, we
introduce norms used below:

‖φ‖Hj := ‖M jφ‖L2(Rd), ‖γ‖Hj := ‖M jγM j‖L1 ,
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‖σ‖Hj
s
:= ‖(M2 ⊗ 1 + 1⊗M2)j/2σ‖L2(R2d) .

Lemma 5.3. If V is infinitesimally form-bounded with respect to the Laplacian,
and v is symmetric, v(x) = v(−x), and such that v2 ≤ CM2 for some C > 0,
then G(t) = exp(itA) defines a strongly continuous, uniformly bounded semigroup
on X1, i.e., the map t 7→ ‖G(t)‖B(X1) is bounded.

Note that the proof Lemma 5.3 uses that −∆ is h-bounded, and h is −∆-
bounded. The latter condition does not hold for confining potentials. The proof
also uses the translation invariance of M .

Proof. The letter C denotes a constant, which changes along the computations
below. For (φ, γ, σ) ∈ X1,

‖ exp(−ith)φ‖2H1 = 〈φ, exp(ith)M2 exp(−ith)φ〉
≤ 〈φ, exp(ith)(h+ k) exp(−ith)φ〉 = 〈φ, (h + k)φ〉 ≤ C‖φ‖2H1

for some k > 0. Similarily ‖ exp(−ith)γ exp(ith)‖H1 ≤ C‖γ‖H1 . Finally, with h̃ =
h⊗1+1⊗h+v(x−y), as quadratic forms on L2(R2d), using that v ≤ CM ≤ CM2,

exp(ith̃)(M2 ⊗ 1 + 1⊗M2) exp(−ith̃)
≤ exp(ith̃)(h̃+ 2k) exp(−ith̃) = h̃+ 2k ≤ 2C(M2 ⊗ 1 + 1⊗M2)

and thus ‖ exp(−ith̃)σ‖H1
s
≤ C‖σ‖H1

s
which completes the proof. �

The estimates on the operators b and k of Lemma E.1 allow us to control the
nonlinear term f in the HFB equations.

Lemma 5.4. Assume that the pair interaction potential v is symmetric, v(x) =
v(−x), and that v2 ≤ CM2 for some C > 0.

Then the vector of nonlinear terms f = (f1, f2, f3) defined in Eq. (67)−(69) is
continuously Fréchet differentiable in X1 (f ∈ C1(X1)).

Proof of Lemma 5.4. Each fj is a linear combination of multi-linear maps. It is
thus enough to prove continuity estimates for each of those multi-linear terms to
prove that f is both well defined and Fréchet differentiable. It is sufficient to prove
that, for the quadratic part

∥

∥

(

b[γ]φ+ k[σ]φ̄ , [b[γ], γ] + k[σ]σ̄ − σk[σ] ,

[b[γ], σ]+ + [k[σ], γ]+
)
∥

∥

X1 ≤ C‖ρ‖2X1 ,

and, for the cubic part

∥

∥

(

k[φ⊗2]φ̄ , [b[|φ〉〈φ|], γ] + k[φ⊗2]σ̄ − σk[φ⊗2] ,

[b[|φ〉〈φ|], σ]+ + [k[φ⊗2], γ]+
)
∥

∥

X1 ≤ C‖ρ‖3X1 .

All the cubic estimates can be deduced from their quadratic counterparts using

‖|φ〉〈φ|‖H1 ≤ ‖φ‖2H1 and ‖φ⊗ φ‖H1
s
≤ ‖φ‖2H1 .
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We thus only consider the quadratic terms. We estimate [b[γ], γ] using Lemma. E.1.(1)

‖[b[γ], γ]‖H1 ≤ 2‖Mb[γ]M−1MγM‖L1(L2(Rd))

≤ 2‖b[γ]‖H1‖γ‖H1 ≤ C‖γ‖2H1 ≤ C‖ρ‖2X1 .

The term [b[|φ〉〈φ|], γ] is controlled with the same method. Let us give the estimates
for the first term b[γ]φ in full detail. Using Lemma E.1.(1)

‖(b[γ]φ, 0, 0)‖X1 = ‖b[γ]φ‖H1 ≤ C‖γ‖H1‖φ‖H1 ≤ C‖ρ‖2X1 .

For the other terms we only give the main steps, using Lemma. E.1 each time.
For k[σ]φ̄, using Lemma E.1.(2),

‖K[σ]φ̄‖H1 ≤ ‖Mk[σ]M−1‖B(L2(Rd))‖Mφ̄‖L2 ≤ C‖σ‖H1
s
‖φ‖H1 .

For k[σ]σ̄ (or similarly σk[σ]), using Lemma E.1.(2),

‖k[σ]σ̄‖H1 = ‖Mk[σ]M−1Mσ̄M‖L1(L2(Rd))

≤ ‖Mk[σ]M−1‖L2(L2(Rd))‖Mσ̄M‖L2(L2(Rd)) ≤ C‖σ‖2H1
s
.

For b[γ]σ (or similarly σb[γ]), using Lemma E.1.(1),

‖b[γ]σ‖H1
s
≤ ‖Mb[γ]M−1‖B(L2(Rd))‖MσM‖L2(L2(Rd)) ≤ C‖γ‖H1‖σ‖H1

s
.

And finally k[σ]γ̄ (or similarly γk[σ]), using Lemma E.1.(2),

‖k[σ]γ̄‖H1
s
≤ ‖Mk[σ]M−1‖L2(L2(Rd))‖Mγ̄M‖B(L2(Rd)) ≤ C‖σ‖H1

s
‖γ‖H1 ,

which completes the proof. �

Proof of Theorem 5.1.(2) [Local Classical Solutions]. The existence of classical so-
lutions to the HFB equations for initial data in X3 then follows from:

Lemma 5.5 (See [35, Lemma 3.1].). If −iA is the generator of a continuous one-
parameter semi-group in the Banach space X, and if f is continuously differentiable
on X, then a mild solution of Eq. (63) has its values in the domain D(A) of A
throughout its interval of existence provided this is the case initially.

In other words, ρt, if it exists at all, then satisfies the differential equation (63)
in the obvious sense. �

Proof of Theorem 5.1.(3) [Conservation Laws]. For classical solutions, the conser-
vation of the number particle and of the energy were proven as consequences of
the same conservation laws for the many body system in Theorem 2.8 and 2.5.
Another proof of the conservation law for the energy using only the HFB equations
(independently from the many body problem) was given in Prop. 3.12, and the
conservation of the particle number could also be proven directly from (27). We
can now use those results since we proved the local existence of a classical solution.
The conservation laws then extend to mild solutions by approximation. �

Proof of Theorem 5.1.(4) [Global Solution]. We recall that for a maximal solution
ρt of the mild problem (64) defined on an interval [0, T ), we have that either T = ∞
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or supt∈[0,T ) ‖ρt‖X1 = ∞ (see, e.g., Theorem 4.3.4 in [10]). It is thus enough to
prove that

sup
t∈[0,T )

{

‖φt‖H1 , ‖γt‖H1 , ‖σt‖H1
s

}

<∞

to show that the solutions are global.

Let

T :=

∫

dxdy ψ∗(x)(−∆)ψ(y) , (70)

Because V is infinitesimally form bounded with respect to the Laplacian,
∫

dx ψ∗(x)ψ(x)V (x) ≥ −1

3
T− cN (71)

holds. And, because v2 ≤ CM2, it follows that, for any ε ∈ (0, 1],

|v| ≤
√

C(1−∆) ≤ ε(1−∆) + Cε−1 ≤ −ε∆+ Cε−1 . (72)

(We write C for constants which depend on v, d and change along the estimates.)
Applying this with ε = 1/(3(n− 1)),

v(x− y) ≥ − 1

6(n− 1)
(−∆x −∆y)− C(n− 1) . (73)

Then, summing the n(n − 1)/2 terms of this form on each n-particles subspace of
the Fock space, we obtain that

V :=
1

2

∫

dxdy v(x− y)ψ∗(x)ψ∗(y)ψ(x)ψ(y) ≥ −1

3
T− CN3 . (74)

Hence, from the definition of H, (71) and (74) we get

T ≤ 3H+ CN3 . (75)

We now take the expectation value of ωq
t . Using the conservation of the particle

number and of the energy,

Tr[−∆(γt + |φt〉〈φt|)] ≤ C(E(φt, γt, σt) +N (φt, γt, σt)
3 + 1) (76)

≤ C(E(φ0, γ0, σ0) +N (φ0, γ0, σ0)
3 + 1) . (77)

Combined with the conservation of the particle number, this estimate provides
bounds on ‖γt‖H1 and ‖φt‖H1 that are uniform in t. Moreover, uniform bounds on
‖σt‖H1

s
are then obtained from Proposition 3.1. It thus follows that the solution is

global, as claimed. �

6. Gibbs states and Bose-Einstein condensation

In this section, we determine translation- and U(1) gauge-invariant Gibbs states
for the HFB equations without an external potential, and with an interaction po-
tential gδ, and discuss the emergence of a Bose-Einstein condensate at positive
temperature. (Recall from the introduction that U(1) gauge-invariant Gibbs states
for the HFB equations are, in fact, Gibbs states for the Hartree-Fock equations.)

We consider the system on a torus, ΛL = Rd/2LZd, i.e., [−L,L]d with periodic
boundary conditions. Accordingly, we denote Λ∗

L := π
LZ

d the lattice reciprocal to
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2LZd. We will eventually take the thermodynamic limit, L → ∞, and discuss the
emergence of a Bose-Einstein condensate.

The Hamiltonian H of the Bose gas is U(1) gauge-invariant (that is, invariant
under the transformation ψ♯ → (eiθψ)♯), and, as we consider the case with no
external potential, translation invariant. On a compact torus, where the volume is
finite, these symmetries are also present in the Gibbs states of system (the notion
of translation invariance should be, of course, appropriately modified). We are
interested in quasifree states ωq

L which on the one hand satisfy both the U(1) gauge
invariance and the translation invariance, and, on the other hand satisfy a fixed
point equation corresponding to the consistency condition (32) in the dynamical
case:

Φ(ωq
L) = ωq

L with Φ(ωq
L)(A) := Tr[A exp(−β(HHFB(ω

q
L)− µN))/Ξ] (78)

where β > 0 is the inverse temperature, µ is the chemical potential, and Ξ =
Tr[exp(−β(HHFB(ω

q
L))−µN)]. The U(1) gauge-invariance of ωq

L then implies that
the truncated expectations φωq

L
and σωq

L
vanish. Indeed, if one of them was non-

zero, then the HFB Hamiltonian HHFB would include terms which would break
U(1) gauge invariance, such as

∫

dxm(x)ψ∗(x)ψ∗(x) + h.c. . The quasifree states
we consider are thus characterized by their truncated expectation γL, and we will
replace the variable ωq

L by γL in the sequel of this section.

We use the expression of the HFB Hamiltonian (31) with v = gδ (and φ = 0, σ =
0), although this expression was derived for more regular interaction potentials v’s:

HHFB(ω
q
L) =

∫

dxdy ψ∗(x)ψ(y) (−∆+ gn)(x; y) , (79)

with n = n(x) = γL(x;x). The translation invariance implies that the kernel
γL(x; y) is a function of x− y, that we still denote by γL, and therefore n = n(x) =
γL(x;x) is independent of x.

Applying the fixed point equation (78) with A = ψ∗(y)ψ(x) one can express it
equivalently in the variable γL:

γL =
1

exp(β(−∆+ gn1− µ1) ) − 1
, (80)

for n ∈ [0,∞). The operator γL is a pseudodifferential operator with symbol

γ̂L(k) :=

∫

ΛL

γL(x)e
−ix·kdx =

1

exp(β(k2 + gn− µ))− 1
(81)

of γL. Thus

n = γL(0) =
1

|ΛL|
∑

k∈Λ∗

L

γ̂L(k) . (82)

As the Fourier coefficients of γL depend only of the number n, we obtain from (80),
(81) and (82) a nonlinear fixed point equation for n:

n =
1

|ΛL|
∑

k∈Λ∗

L

1

exp(β(k2 + gn− µ)) − 1
. (83)

Note that the knowledge of n satisfying (83), or of γL satisfying (80) or of ωq
L

satisfying (78) are equivalent.
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From a physical point of view, it is natural to fix the density n, which can be
tuned in an experiment and to compute µ. So n will be a parameter and we will
solve (83) with the unknown µ.

Lemma 6.1. Let g, β, n > 0, and, for d ≥ 3. Let nc be the critical density

nc :=
1

(2π)d

∫

Rd

dk

eβk2 − 1
=
ζ(d2 )Γ(

d
2 )

(2π)d
β− d

2 , (84)

where ζ(x) =
∑

n≥1 n
−x and Γ(x) =

∫∞

0
tx−1e−tdt.

We define SL : (−∞, gn) → R and S∞ : (−∞, gn] → R through

SL(µ) :=
1

|ΛL|
∑

k∈Λ∗

L

1

exp(β(k2 + gn− µ))− 1
,

S∞(µ) :=
1

(2π)d

∫

Rd

dk

exp(β(k2 + gn− µ))− 1
.

Then:

• There exists a unique µL(n) < gn such that (83) holds, i.e.,

n = SL(µL(n)) . (85)

• If n < nc, there exists a unique µ∞(n) < gn such that

n = S∞(µ∞(n)) . (86)

We extend the function µ∞ to (0,∞) by setting µ∞(n) = gn for n ≥ nc.

Remark 6.2. The critical density nc can be explicitly computed.

Proof. In the discrete case, the existence follows from the intermediate value theo-
rem because the map SL is continuous with limits 0 at −∞ and ∞ at gn. The
map SL is strictly increasing and thus there exists a unique µL(n) such that
n = SL(µL(n)).

In the continuous case, we first prove the existence of µ∞(n), for a given n > 0,
the map (0, gn] ∋ µ 7→ S∞(µ) is well defined, continuous, limµ→−∞ S∞(µ) = 0,
S∞(gn) = nc, and thus the intermediate value theorem yields the existence of a
µ∞ satisfying (86). Since S∞ is strictly increasing, the uniqueness follows. �

In Theorem 6.3, we prove that the thermodynamic limit γ∞ of the self-consistent
equation (80) for γL is well defined and exhibits the so called Bose-Einstein con-
densation.

Theorem 6.3. Let g, β, n > 0 and d ≥ 3. Let γL, nc, µL and µ∞ as defined in
(80) and Lemmata 6.1. Then

µL(n) −−−−→
L→∞

µ∞(n) and γL
D′

−−−−→
L→∞

γ∞ , (87)

where

γ̂∞(k) = max{0, n− nC} δ(k) +
1

exp
(

β(k2 + gn− µ∞(n))
)

− 1
. (88)
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Remark 6.4. The presence of the δ(k) term is interpreted as the existence of
Bose-Einstein condensation, because there is an accumulation of particles in the
zero mode. It occurs when βd/2n ≥ Cd with Cd a constant depending only on the
dimension.

Proof of Theorem 6.3. First we prove the convergence of µL(n) towards a µ∞(n).
We first remark that µL(n) ≥ −C for some constant C > 0 independent of L.
(Otherwise one could extract a subsequence such that n = SLj

(µLj
(n)) → 0 < n.)

Thus the accumulation points of µL(n) are contained in [−C, gn]. Let µLj
(n) denote

an extracted sequence converging to an accumulation point µ′.

In the case n < nc: If µ
′ = gn then for j large enough µLj

(n) ≥ (µ∞(n)+gn)/2,
thus

n = SLj
(µLj

(n)) ≥ SLj

(gn+ µ∞(n)

2

)

→ S∞

(gn+ µ∞(n)

2

)

> S∞(µ∞(n)) = n

and which would lead to a contradiction. Note that it is crucial that µ∞(n) < gn

for n < nc to get the convergence to the integral S∞

( gn+µ∞(n)
2

)

. It thus follows
that µ′ < gn. Then SLj

(µLj
(n)) converges to n, because by definition of µL(n)

this sum is equal to n, and also to S∞(µ′). (One has to control the dependency
in µLj

(n) in the Riemann sums.) Hence µ′ = µ∞(n) and the unique accumulation
point is µ∞(n). We thus proved the convergence of µL(n) to µ∞(n).

In the case n ≥ nc, we sketch an argument similar to the one above. If an
accumulation point µ′ was such that µ′ < gn, then the sums SLj

(µLj
(n)) would

converge to integrals with a value strictly smaller than nc and thus strictly smaller
than n. This would lead to a contradiction. Thus the only possible accumulation
point is gn and µL(n) → gn = µ∞(n).

We now prove the convergence of γL towards γ∞. Let ϕ ∈ C∞
0 (Rd). For L large

enough the support of ϕ is included in ΛL, and
∫

ΛL

γLϕ =
1

|ΛL|
∑

k∈Λ∗

L

γ̂L(k)ϕ̂(k) . (89)

On the other hand 〈γ∞, ϕ〉D′ = 〈γ∞, ϕ〉S′ = 〈γ̂∞, ϕ̂〉S′ (Note that in the normal-
ization we choose, the Fourier coefficients of ϕ on ΛL and the Fourier transform
coincide, there is thus no need to specify the hat notation.) The convergence of γL
to γ∞ is thus equivalent to

1

|ΛL|
∑

k∈Λ∗

L

γ̂L(k)ϕ̂(k) → max{0, n− nc}ϕ̂(0) +
∫

Rd

(2π)−dϕ̂(k)dk

eβ(k2+gn−µ∞(n)) − 1
. (90)

for all ϕ.

In the case n < nc the convergence is thus just a convergence of Riemann sums
of the integral (with the small additional difficulty that µL(n) depends on L in the
sum) because there is no singularity in the function k 7→ (exp(β(k2+gn−µ∞(n)))−
1)−1.
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In the case n ≥ nc: Let ε > 0. First note that, for any fixed η > 0

1

|ΛL|
∑

k∈Λ∗

L

|k|>η

ϕ̂(k)

exp(β(k2 + gn− µL(n)))− 1
→

∫

|k|>η

(2π)−dϕ̂(k)dk

eβk2 − 1
,

as L→ ∞. We choose η > 0 small enough so that

|k| ≤ η ⇒ |ϕ̂(k)− ϕ̂(0)| ≤ ε

4n
and

∫

|k|≤η

(2π)−dϕ̂(0)dk

eβk2 − 1
≤ ε

4
.

The first condition on η yields
∣

∣

∣

∣

∣

1

|ΛL|
∑

k∈Λ∗

L

|k|≤η

ϕ̂(k)− ϕ̂(0)

exp(β(k2 + gn− µL(n)))− 1

∣

∣

∣

∣

∣

≤ ε

4
,

then, the second condition on η implies

lim sup
L→∞

∣

∣

∣

∣

∣

1

|ΛL|
∑

k∈Λ∗

L

|k|≤η

ϕ̂(0)

exp(β(k2 + gn− µL(n))) − 1
− (n− nc)ϕ̂(0)

∣

∣

∣

∣

∣

≤ ε

4
.

Hence

lim sup
L→∞

∣

∣

∣

∣

∣

1

|ΛL|
∑

k∈Λ∗

L

ϕ̂(k)

exp(β(k2 + gn− µL(n)))− 1

− (n− nc)ϕ̂(k)−
∫

Rd

(2π)−dϕ̂(k)dk

eβk2 − 1

∣

∣

∣

∣

∣

≤ ε ,

and as this holds for any ε > 0, we get the result. �

Appendix A. Definition of quasifree states

For brevity, we write ψ♯
j := ψ♯(xj). We recall that the truncated expectations

are defined via

ω(ψ♯
1 · · ·ψ♯

n) =
∑

Pn

∏

J∈Pn

ωT (
∏

j∈J

ψ♯
j), (91)

where Pn are partitions of the ordered set {1, ..., n} into ordered subsets.

We have µ(ψ) = ω(ψ) and

ωT (ψ♯
1ψ

♯
2) = ω(ψ♯

1ψ
♯
2)− ω(ψ♯

1)ω(ψ
♯
2). (92)

For quasifree states, the correlation functions ω(ψ♯
1 · · ·ψ♯

n), with n > 2 can be
expressed through ω(ψ♯(x)) and ω(ψ♯(x)ψ♯(y)) according to the Wick formula. For
example,

ω(ψ♯
1ψ

♯
2ψ

♯
3) = ω(ψ♯

1)ω(ψ
♯
2ψ

♯
3) + ω(ψ♯

2)ω(ψ
∗
1ψ

♯
3) + ω(ψ♯

3)ω(ψ
♯
1ψ

♯
2)− 2

3
∏

i=1

ω(ψ♯
i ) (93)
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and

ω(ψ♯
1ψ

♯
2ψ

♯
3ψ

♯
4) = ω(ψ♯

1ψ
♯
2)ω(ψ

♯
3ψ

♯
4)+ω(ψ

♯
1ψ

♯
3)ω(ψ

♯
2ψ

♯
4)+ω(ψ

♯
1ψ

♯
4)ω(ψ

♯
2ψ

♯
4)−2

4
∏

i=1

ω(ψ♯
i )

(94)
(remember that ψ’s stand on the right of ψ∗’s.) Note that

ω(ψ∗(x)) = ω(ψ(x)), ω(ψ∗
1ψ

∗
2) = ω(ψ2ψ1)

and

ω(ψ1ψ
∗
2) = ω(ψ∗

2ψ1) + δ(x− y).

Thus a quasifree state ω is completely determined by the functions ω(ψ(x)), µ(ψ∗(x)ψ(y))
and µ(ψ(x)ψ(y)).

Remark A.1. It is instructive to rewrite correlation functions for a quasifree state
ω in terms of the fluctuation fields χ(x) which are defined as follows

ψ = φ+ χ, where φ(x) = ω(ψ(x)), (95)

the average field. Then ω is a quasifree state iff ω(χ♯
1 · · ·χ♯

2n−1) = 0 and

ω(χ♯
1 · · ·χ♯

2n) =
∑

π∈Sn

2n−1
∏

i=1

ω(χ♯
π(i)χ

♯
π(i+1)),

where the sum is taken over all the permutations π of the set of indices {1, ..., 2n}
satisfying π(1) < ... < π(2n).

Appendix B. Derivation of the bosonic HFB equations

In this section, we prove Theorem 2.2. The derivations below are done in a
somewhat informal way commonly used in dealing with operators on Fock spaces
(see e.g. [3, 9, 17]). For instance, the commutator [A,H ], for A = ψ(x) and
A = ψ(x)ψ(y), contains the terms ∆xψ(x) and ψ(x)∆yψ(y). The formal compu-
tation gives ωq(∆xψ(x)) = ∆xω

q(ψ(x)) and ωq(ψ(x)∆yψ(y)) = ∆yω
q(ψ(x)ψ(y)),

which are well-defined by our assumptions and are equal to ∆xφ(x) and ∆yσ(x, y),
respectively.

To do this more carefully, one uses, instead of operator functions ψ#(x), the
operator functionals ψ#(f), for some nice f . E.g., instead [ψ(x), H ], we consider
the commutator [ψ(f), H ], for any nice f , and concentrate on the term ψ(∆f) it
contains. Clearly, ωq is well defined on ψ(∆f) and can be written as ωq(ψ(∆f)) =
∫

∆f(x)ωq(ψ(x)) =
∫

∆f(x)φ(x) =
∫

f(x)∆φ(x). Thus we obtain the same result
as above but in a weak form.

Proof of Theorem 2.2. We first observe that the three following condition are equiv-
alent:

(1) A quasifree state ωq
t satisfies

i∂tω
q
t

(

A
)

= ωq
t

(

[A,H]
)

, (96)

for any operator A of order ≤ 2 in the fields.
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(2) A quasifree state ωq
t satisfies

i∂tω
q
t

(

ψ(x)
)

= ωq
t

(

[ψ(x),H]
)

, (97)

i∂tω
q
t

(

ψ∗(y)ψ(x)
)

= ωq
t

(

[ψ∗(y)ψ(x),H]
)

, (98)

i∂tω
q
t

(

ψ(x)ψ(y)
)

= ωq
t

(

[ψ(x)ψ(y),H]
)

. (99)

(3) A quasifree state ωq
t with truncated expectations φt, γt and σt satisfies

i∂tφt(x) = ωq
t ([ψ(x),H]) , (100)

i∂tγt(x; y) = ωq
t ([ψ

∗(y)ψ(x),H]) − i∂t
(

φt(x)φ(y)
)

, (101)

i∂tσt(x, y) = ωq
t ([ψ(x)ψ(y),H]) − i∂t

(

φt(x)φ(y)
)

. (102)

We now suppose ωq
t satisfies (100) - (102). Using the definition of the Hamiltonian,

we obtain

i∂tφt(x) = ωq
t

(

[

ψ(x),

∫

ψ∗(y)h(y; y′)ψ(y′) dydy′
]

+
1

2

[

ψ(x),

∫

v(y − y′)ψ∗(y)ψ∗(y′)ψ(y′)ψ(y) dydy′
]

)

(103)

= ωq
t

(

∫

h(x; y′)ψ(y′) dy′ +

∫

v(x− y)ψ∗(y)ψ(y)ψ(x) dy
)

, (104)

where we used the CCR (3) to get
[

ψ(x), ψ∗(y)ψ∗(y′)ψ(y′)ψ(y)
]

= δ(x− y)ψ∗(y′)ψ(y′)ψ(y) + δ(x − y′)ψ∗(y)ψ(y)ψ(y′) . (105)

As ωq
t is a quasifree state (see Appendix A)

ωq
t

(

ψ∗(y)ψ(y)ψ(x)
)

= |φt(y)|2φt(x) + σ(y;x)φ̄t(y) + φt(x)γ(y; y) + φt(y)γ(x; y) . (106)

We thus deduce that

i∂tφt(x) =

∫

h(x; y′)φt(y
′) dy′

+

∫

v(y − x)φt(x)γt(y; y) dy +

∫

v(y − x)φt(y)γt(x; y) dy

+

∫

v(x − y)σt(y, x)φ̄t(y) dy +

∫

v(y − x)φt(y)φt(x)φ̄t(y) dy

=
(

(h+ b[γt])φt
)

(x) + k(σφt

t )φ̄t(x)

which is the dynamical equation (26) for φt.

For γt and σt, instead of ωq
t we use

ωq
C,t(A) := ωq

t (Wφt
AW ∗

φt
) , (107)

where, recall, Wφ = exp
(

ψ∗(φ)− ψ(φ)
)

, the Weyl operators, which satisfy

W ∗
φψ(x)Wφ = ψ(x) + φ(x) . (108)

Note that the state ωq
C,t is quasifree because ωq

t is quasifree. By construction

ωq
C,t(ψ(x)) = 0 and thus using (5) and the quasifreeness of ωq

C,t one sees that
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ωq
C,t vanishes on monomials of odd order in the fields. This provides substantial

simplifications in the computations below.

In particular the equations of the dynamics for γt and σt can be rewritten

i∂tγt(x; y) = ωq
C,t([ψ

∗(y)ψ(x),W ∗
φt
HWφt

]) , (109)

i∂tσt(x1, y) = ωq
C,t([ψ(x1)ψ(y),W

∗
φt
HWφt

]) . (110)

We compute W ∗
φt
HWφt

modulo terms of odd degree and of degree 0 in the creation
and annihilation operators:

W ∗
φt
HWφt

≡
∫

ψ∗(z)
(

h+ bv[|φ〉〈φ|]
)

(z; z′)ψ(z′) dzdz′

+
1

2

∫

v(z − z′)φt(z)φt(z
′)ψ∗(z)ψ∗(z′) dzdz′ + adj.

+
1

2

∫

v(z − z′)ψ∗(z)ψ∗(z′)ψ(z′)ψ(z) dzdz′ . (111)

Because ωq
C,t vanishes on monomials of odd order in the fields and using the com-

mutator, the knowledge ofW ∗
φt
HWφt

modulo terms of odd degree and of degree 0 in
the creation and annihilation operators is sufficient to compute the time derivative
(109) of γt. Thus using the CCR we get

i∂tγt(x; y) =

∫

ωq
C,t

(

(

h+ bv[|φt〉〈φt|]
)

(x; z)ψ∗(y)ψ(z)

−
(

h+Bv[|φt〉〈φt|]
)

(z; y)ψ∗(z)ψ(x)

+ v(z − x)φt(z)φt(x)ψ
∗(y)ψ∗(z)− v(z − y)φt(z)φt(y)ψ(z)ψ(x)

+ v(z − x)ψ∗(y)ψ∗(z)ψ(x)ψ(z)− v(z − y)ψ∗(z)ψ∗(y)ψ(z)ψ(x)
)

dz .

(112)

From the quasifreeness of ωq
C,t follows

i∂tγt(x; y) =
[

h+ bv[|φt〉〈φt|+ γt], γt
]

(x; y)

+

∫

(

v(z − x)φt(z)φt(x)σt(y, z)− v(z − y)φt(z)φt(y)σt(z, x)

+ v(z − x)σt(x, z)σt(y, z)− v(z − y)σt(x, z)σt(y, z)
)

dz . (113)

which is the dynamical equation (27) for γt.

Using the same arguments as for γt, we get

i∂tσt(x; y)

= ωq
C,t

(

v(x− y)φt(x)φt(y) + v(x− y)ψ(x)ψ(y)

+

∫

(

(h+ bv[|φt〉〈φt|](x; z)ψ(y)ψ(z) + (h+ bv[|φt〉〈φt|](y; z)ψ(x)
)

ψ(z)

+ v(x− z)ψ∗(z)ψ(y)φt(x)φt(z) + v(y − z)ψ∗(z)ψ(x)φt(y)φt(z)

+ v(x− z)ψ∗(z)ψ(y)ψ(x)ψ(z) + v(y − z)ψ∗(z)ψ(x)ψ(y)ψ(z)
)

dz
)

. (114)
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From the quasifreeness of ωq
C,t follows

i∂tσt(x; y)

= v(x− y)φt(x)φt(y) + v(x − y)σt(x, y)

+

∫

(

(

h+ bv[|φt〉〈φt|]
)

(x; z)σt(y, z) +
(

h+ bv[|φt〉〈φt|]
)

(y; z)σ(x, z)

+ v(x − z)γt(y; z)φt(x)φt(z) + v(y − z)γt(x; z)φt(y)φt(z)

+ v(x − z)
(

γt(x; z)σt(z, y) + γt(y; z)σt(z, x) + γt(z; z)σt(x, y)
)

+ v(y − z)
(

γt(x; z)σt(z, y) + γt(y; z)σt(z, x) + γt(z; z)σt(x, y)
)

)

dz , (115)

which is the dynamical equation (28) for σt. �

Appendix C. Equivalence of the HBF equations with

the evolution generated by Hhfb(ω
q
t )

In this section, we prove Theorem 2.4.

Let a quasifree state ωq
t satisfy (32) and let φt, γt and σt denote its truncated

expectations. Below, we use the abbreviations h(t) ≡ h(γφt

t ) and k(t) ≡ k(σφt

t ),
where, recall, γφ := γ + |φ〉〈φ| and σφ := σ+ |φ〉〈φ|, and h(γ) and k(σ) are defined
in (29) and (30). To find the equation for φt, we compute

i∂tφt(x) = ωq
t

(

[ψ(x),Hhfb(ω
q
t )]

)

= ω̃q
t

(

∫

h(t)(x; z)ψ(z)dz − b[|φt〉〈φt|]φt(x) +
∫

ψ∗(z)k(t)(x, z) dz
)

= h(t)φt(x) − b[|φt〉〈φt|]φt(x) + k(t)φt(x) .

Hence φt satisfies (26).

For γt and σt we remark that, modulo terms of order one and constantsW ∗
φt
Hhfb(ω

q
t )Wφt

and Hhfb(ω
q
t ) coincide, hence

W ∗
φt
Hhfb(ω

q
t )Wφt

≡
∫

h(t)(z; z′)ψ∗(z)ψ(z′) dzdz′

+
1

2

∫

ψ∗(z1)ψ
∗(z2)k(t)(z1, z2) dz1dz2 + adj. . (116)

Recall the definition (107) of ωq
C,t(A). As in the proof of Theorem 2.2 the terms

coming from the derivative of Wφt
simplify:

i∂tγt(x; y) = ωq
C,t

(

[ψ∗(y)ψ(x),W ∗
φt
Hhfb(ω

q
t )Wφt

]
)

.
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It is sufficient to consider W ∗
φt
H̃(φt, γt, σt)Wφt

modulo monomials of odd order in
the fields:

i∂tγt(x; y) = ωq
C,t

(

∫

h(t)(x; z)ψ∗(x)ψ(z)dz −
∫

h(t)(z; y)ψ∗(z)ψ(y) dz

+

∫

ψ∗(z)ψ∗(y)k(t)(z, x) dz −
∫

k(t)(z, y)ψ(z)ψ(x) dz
)

=

∫

h(t)(x; z)γt(z;x)dz −
∫

γt(x; z)hv(t)(z; y) dz

+

∫

σt(y, z)k(t)(z, x) dz −
∫

k(t)(z, y)σt(x, z) dz
)

.

Similarily

i∂tσt(x; y) = ωq
C,t

(

[ψ(x)ψ(y),W ∗
φt
Hhfb(ω

q
t )Wφt

]
)

(117)

and

i∂tγt(x; y) =

∫

h(t)(x; z)σt(x, z)dz +

∫

h(t)(y; z)σt(y, z) dz

+

∫

γt(y, z)k(t)(z, x) dz +

∫

γt(x, z)k(t)(z, y) dz + k(t)(x, y) (118)

Thus γt and σt satisfy (27) and (28).

We have shown that, if a quasifree state ωq
t satisfies (32), then its truncated

expectations, φt, γt and σt, satisfy (26), (27) and (28). Proceeding in the opposite
direction, one shows that, if truncated expectations, φt, γt and σt, satisfy (26), (27)
and (28), then the corresponding quasifree state ωq

t satisfies (32). �

Appendix D. Self-adjointness of the Hamiltonian H

The assumption v2 ≤ C(1 −∆) ensures that the original Hamiltonian H in (1)
is self-adjoint, although not necessarily semi-bounded. In fact the same arguments
as those used to prove (74) allow to deduce

V ≤ C(T + N
3) (119)

with V defined in (74), T defined in (70), from

|v| ≤
√

C(1 −∆) ≤ ε(1−∆) + C1ε
−1 ≤ −ε∆+ C2ε

−1 . (120)

for some Cj > 0. One can then use the KLMN theorem and the Nelson theorem
(see [34, 30]) to prove the self-adjointness of H. (Details can be adapted from, e.g.,
[1, Section 3].)

Appendix E. Operators b and k

Lemma E.1. Assume that the pair interaction potential v is symmetric, v(x) =
v(−x), and such that v2 ≤ CM2 for some C > 0.

Then, the operators b and k defined in (29) and (30) possess the following prop-
erties:
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(1) b is linear and continuous from H1 to B(H1) ≃MB(L2)M−1.
(2) k is linear and continuous from H1

s to ML2(L2)M−1.

Proof. The linearity is clear. For the detailed proof of statement (1), we refer to [7].
For the reader’s convenience, we recall here the main arguments.

For statement (1), we first consider the direct term, i.e., the first term in the
definition of b. It is sufficient to prove that v ∗ n (with n(x) = γ(x;x)) and ∇v ∗ n
are functions uniformly bounded by ‖γ‖H1. As those two bounds are very similar,
we focus on the more difficult one, ∇v ∗ n. Note that γ can be decomposed as
γ =

∑∞
j=1 λj |ϕj〉〈ϕj | with λj ≥ 0. Using this decomposition, combined with the

Cauchy-Schwarz inequality, we find

∥

∥

∥
∇x

∫

Rd

v(x− y) γ(y; y)dy
∥

∥

∥

∞
≤

∞
∑

j=1

λj

∥

∥

∥

∫

Rd

|v(x − y)| |ϕj(y)∇ϕj(y)|dy
∥

∥

∥

∞

≤
∞
∑

j=1

λj

∥

∥

∥

(

∫

Rd

v(x − y)2 |ϕj(y)|2dy
)1/2

‖∇ϕj‖L2(Rd)

∥

∥

∥

∞

≤
∞
∑

j=1

λj
√
C‖Mϕj‖2L2(Rd) ≤

√
C‖γ‖H1

The estimates for the exchange term (the second term in the definition of B) are
similar.

For Point (2). We observe that v(x−y)2 ≤ CM2
y on symmetric functions thanks

to v2 ≤ CM2, the translation invariance of M and the symmetry. Inverting1 this
relation yields M−2

y ≤ Cv(x − y)2. Then, using the relation ‖k[σ]‖ML2(L2)M−1 =

‖Mk[σ]M−1‖2L2(R2d), we prove the continuity of k:

‖k[σ]‖ML2(L2)M−1 = 〈v(x− y)σ(x, y),M−2
y v(x− y)σ(x, y)〉

+ 〈∇x(v(x − y)σ(x, y)),M−2
y ∇x(v(x − y)σ(x, y))〉 , (121)

where the first term is smaller than C‖σ‖2L2(R2d) because of M−2
y ≤ Cv(x − y)−2.

Computing the derivatives in the scalar product on the right-hand side of the in-
equality allows to estimate it by the quantity below:

2〈(∇v)(x − y)σ(x, y), M−2
y (∇v)(x − y)σ(x, y)〉

+ 2〈v(x− y)(∇xσ)(x, y), M
−2
y v(x − y)(∇xσ)(x, y)〉

≤ 2〈σ(x, y), v2(x − y)σ(x, y)〉+ 2〈(∇xσ)(x, y), (∇xσ)(x, y)〉 .

This yields the result as the last line is controlled by 4C‖σ‖2H1
s
. �

1See [4] Proposition V.1.6 where the result is stated for matrices, but the proof can be extended
to operators.
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