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ABSTRACT
Our research aims at image segmentation using the variational
framework of Mumford and Shah, following an approxima-
tion proposed by Ambrosio and Tortorelli. This technique cir-
cumvents the use of parametric contours and implicit level-set
techniques, where its solution may be regarded as a soft seg-
mentation, with a number the levels or colors being 2N . On
the other hand, the implementation was based on an finite dif-
ference discretization, where two- and four- color cases are
described with their corresponding numerical results.

Index Terms— Segmentation, variational problems, de-
noising, Mumford-Shah

1. INTRODUCTION

Since the Mumford-Shah functional was proposed as a so-
lution for the segmentation problem[1, 2], many approaches
for solving it have already been developed, where we can
broadly categorize them into the parametric and implicit fami-
lies. Due to the fact that implicit approaches enables the topo-
logical change of the solution, level-set proposals such as in
[3, 4, 5, 6] have become widely accepted. Another advantage
of the implicit approaches is that they can be easily extended
to higher dimensions, in comparison to the parametric ones,
where mesh solutions have to be usually implemented.

Our approach will start from a modified version of the one
presented by Mumford and Shah (MS) and due to Ambrosio
and Tortorelli [2, 7], which is a variational approach that ben-
efits from a number of virtues. The method identifies the con-
tours of the image and applies smoothing inside the regions
defined by them. Since the computational implementation of
the MS problem is far from straight-forward, mathematicians
have developed different schemes to overcome the handling
of the contours. We note that the model proposed by Am-
brosio and Tortorelli, uses an auxiliary field that captures the
presence of sharp transitions, controlling at the same time the
smoothness of in the regions.
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One famous proposal is based on the level-set based mod-
ification by Chan et. al [3], belonging to the implicit approach
family. However, the numerical implementation of the Heav-
iside function and the rescaling of the level set function may
increase the complexity of the whole algorithm. Another pro-
posal corresponds to the soft Mumford-Shah segmentation,
where probability-like weights are included in the similiar-
ity term for each segmented color. However, this approach
requires the solution of a non-linear system of coupled equa-
tions.

2. BACKGROUND

2.1. Mumford-Shah

The Mumford-Shah functional consists of a combination of a
similarity term with other regularization ones:

FMS(u,K)=Fsim(u) + αFregIm(u,K) + γHN−1(K) (1)

where the similarity and regularization terms are defined as:

Fsim(u) =

∫
Ω

|u− u0|2 dΩ, (2)

FregIm(u,K) =

∫
Ω\K
‖∇u‖2 dΩ, (3)

respectively. u0(·) is the original image and u(·) the desired
solution, where this last one belongs to the special bounded
variation space (SBV). On the other hand, HN−1(K) is the
Haussdorf measure of the contour (K).

Since the calculation of the optimal parameters u and K
by minimizing FMS(u,K) is not a trivial task, approxima-
tions such as the Ambrosio-Tortorelli (AT) are usually used
instead, where ε > 0 is a small parameter which goes to zero.

FMSAT(u, v) = Fsim(u) + αFregAT(u, v) + γFεAT(v) (4)

where

FregAT(u, v) =

∫
Ω

‖∇u‖2v2 dΩ (5)

FεAT(v) = ε

∫
Ω

‖∇v‖2dΩ +
1

4ε

∫
Ω

(v − 1)2 dΩ, (6)
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in this case we note that the function (v − 1) plays the rol as
an approximation of the indicator function of the set K, χK
defined as χK(x) = 0, if x 6∈ K and χK(x) = 1, if x ∈ K.
The numerical solution of this problem is easier to implement
than the original MS one, where the optimal solution of the
AT converges (in the sense of Γ-convergence) to the MS as
ε → 0. When u is optimized with v fixed or vice-versa, the
optimization problem is convex. However, when both func-
tions are optimized at the same time, the convexivity is not
guaranteed.

2.2. Active contours without edges

The proposed functional by Chan and Vese [3]is

FCV(c1, c2,K)=FCVsim(c1, c2,K)+γFlen(K)+νFarea(K)

where FCVsim(c1, c2,K) is the similarity term, considering
that inside the contour K the value of the function is c1 and
outside c2. On the other hand, the Flen(K) measures the
length of the contour (K) and Farea(K) the enclosed area.

For the level-set version, the contour (K) is replaced by
a function φ where the contour corresponds to the zero level
value: φ(~x) = 0). Therefore, the individual terms become:

FCVsim(c1, c2, φ) =λ1

∫
Ω

(u0 − c1)2H(φ)dΩ

+λ2

∫
Ω

(u0 − c2)2(1−H(φ))dΩ

Flen(φ) =

∫
Ω

δ(φ)|∇φ|dΩ

Farea(φ) =

∫
Ω

H(φ)dΩ

where H(·) is the Heaviside or unit step function and δ(·) is
the Dirac delta function. These two, have to be approximated
by other fucntions such as the sigmoid for the Heaviside, in
order to achieve a better numerical convergence of the mini-
mization implementation.

3. PROPOSED ALGORITHM

3.1. Framework for the 2 color case

The functional to minimize with the Ambrosio-Tortorelli ap-
proximation will be

F2CAT(c1, c2, w, v) =F2Csim(c1, c2, w) + αFregAT(w, v)

+γFAT(v) (7)

where FregAT(w, v) and FAT(v) functionals are defined in
section 2, and

F2Csim(c1, c2, w) =

2∑
i=1

(ci − u0(~x))2p2,i(~x), (8)

where p2,1(~x)=w2(~x) and p2,2(~x)=(1− w(~x))2.
For a numerical implementation of the optimization prob-

lem showed in section 2, the optimality conditions were dis-
cretized where a finite difference approach was used. The
different parts of the functional are:

FregAT(w) =
1

Nd

∑
~k∈Ω

Nd∑
i=1

1

‖~ei‖2
(w[~k]−w[~k+~ei])

2(v[~k]+v[~k+~ei])
2

FεAT(v) =
2ε

Nd

∑
~k∈Ω

Nd∑
i=1

1

‖~ei‖2
(v[~k]−v[~k+~ei])

2+
1

4ε

∑
~k∈Ω

(v[~k]−1)2

(9)

where ~k = (k1, k2), Nd = 4, with ~e1 = (1, 0), ~e2 = (0, 1),
~e3=(1, 1) and ~e4=(1,−1).

3.2. Setup for the optimization scheme

In order to interate in the optimization, the derivatives of these
parts with rescpect to w and v are:

∂F2CAT

∂w[~k]
(w, v) =

∂F2Csim

∂w[~k]
(w)+α

∂FregAT

∂w[~k]
(w, v)

∂FMSAT

∂v[~k]
(w, v) =α

∂FregAT

∂v[~k]
(w, v)+γ

∂FεAT

∂v[~k]
(v),

where, for a faster convergence of the minimization algo-
rithm, the conjugate gradient algorithm was implemented [8].
By defining a vector of variables y = (w, v,~c), and the con-
jutate vector as dy = (dw, dv, dc), this will be updated by:

(dw[~k], dv[~k], dc[~k])t+1 = (wt[~k], vt[~k],~c t[~k])

+µt(dw[~k], dv[~k], dc[~k])t

where the coefficient µt is calculated by solving the minim-
mum along the conjugate gradient direction:

µt=arg min
µ
{FMSAT(wt+µdtw, v

t+µdtw,~c
t + µdtc)} (10)

corresponding to a minimization of a 4th order polynomial,
which may be solved with a 1D Newton method. On the other
hand, the updates of the conjugate gradients are

dt+1[~k] = gt[~k] + βtdt[~k] (11)

where the gt is a vector of the derivatives of the functional
with respect to the different variables, such as

gtw[~k]=−∂F2CAT

∂w[~k]
(wt, vt), gtv[

~k]=−∂F2CAT

∂v[~k]
(wt, vt) (12)

and using as β scaling factors the Pollak-Ribiere version:

βt=
< gt, gt > − < gt, gt−1 >

< gt, gt >
(13)

where < ·, · > is the sum of the dot products between each of
the functions of the vector.
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3.3. The 4 color segmentation setup

As is also pointed out in [9], the algorithm can be extended
for segmenting 2M different levels. For the particular case
where M=2, we find that the whole functional becomes

F4CAT(~c, ~w)=F4Csim(~c, ~w) + αFregAT(w1, v1)+γFAT(v1)

+αFregAT(w2, v2) + γFAT(v2)

where FregAT(·, ·) and FAT(·) defined in eqs. (9) and

F4Csim(~c, ~w) =

4∑
i=1

(ci − u0(~x))2p4,i(~x), (14)

with p4,1(~x)=w2
1w

2
2 , p4,2(~x)=(1− w1)2w2

2 ,
p4,3(~x)=w2

1(1−w2)2 and p4,4(~x)=(1−w1)2(1−w2)2.

3.4. Further remarks

In terms of the soft Mumford-Shah segmentation [10], we can
mention that for the 2 color case, we can see that the sum
p2,1(~x) + p2,2(~x) does not equals to 1, except when w(~x) is
close to 0 or 1. Nevertheless, as we will appreciate in the nu-
merical experiments, in most of the resulting pixels, the these
two extreme values are achieved. If a sum 1 of the probabil-
ities is desired, the absolute value of the w’s have to be used
instead of the squares of these values.

For the 4 color case, the equivalent probabilities for the
soft Mumford-Shah corresponds to the p4,i(~x) as shown in
eqs.(14), where where the sum of the unity is achieved when
both, w1(~x) and w2(~x), are close to 0 or 1. As in the 2 color
case, the sum 1 of the probabilities is achieved by using the
absolute value fo the corresponding w’s have to replace the
squares of these.

4. NUMERICAL EXPERIMENTS

The finite difference approach was implemented in python
with a finite different approach as is described in Section
3. Since these algorithms are nonlinear, all the input im-
ages were scaled to gray levels between 0 and 1, in order to
normalize the dynamic range.

The first test involved the segmentation of a MR 2D image
with the 2 color algorithm. From the results for the case where
α = 5.0, γ = 0.2 and ε = 0.1, it can be appreciated that the
classification was not satisfactory as is shown in figure 1(c),
since the algorithm assumes the gray level of each class as
constant. In figure 1(b) we can appreciate that the result using
the Mumford-Shah functional with the Ambrosio-Tortorelli
approach (with parameters α = 2.0, γ = 0.1 and ε = 2.0), for
performing filtering, whereas the 2 color approach is suitable
for segmentation.

The second numerical test was performed with another
MR 2D Image, but with the 4 color algorithm. As expected,
the results (with parameters α = 20.0, γ = 2.0 and ε = 1.0)

(a) (b)

(c) (d)

Fig. 1. (a) Original Image, (b) Mumford-Shah regularized
image, (c) w2 for the 2 level segmented problem, and (d) its
corresponding image contour v.

were better compared to the first experiment, since these MR
images have more than 4 distinct tissues. In fact, the con-
tour images vi present much narrower and clear transitions as
shown in figures 2(e) and (f). With these results, it is possible
to have a better tuned regularized segmentation in comparison
to the 2 color case (with parameters α = 5.0, γ = 0.05 and
ε = 1.0).

5. CONCLUSIONS

In the search for a simpler numerical implementation the so-
lution of variational problems such as the Mumford-Shah and
multicolor segmentation ones, the approximation based on
Ambrosio-Tortorelli functional presents a simpler implemen-
tation in terms of the functional complexity compared to the
family of “active contours with level sets” ones. Specially,
when the renormalization of the level set and the use of func-
tions other than polynomial ones are avoided.

The proposed approximation may be implemented using
finite differences and is easily extended in more than 2 dimen-
sions. It is not difficult to extend to other type of images, such
as the vectorial and color ones.
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(a) (b)
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(e) (f)

(g) (h)

Fig. 2. (a) Original Image, (b) 4 color (level) segmented im-
age, (c) image region w1, (d) w2, (e) the contour v1, (f) v2;
(g) 2 color segmented image w and (h) v.
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