DISPERSION FOR 1-D SCHRODINGER AND WAVE EQUATIONS
WITH BV COEFFICIENTS

NICU BELI, LIVIU I. IGNAT AND ENRIQUE ZUAZUA

ABSTRACT. In this paper we analyze the dispersion for one dimensional wave and Schrédinger
equations with BV coefficients. In the case of the wave equation we give a complete an-
swer in terms of the variation of the logarithm of the coefficient showing that dispersion
occurs if this variation is small enough but it may fail when the variation goes beyond a
sharp threshold. For the Schrodigner equation we prove that the dispersion holds under
the same smallness assumption on the variation of the coefficient. But, whether dispersion
may fail for larger coefficients is unknown for the Schrodinger equation.

1. INTRODUCTION

In this paper we consider the following two equations with variable coefficients: The
one-dimensional wave equation

L) { v (t, 2) — Op(a(x)0v)(t,x) =0, (t,z) € R?,
. v(0,2) = vo(z), 1(0,2) =0, z € R,

and the Schrodinger equation

iug(t, x) + 0y (a(x)0pu)(t,z) =0, (t,z) € R?
(1.2)
u(0,2) = ug(x), z eR.

Along the paper we will consider nonnegative functions a with bounded variation and
satisfying the following lower and upper bounds

(1.3) 0<m<alzx) <M, zeR
The main positive results of this paper are as follows.

Theorem 1.1. For any a € BV (R) satisfying (1.3) and Var(log(a)) < 2w there exists a
positive constant C'(Var(a), m, M) such that

(1.4) sup/ lv(t, z)|dt < C(Var(a),m, M)|vol|L1(r)-
R

zeR
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dispersion and Strichartz estimates, almost periodic functions.
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Theorem 1.2. For any a € BV (R) satisfying (1.3) and Var(log(a)) < 27 there exists a
positive constant C(Var(a),m, M) such that

C(Var(a),m, M) ol
Vi (R)-

(1.5) [w() ]| oo @y <

In the case of the wave equation a counterexample can also be established when the
total variation of the logarithm of the coefficient is large, showing that our dispersion
result above is sharp.

Theorem 1.3. Let be 0 < m < M and o > 27. For any positive number N large enough
there exists a piecewise constant function, m < a < M, with Var(log(a)) = « such that for
some vy € LY(R) the solution v of problem (1.1)) satisfies

(1.6) sup/ |v(t, x)|dt > Nlvol| L1 (r)-
R

z€R

Such a counterexample is not available for the Schrédingier equation. Thus, whether
the above dispersion result is sharp for this model is an open problem.

Our results are given in terms of the total variation of function log(a). However under
the boundedness assumption above ([1.3), Var(a) and Var(loga) are comparable.

The main ideas of the proofs of the above results come from the analysis of wave prop-
agation in multi-layer structures [B, Ch. 3] and [I]. The proof follows mainly the ideas in
[1] but with finer resolvent estimates.

We recall that, once the dispersion is established for the solutions of the linear Schrédinger
equation, more general space-time estimates can be obtained, namely, the so-called Strichartz
estimates

||U||L‘1(]R,LT(]R)) < C(% 7“)”90||L2(R),

for some admissible pairs (g,r). Strichartz estimates for BV coefficients in 1-d without
smallness conditions have been established in [2] without making use of the dispersion
property. This paper is devoted to investigate under which assumptions the dispersion
property still holds.

Estimates similar to these in Theorem but integrating on the space variable x instead
of time, have been obtained in [4] under a smallness assumption on the BV-norm of log(a).
The methods developed in this paper could very likely be useful to further analyze the
problems addressed in [4]. But this is still to be done.

The paper is organized as follows. In section 2] we present some preliminary results from
[1] and state two technical lemmas that allow us to improve the results in [I]. In section
we prove the main results stated in the introduction. We point out that the proof of
Theorem uses previous results from the proof of Theorem [I.1] Section [ contains the
proofs of the two technical lemmas. We will obtain estimates on some almost periodic
functions by using some tools from analytical number theory.
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2. RESOLVENT ESTIMATES ON A LAMINAR MEDIA

In this section we consider a laminar media and collect some previous results from [1],
keeping the same notations.
Let us consider a partition of the real axis

(2.7) —0 =T < X1 < Xg <+ < Tpoy < Ty = 00
and a step function
(2.8) a(z) =b? x€l=(rp1,21), k=1,...,n,

where 1/M? < b, < 1/m?.
Let us now consider the self-adjoint operator —9,a(z)d, defined from {h € H'(R), ad,h €
L*(R)} to L*(R). For w > 0 let us consider R, its resolvent:

R,g = (—0.a(x)0, + wzl)’lg.

It follows that for = € Iy = (z_1,2%), Kk =1,...,n, we have
(2.9) Rug(w) = cap1 (w)e™® + cop(w)e™ " + bk/ g;y)e_wbﬂm‘y'dy,
I, W

where co = c9,-1 = 0 and the other coefficients are determined by solving the system
obtained from the continuity of R,g and a(x)d,R.g at the points xx, k =1,...,n— 1. It
follows that

D, (w)C =T

Where C = [Ch C3,C4y...,Con—3,Con—2, CQn]T7 T = (t17 o 7tn71)T7 tk = (tk17 th)T7

b, / Me—wbm—y)dy b / g(y)e_wbkﬂ(y—m)dy
Iy,

ty = 2w<) IM(Q‘)” Ck=1,....n—1
bibii1 (/ &G_ka(w’“_y)dy + / &€_ka+l(y—$k)dy>
I, 2w Toir 2w
and
a, B 0 0 0 0 0 0
0 Ay, By 0 0 0 0 0
0 0 As Bs 0 0 0 0
D, = - - = = — — — —
0O 0 0 0 A,3 B, 0 0
0O 0 0 0 0 A, B, 0
0O 0 0 0 0 0 A,1 b,
with , ,
ew 171 e WOnRTp—1
a; = ( b ewblxl ) ) bnfl - ( bn_1€ wWhnTpn_1 ) )

— eWhkt1k — e Wk 1Tk

A = ( bk+1eka-xk —bk+1e_°kaIk ) » By = ( —bpetrr1tr b o wWhkr1k > :
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For technical reasons we introduce the matrix Dn which has the same structure as D,, but

replacing vector b,_; with
_Gan-Tnfl
bn—l = _bn_lewbnxn_1 :

We point out that the vectors b,,_; appearing in D,, and Dn are given by the second and
respectively first column of B,,_;.
Let us introduce now the reflection coefficients

_ b1 — by

2.10 dp = B "% p_o
(2.10) T by + b "

e—Qka(xk—xk—l) _dkfl + Qkfl(w)

, k=2,....n—1,
21) Q)= )
2wbp a1 _dk—l + Qk—l(w) k=n.
1 —dp1Qr—1(w)’

It follows that for 2 < k <n

e~ 2Kk det Diw) Dk(w), k=2...,n—1,

det Dy (w)
Qk(w) = ~

det Dy (w) i

- 0 7 =n

det Dk(w)’ ’
and for any 2 < k <n

k—1
(2.12) det Dy(w) = [ (b; + bjar)e 0% (1 — d;Q;(w)).

j=1

It has been proved in [I] that there exists a 6 > 0 such that for any w € C with R(w) > —4
we have |Qp(w)| < 1, k =2,...,n. It implies that (det D,(w))~! is uniformly bounded in
the same region of the complex plane and moreover wR,uy can be analytically continued.
Thus the spectral calculus gives us the following representation of the solutions of equations

(1) and ().
Lemma 2.1. The solution of the wave equation (1.1)) verifies

(2.13) v(t, 7)oy = QL/ €™ w(Riyvo) () dw.
T J -
Lemma 2.2. The solution of the Schridinger equation (1.2) verifies
1 [ _.
(2.14) u(t,z) = —/ e "™ W(Riup) () dw.
iT )

For completeness we prove these lemmas.
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Proof of Lemma[2.1] Set vi(t) = v(t)1yoy. It follows that vy satisfies
Onv1 — Oz (a(x)0,v1) = 0o f.

Since vy (t) is supported on (0, 00) it follows that the Fourier transform in time variable of
vy is holomorphic in the domain {Sz < 0} and verifies the equation

(=2 = 0p(a(2)0,)0n(2,-) = i2f(-), S(z) <O.
Taking z = w —ig, w € R, £ > 0 small enough we obtain that
01 (w — ie) = i(w — i€) Riw—ie) f-

Using the inverse Fourier transform we get

1 .
Ul(t) = % /R€thi(w - ZO)Rz(w—w)fdw

Since wR,, can be analytically continued on {Rz > —J} we obtain the desired result.
A similar argument shows that

U [ e L
o <oy = =g | €"i(w + i0) Ri(uwie) fdw.

The proof is now complete. O

Proof of Lemma[2.9 Using the identity
1 1 1
h\) = lim— [ & ( - )d
) E%IQM'/R (5) A—(s—ie) A—(s+ie) °

" o Rh(5)<)\— (51—2'0) - (i—l—z’O))dS’

classical spectral calculus gives us that

ult,z) = e = = /Re—its((A (5= 0)) ™" = (A= (s +10)) " uods.

27

Since o(A) = (0,00) we have that (A + z)~! is analytic on C\ (—o0,0) and that
(A+ (=7 +10))™" = Riro,  (A+ (=72 —10))"" = Rjjri10-

Then
1 <
u(t,r) ==— e " ((A —(s—1i0))"' = (A—(s+ Z'O))”)uods

2mi Jo
1 [~ _

- — e_”727<(A — (T2 —i0) ' = (A — (7 + iO))_1>u0dT
i Jo
1 [ .

= — e " T<Ri7+0u0 — R—iT—i—OUO)dT
i Jo

= i €7itT27'RiT+OU0dT.
i

—00
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Using now that wR,, can be analytically continued on {Rz > —J} we obtain the desired
result. U

The proof of the main results of this paper requires the theory of almost periodic func-
tions. A function f : R — C is said to be almost-periodic if it can be represented as

f(?f) _ Z Cnei)‘nt,
and the following norm satisfies

Ifllap =) lea] < co.
n

It is easy to see that the space of almost periodic functions is an algebra. For more details
on the properties of these functions we refer to [3].

As observed in [I], the function det D, (iw) is an almost periodic function. The same
property is satisfied by 1/det D, (iw) even if this property is not trivial (see [1], section
2.2).

Here, in addition to the results in [I], we will compute exactly the coefficients ¢ in
terms of vector 7" and sequence {Qg}7_; by solving the system D, (w)C = T (see Section
below). The argument in [I] only uses the fact that, since C' is a solution of the above
system, then its components are finite sums of the terms in the vector 1. Also, instead

of using the results in [I, Section 2.2] we control in a finer way the sequence {Qg}7_;
introduced in (2.11)) and prove the following two key lemmas.

Lemma 2.3. Let us consider two sequences of real numbers (¢,)n>1 and (dy),>1 with
|d,| < d <1 satisfying

(2.15) 3 arctanh(|d,|) < g
n>1

We also consider the following sequence of functions Q1(iw) =0 and

—dp—1 + Qr—1(iw)

2.16 jw) = eloh—1% L weREk>2.
(2.16) Qu{ier) 1 — dp1Qp—1(iw)

For any n > 2 the following holds

(2.17) 1Qnllap < tan (Z arctanh(|dk|)>.

k>1

Lemma 2.4. Let « > w/2 and 0 < d < 1. For any N > 0 there exist a positive integer n
and a sequence 0 < dp, <d, k=1,...,n—1, with

n—1
Z arctanh(dy,) = o
k=1
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such that for any sequence {cg}y ,;1 of numbers linearly independent over the rationals and

any chozce of ex, € {£1}, k =1,...,n — 1 the sequence {Q}}_, defined in (2.16|) with
{er}PZ] above and d;, = epdy, k= 1, ...,n — 1, satisfies

(2.18) |Qullap > N.
Remark 2.1. Let us remark that the reflection coefficients dy in (2.10) can be rewritten
as

log(br_1) — log(b
(2.19) dj, = tanh ( o8 (b 1)2 o8 k)>

Since |tanh(z)| = tanh(|z|) we have

1 1

|di| = tanh‘ 08 (b 1)2 0g(b) ‘

As a consequence:
log(br—1) — log(bx)|  Var(log(a))
2.2 hldy| = ‘ ) - .
(2.20) Z arctanh|dy| Z 5 1
k>1 k>1

Also, since a satisfies (1.3)) we also have

Var(a) Var(a)

< Var(loga) <

(2.21) -

With these two lemmas we can prove Theorem and Theorem [I.3] Theorem [I.2] will
be a consequence of Theorem
Let us now comment on how these lemmas apply to obtain the main results in this paper.

The key point in the proof of Theorem is, as we will see in Section [3], that for a step
function a as in and . the followmg holds

sup/|vt:r;]dt O, (i)
(1w)0 !
(2.22) sup R sup 1(@ni)B0) Vlurw _ 1Qnll ap-
vpELL(R /|U0|d$ voeLl(R) HUOHLl(R)

Thus the results given by Lemma[2.3|and Lemma[2.4]on the AP-norm of @Q,, provide results
for the behavior of the solutions of the wave equation ((1.1)).
In the case of the Schrodinger equation (1.2]), using the same arguments as in the case
of the wave equation, we have that
2 |u(t) ] 2w £ (" Qun(iw)Ta0) ¥ | = (r)

(2.23) sup ~
uo€LL(R) ||U0||L1(JR) upeL!(R) ||U0||L1(R)

Applying Young’s inequality it is immediate that for all ¢ > 0 the following holds
2] (™ Qu(iew)tho) ll ey _ [(@n(iw)V0) || 21 )

< ||@nllap.

sup
upE€LL(R) |uoll 21 (m) voEL (R) [voll L1 (r)
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However, we cannot say that the right hand side in (2.23)) is comparable with ||@Q,||4p-
This is why we have only a positive result when the BV -norm of the coefficient a is small.
The optimality of the result in Theorem is still an open problem.

3. PROOF OF THE MAIN RESULTS

The aim of this section is to prove the main results of this paper.

We first concentrate on the case of the wave equation ([1.1)). We will prove that the
solution of equation (|1.1]) satisfies

(3.1) Sup/ lo(t, z)|dt < C(Var(a),m, M>||v0||L1(R).

z€R JR

Let us consider a laminar medium as in Section 2] The key point in our proof is that the
above estimate is equivalent with the fact that @, (iw) is an L'(R)-Fourier multiplier and
the norm of @, as a L'(R)-multiplier can be estimated in terms of the variation of log(a).
Moreover, we point out that it is sufficient to consider vy to be supported in one of the
intervals Iy, k = 1,...,n since by linearity the result extends to any function vy € L'(R).

We denote by f and fV the Fourier and the inverse Fourier transform of the function f:

&= [ f@e =, P =5 [ e

Proof of Theorem[1.1. Using the spectral formula ([2.13)) and the representation of the re-
solvent R;, obtained in the previous section, for any x € I, the solution v of equation
(1.1) can be writen as

v(t, x)l{t>0}
_ / <iWCQk_1 (iw)eiw(t-i-bkx) + ichk(iw)eiw(t—bkm / / —iwbk\a:—y|dydw
R I,

=(iweap_1(iw))" (t + bpx) + (iwea(iw))” (t — bkaz) + v(t x)

where

k tw —twbg (x—
:_/et /I(Uol{xk1<y<x)})(?/)e bk y)dydw
K
/ / U01{x<y<xk )(y)e_ink(y_x)dydw
Iy,

x 1 w x
25/6 At/oe= )(Uol{xk 1<y<x)}) ( )dw—|—§/e ®/bx+ )<001{x<y<mk)})/\(w)dw
R R
1 t 1 t
:g(vol{xk_1<y<m)})(1? - b_k> (Uol{x<y<zk)})(x + bk)
It easy to see that

(32) [ ottt < bl < m 2ol
R
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we have

(—t, )
/R\U(t,xﬂdt = 2/0OO lv(t, x)|dt.

Hence, in order to prove estimate (3.1)), it remains to show that for any j = 1,...,n and
for any x € I, the following holds:

Since for ¢t < 0, v(t,z) = v

(3.3) /]R |(iwea;—1 (i)Y (t + b;z) + (iwea; (iw)) (¢ — biz)|dt < C’(Var(a),m, M) ool 21 ey

In fact we will prove a stronger estimate: for any 1 < 5 < n — 1 the following holds:

(3.4) / (1 eas 1)) (@) + [(iwes; (i) (2)] ) da < € (Var(a), m, M) [voll .

We also remark that since ¢o = co,—1 = 0, when j € {1,n — 1}, the two estimat
but

and (3.4]) are the same. Estimate (3.4) is the key not only in the proof of Theorem
also in the one of Theorem [L.2]

Since there is a strong connexion between the ¢’s and t’s we observe that for £ =

(3.5) iwty 1 (iw) = —ge”wz”“”vollk(—bkw) + %e’w”““xkvolfﬂl(kaW)

bibr+1
2

An immediate consequence is that

(3.7) Jtistiation@ite < PR o) < ey [

and

(3.8) / (it (i) (2) dz < [by]|bess]| / jon] < e(m) / .

(3.6) iwtg 2 (iw) = <€_iwbkxk@(—bkw) + e_i“b’ﬂ“xkvﬁlk\ﬂ(bkﬂw)).

The main steps in the proof of (3.4)) are the following:

e Prove (3.4)) for j = n and supp vy C I,.
e Prove (3.4]) for j = n and supp vy C I;.
By symmetry the same holds for j € {1,n} and suppwvy C I U I,.
e Prove (3.4]) for j = n and suppvg C I, 2 <k <n—1.
e Prove (3.4) for j € {k,...,n} and suppvy C I with2 < k <n—1with k < j <n.
By symmetry the same holds for z € I; and suppvy C I, 2 < k < n — 1 with
1<y <k
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Case 1. Computing cy, when suppvy C I,,. In this case all tx, £k =1,...,n — 2,
vanish. Moreover ¢,_; 9 = b,_1t,,—1,1. It follows that

ap By 0 0 0 0 0 0
0 Ay By O 0 0 0 0
0 0 A; By O 0 0 0

Con(iw) = (det Dy, (iw)) ™

oo o |

Developing over the last two lines the above determinant we obtain

. giwbn—1Zn—1 th-11 det Dn—l(iw) e~ Wwbn—1Tn—1 tno11 det Dn_l(iW)
CQn(ZCU) = _‘ bneiwbnﬂan o 1o m ‘ —bne_i"Jb”*w"* tn_12 W
o _eiwbn—1xn_1 1 1 det Dn,l(iw)
- bn by |V det D, (iw)
4 pmtwbian | 11 det D,,_; (iw))
—by boo1 | "N det D, (iw)
b det Dn(zw)
= —tpq€ T ——————,
' det D, (iw)

where the last identity involving det D,,, det D,_; and det D,,_; has been proved in [T,
p. 871].

From ([3.5)) we have that

bn . —
iwty_11(iw) = Ee_wb"x”‘lvoln(bnw)

and then we obtain the exact formula of cg,(iw) in terms of @, (iw):

, , b —oip o det Dy (iw b it L
(3.9) iwcegy, (iw) = —5¢ Zitobn "1W2iw; =5 Hbnin=1Q (iw)vo L (bpw).

This identity is the key point in proving not only Theorem [I.1] but also Theorem [1.3]
It follows that

(3.10) [ iwen (i) @lds < F1@u(i)Lapluolxe

and in view of Lemma [2.3] we have

/R\(z’wc%(iw))v(xﬂd:c < C’(M,m,tan (Xn:arctanh\an).

Thus by ([2.20) and (2.21]) the proof of the theorem in this case is finished.
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Case 2. Computing cy, when suppvy C I;. Here all the terms ¢, k=2,...,n—1
vanish and ¢ 9 = —bot; 1. Hence

aj Bl 0 0 0 0 0 tl
0 A, By O 0 0 0 0
0 0 Az B3 0 0 0 0
conliw) = (det D, (iw)) ™| — — — — - - - -
0 0 0 0 A,3 B,s3 0 0
0 0 0 © 0 A,2 B,o O
0 0 0 © 0 0 A,41 O

Developing the above determinant over blocks of two lines we obtain that

det Ay -----det A, _det Ay det A,,_ .
det D, (iw) B det D), (iw)

Using estimate (3.7) on ¢;; we get

iwbyx
ewbiz1 tl,l

t12

6271 (/LU.)) = b2€iwb1zl

det Ay ----- det A,,_
det D, (iw)

HU0||L1(R)-
AP

310 [ lliwen(i) (@)lds < '

Since the proof of estimate (3.4) is the same as in Case 3 below (choose k = 1 in (3.12))
we will skip it here.
Case 3. Computing cy, when suppvy C Iy, 2 < k <n — 1. Here ty_19 = bp_1t5_1.1,

tr2 = —bpti1tr 1, all the other terms in vector 7' vanishing. Let us now compute cy,. It is
given by
ap By O 0 0 0 0 0
0 Ay, By 0 0 0 0 0
0 0 As Bs 0 0 0 0
an(iCL))(det Dn(zw)) = — — — Ak—l Bk—l — — tk—l
0 0 0 0 Ak Bk 0 tk
0O 0 O 0 0 A, B, 0
0 0 O 0 0 0 A, O
aq Bl 0 0 0 0 0 0 aq Bl 0 0 0 0
0 Ay By 0 0 0 0 0 0 A, B 0 0 0
0 0 As Bs 0 0 0 0 0 0 A; Bs 0 0
= - - — A B — - bt |+ - — — Ay Ben —
0 0 O 0 Ay By 0 0 0O 0 0 0 Ay, B,
0 0 O 0 0 A, B, 0 0O 0 0 0 0 A,
0 0 O 0 0 0 A, 0 0O 0 O 0 0 0

o O O

o O O
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Developing the determinants over blocks of two lines we find that

apa By 0 0 0 0 0 0
0 A, By O 0 0 0 0
0 0 As By 0 0 0 0

Con(iw)(det D, (iw)) = det Ay - - - - - det A,

0 0 0 0 Ay Beyg 0 0
0 0 0 0 0 Ags Brs 0
00 0 0 0 0 Ay tho
@ B, 0 0 0O 0 0 0
0 A B, 0 0 0 0 0
0 0 A By 0 0 0 0
fdet Aggy-ooodet Ay 4| — — — — -  — - -
000 0 0 Ay Bes 0 0
000 0 0 0 Awy By 0
00 0 0 0 0 A ¢t

Since the components of t;_; satisfy 512 = by_1tx_1,1 We can use the same argument as
in Case 1 and we obtain that the first determinant equals

_tkz—l,l e_iwbkzk_l det [)k (zw) .

The second one could be computed in a similar way by expanding the determinant over

the last two lines and using that ¢; 9 = —bg11t51
a; By 0 0 0 0 0 0
0 Ay By 0 0 0 0 0
0 0 As B; 0 0 0 0
0 0 0 0 A, Br,o 0 0
0 0 0 0 0 Ak—l Bk—l 0
0O 0 0 0 0 0 ALty
_ | e b ey 4| B det Dy (i)
bp 1 €07k —by 1ty b —bjpre @R byt F

= 2bk+1tk’1 det Dk (iw)ei“b’“"""’“ = — det(Ak)th det Dk(iw)e“b“k.

This gives us that

_detAk ceeoodet A,y
det D, (iw)
_det Ag -+ - det A,y det Dy (iw)

_ te iwby (T —xK—1) . t ) iwbkx;@‘
det D, (iw) (k 1,1€ Qr(iw) + T Je

Con (W) = (tk_l’le_i“’bkmkfl det Dy, (iw) + ty, 1% det Dk(iw)>
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Applying estimate . for ¢, and ¢;_1,1 we obtain that

(3.12) /| iwean (iw))" (t)|dt

det Ay - - -+ - det A, det Dy (iw)
< Com)(|Qullar +1)| D) | ol

Using now formula (2.12)) that gives us the explicit expression of det D,, and det Dj, we find
that
det Ay - -+ - det A,,_1 det Dy (iw) "l det A; e~ w(bj—bjt1)z;

(3'13) det Dn(zw) - ik bj + bj+1 (1 - d]Qj<Zw>>

e~ w(bj=bjt1)z;

nkn
H 1—dQJ Zw))

Observe now that
(1-d;) T (14 dyQy (iw) P @ai=en) - j =1 n—2,

(1 —d;Q;(iw)) iz (14 Qo (iw)e 2t j=n-1.

It gives us that for any 1 < 7 < mn — 1 we have

H (1—dy) H < LA 1d[l1@5mllap _ exp(|d;]|@j11llap)
(1 - d]Q]<ZCL)>) AP T 1+ dj B 1+ dj
and then
sy | H = ew (a1 S ia) 11
dQ]Zu))AP =y, / ~ j:kl—l—d]
n—1 1
<
exp( (m, M)Var( )]:kmﬁX “Q]”AP) ]Hk T+d,
n—1 1
< exp( (m, M)Var(a) tan(Var(log( ))/4))
s 1 +d,
The last term also satisfies
(3.15) H H m = ﬁ (1 M) < exp (C(m M)Var(a)).
e 1+d LTy T 20, ’

Putting now toghether estimates (3.12)), (3.13)), (3.14) and we obtain that estimate
also holds in the case considered here.

Case 4. Prove (3.4) when suppvg C I, 2<k<n—-1land k< j<n-—1. The
previous cases prove (3.4]) for j = n. Let us now prove that it holds for any £ < j <n—1.
We point out that once estimate will be proved then it also holds for 1 < 7 < k — 1.
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We now use that

Con—3 (O
(316) An—l ( Con—2 ) +bn—102n - ( 0 >

and for j < n —2,

Coj—1 C2j+1 0

3.17 A; 7 B; J = .

01 () ln)-(0)

From identity (3.16) and the results of Case 3, we obtain that (3.4) holds for j =n — 1:

[ (i)Y @) e (i) @] )do < Clom, 3) [ fiwesn (i) @)]do
R R
< C(m, M, Var(a))/ o).
R

Applying identity (3.17) we obtain

Coj—1 _ A-_lB' C25+1
( Ca;j ) 7 ( C2j+2 )
_—1 ( (bjy1 +bj)e w(b1=bj)e; (bjy1 — b])67‘ o ) ( i )

T 2040\ (Djn = by)e i (b A by e i) C2j+2

It implies that for j < n — 2 we have

[ iwensa (i) (0] + e )" ()t
it = b b + b
N 2bj41
|b]+1 b; | . . Vv
< | iweaji (iw))’ (8)] + |(iwegj2(iw))” (2)|dt.
+1

J

/ |(iwejar (iw)) " ()] + [(iwesja(iw))* (t)]dt

Using the same argument as in (3.15)) we obtain that for any £ < j7 <n —1

(3.18) / |(iwegj 1 (1w)) Y (8)] + | (iweg; (iw))Y ()| dt < C(m, M, Var(a))/ |vo] -
R R
The proof of Theorem [1.1] is now complete. O

Proof of Theorem[1.3 In this section we describe the manner in which the coefficient a
satisfying the conditions in Theorem can be constructed. Without restricting the
generality, we will construct a coefficient a with 1/2 < a < 2.

Let fix d = (log2)/2. Since a > /2, by Lemma 2.4 for any N > 0 there exists a
sequence {dy }7Z; such that
n—1
Zarctanh(ﬂkl) =, arctanh|dg| <d, Vk=1,...,n—1,
k=1
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and for any sequence of rationally independent numbers {c;}}?_, and any ¢, € {£1},
k = 1,...,n — 1, the sequence {Q)}7_, associated to {c;}7=} and {epd;}T=} satisfies
|@n(iw)llap = 2N.

Let us set dj, = epd), = e|dg| where g, € {£1} will be chosen later. We now choose a

sequence {bg}7_; such that

b, — bit1
dy =epldy| = ———— <0, k=1,...,n—1.
k= el b + br11 "
This is possible since we can define recursively
b
5 — exp(2arctanh(dy)), k=1,....,n—1, b =1.
brs1

Let a be the piecewise constant function defined by
a(z) =b? x€ (vp_1,21), k=1,...,n,
where g = —o0, x, = oo and the points {xk}z;ll are chosen such that the numbers
be(Tp — k1), k=2,...,n—1
are linearly independent over Q. Using we get that

n—1

Var(log(a)) = 4 _ arctanh(|dy|) = 4a.
k=1

We now show how to choose the sequence {e;}71 such that a € [1/2,2]. Observe that for
x € (xg_1,xx), the coefficient a is given by

k-1 k—1
a(z) = b2 = exp (2 Z arctanh(dk)> = exp (2 Zekarctanh(]dk\)).
j=1 J=1

Since arctanh(|dy|) < d = (log2)/2 we always can choose ¢, € {£} such that

— log 2
’Zejarctanh(\dj])’ < g , Vk=2,....n—1
j=1

Indeed, for £ = 2 choose €1 = 1. Assume that the above inequality is true for some k. If
Zf;ll e;jarctanh(|d;|) belongs to (0,log(2)/2) then choose ¢, = —1, otherwise ¢ = 1. It
follows that the above inequality will also hold for k + 1. With this choice of {&;}7Z] we

obtain that coefficient a satisfies a € (1/2,2).
Denoting m = 1/2, in view of estimate (3.2) we have

ngg/[R|v(t,l’)|dt /R|Z‘W02n(iw)v(t)|dt . |’(Qn(iw)®\0)v>|‘Ll(R) -2

> -—m 2 —m
[ tulda [ tulda Iooflzry
R R
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Choosing now a sequence v such that

[1(Qn (iw)Vor) ") | L1.(r)
HUOkHLl(R)

= |Qnllar

we get for any N large enough that

sup/ lu(t, x)|dt
R

zeR

Sup > Qullap —m™2>2N —4> N.

vo€L(R) / ‘voldx
R

For the function a chosen above we obtain that the left hand side of the above inequality
can be arbitrarily large. The proof if now finished. U

Proof of Theorem[1.2. We use formula (2.9)) for the resolvent to find that for « € (z4_1, zx)
solution u of system ((1.2)) is given by

1 , . 1 } A
U(t7 :L') :E / e_thszQk_l (iw)ezwbk;tdw + E e—ztw2wc2k<iw)€—zwbkxdw
R R

b —itw? —lwg |T—
ﬁ Re t w/lk uo(y) e =Y dy dw.
It follows that

fu(t, 2)] < % / (I(iwes (i) ()] + | (e (i) ()] d + %HUOHU(R)-

Using now estimate (3.4) that has already been proved in the proof of Theorem we
obtain the desired estimate and the proof is finished. O

4. PROOF OF THE TWO TECHNICAL LEMMAS

In this section we prove Lemma [2.3 and Lemma [2.4] using a fine analysis of the sequence
{Qn}n>1 defined by (2.16)) by means of multi-variable series.

4.1. The functions a(q), B(d), v(t), E(dy,...,dn;q1, -, qu_1) and R(t1, ... . to;q1, -y Gn-1)-
We introduce the notations that will be used in this section. We denote by a(q) and §(o)

the mappings:

zZ+o0

1+o0z

Note that ¢ — a(q) is a multiplicative mapping, i.e. a(q)a(q’) = a(qq’), and  satisfies

50190 = (5.

alq) :z—qz, B(o):zm

From the formula

tanh x 4 tanh y
tanh =
anh(z + ) 1+ tanh z tanhy
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we deduce that mapping ¢ +— 7(¢) := S(tanht) has the property
v(a)y(b) =~(a+0), abeR.

Ifd =(dy,...,d,), with0 <d; <1and ¢ =1(q,...,q,—1) is a multivariable then we
define the multivariable series

E(d; q) := (B(dn) a(qn-1) B(dn-1) - - - a(q1) B(d1)) (0).
With the convention that for j = (j1,...,jn_1) we write ¢ := ¢' --- ¢'"}. We introduce
the norm || - || of a multivariable series by
dooaid| = Y layl.

jeNn—l jeNn—l

It is easy to see that for any two series ||ab|| < ||all||]|-
Lemma 4.1. Let be {Q}r>1 defined by (2.16). Then for any n > 1
(4.19) 1@niallap < [[E(([du], .- - [dnl); (a1, -5 gn1))]

with equality when ¢y, ..., c,_1 are linearly independent over Q.

Proof. We write dj, = ei|dg| with e, = +1. The sequence {Qy}r>1 can be written as
i —Eh1Qr—1 (W) + |dy1 |

1 — ep_1|dp—1|Qr—1(iw)
= (a(—ep-1€™1) B(|dy-1]) a(—ex-1)) (Qr-1(iw)), k > 2.

Qk(zw) = —E&k—1€

It follows that

Qni1(iw) = <O‘<_€n€wc") B(ldn]) alen—182™) B(|dp1]) - - - a(e182€™) 5(!d1|>> (0).
With the above notations it follows that

Qni1(iw) = —,“ E(|dy|, ..., |dy|; e1626™, . . ., p_16n€™1).
Since | —&,| =1 and |egegr1| =1 for 1 <k <n —1 we have
|Quiallap < |[E(|dal, ... |duliaqr, - - s gu-1)]];
with equality when c¢q,..., ¢, 1 are linearly independent over Q. U
In the following we will estimate in an clever way the norm of E((|d4],...,|du]); (g1, -, Gn-1))-

For any t = (t1,...,t,) we define the series R(t;¢) in the multivariable ¢ = (¢1,...,¢n_1)
by
(4.20) R(t;q) = (v(tn) a(gn-1) Y(tn1) - - alg)¥(t1)) (0)

= E((tanh(ty),...,tanh(t,)); q).

When there is no risk of confusion we will write only R(t).

Using that the map ¢ — tanh(t) is one to one from [0,00) to [0,1) we will estimate
the norm of R((t1,...,%,);(q1,---,qn—1)) by taking the advantage of the multiplicative
property of function ~.
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4.2. Estimates on partitions. For any positive number x we consider the set of all

partitions of x:
j=1

If t = (t1,...,t,) € A, the sequence of the partial sums x; = Z?Zl ti, k=1,...,nis
a partition of the interval [0,z], i.e. we have 0 = 29 < 21 < ... < z,, = x. We get a
one-to-one correspondence between A, and the partitions of [0, z].

Ift=(t1,...,t,) and s = (s1, ..., Sy) are two elements in A, we say that s is finer than
t and we write t < s if the sequence of partial sums of s contains the sequence of partial
sums of ¢, i.e. there is a sequence 1 < k; < ... < k,, = m such that

ky

!
Z Zsj, Vi<i<n.

It follows that (A., <) is a directed set.

Lemma 4.2. Let be 0 < d; < 1,1 < j <mnand P=[[/_,(1+d;), p=[[}_,(1 - d)).
Then the map

/B(dn)a(Qn—l) .- -ﬁ(dl)@(%)
is given by the map z — (az+0b)/(cz+d), where a,b, c,d € R|qo, . . ., gn—1] have non-negative
coefficients,

S (P4 D), Bl = lld]] = 5(P ~ ),

the coefficient of the first order powers qq ... q,_1 in polynomzal a and the one of zero order
term in polynomial d s 1.

lall = llell =

Proof. Note that

k even 1<i1 <...<1p<n

=Y > di-dy.

k odd 1<i1<..<ip<n

and

Let M(qo, - - .,qn—1) be the matrix

_[a b . 1 dn n—1 0 1 dl qo 0
i = (2 0) = (o 7) (5 1) (o ) (8 1)
Thus the map (dy)a(gn_1) -+~ B(di)a(qo) is given by
az+b

cz+d

Since dj, j > 1 are nonnegative, a,b,c,d € R|qo,...,¢,—1] are polynomials with non-
negative coefficients. Therefore ||a|| = a(1,...,1) and similarly for b, ¢, d.

Z
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0 1 0 0 10
a= (1 o) m= (5 1) 5= o)
we have that

(421) M(QO, Ce ,qn_l) = (I + dnA)(Bo + Qn—lBl) s (] + dlA)(BO + qoBl>-
Since By + B; = I and A? = I, it follows that

Denoting

M, ) =T +dA) - (T+dA) =) > dy--dy A

k=0 1<i1 <..<ix<n

:<§: 2: (%“%m>[+<§: }: %-w%)A

k even 1<i1 <...<ix<n k odd 1< <...<1p.<n
1
(P+p) 3(P —p)>

1 1 3
=—(P I+ =(P—p)A=
ey (%(P—m L(P+p)

It implies that

and
b(l,...,l):d(l,...,l):%(P—p).

Then the first part of Lemma [.2] is proved.

Let us now compute the coefficient of the first order powers qq ... ¢g,_1 in polynomial a
and the one of zero order term in polynomial d. In view of (4.21)) we have

kn—
M(qo, - - Gn-1) = > 0" G Mg, s
(ko,--.skn—1)€{0,1}m

where
M.k =L +dyA)By, |- (I 4+ d1A)B,.
To determine the coefficient of ¢ - - - ¢,_1 and the free term of d one has to calculate M;
and My, o, respectively.
Note that B3 = By, Bf = By and ByABy = B1AB; = 0 so By(I + d;A)By = By and
Bl(I + dJA)Bl = Bl. Hence

-----

Mo...o= (I +dyA)By--- (I +diA)By = (I + dyA) By = (8 d1n>

so the constant term of d is one. Also

A@1:u+%m&~u+mmazu+%m&=(58) ,,,,,

so the coefficient of ¢; - - - ¢,,—1 in a is one. O
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Corollary 4.1. Let (ty,...,t,) € A,. The map

Y(tn)o(qn-1) - v(t1)(qo)

is given by z — (az + b)/(cz + d), where a,b,c,d € Rlqo,...,q,_1] have non-negative
coefficients,

|lal| = [ld[| < coshzz, ||b]| = [|e]| < sinhz,
the coefficient of qo - - - qn_1 tn a and the constant term of d is 1.

Proof. Since y(t) = f(tanht) we can use Lemmal[d.2] with d; = tanht;. Using the notations
of Lemma [4.2] we must prove that

P —
(4.22) +p < coshz and P~ sinha.
Since
t; —tj
14+d;=1+tanht; = ———, 1—d; =1—tanht;, =
T L A t;’ ! T Cosh t;
we get
-1 -1
P=ce" (H cosh t]-) ,p=¢e" (H coshtj> .
J J

Thus (4.22)) immediately follows. O

Lemma 4.3. For any two partitions s,t € A, with t < s the following holds for any
positive integer r
1R@®)"]] < [[R(s)"]I.

Proof. Let t = (t1,...,t,) < s=(S1,...,5n) be two elements in A,. In order to prove this
result we relate the two series R(t) and R(s). Observe that R(t) and R(s) depend on n—1
and m — 1 variables respectively, m > n. Since t < sthereare 0 = kg < k1 <--- < k,=m

such that
ki

t = Z s;, V1<Il<mn.
J=ki—1+1
Using that y(a 4 b) = vy(a)v(b) it follows that

)= T )

j=ki_1+1
Since a(1) = 1 we also have
v(t) = 7 (sk_y ) (D) (kg p2)a(l) - - 1)y (sk,)-
Replacing v(¢;) by the above formula in the definition of R(t), (4.20]), one gets
R(t; (g1, -5 an-1)) = (V(tn)(gn-1)7(tn-1) - - al@r)y(t1)) (0)
:R(&(L"'717q1a17"'717q27'-'>qn7171'-'71))7
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where the blocks of one above have lengths k, — k,_1 — 1,... ke — ki — 1,k; — kg — 1.
Thus ||R(t)|| < ||R(s)||. For r > 2 the argument is similar since

R(t; (g1, qn-1)) = R(s;(1,.... L, q1, ooy Gu1,1..., 1))
The proof is finished. U

4.3. Upper bounds for R(t). We now obtain some properties of the multivariable series
R(t) introduced above. For any integer r > 0 we define the function f, : (0,00) — (0, o0
by
fr(@) = sup [|R(t)"]].
teAy
In particular, fo = 1. We note that f, ., () < f. () f,(x). In particular for any integer

r>1, fo(z) < filz)".
The first estimate for f; is given in the following lemma.

Lemma 4.4. For any x € (0,1og(2 +/3)) the following holds

sinh(z)
(4.23) filz) < m-

Proof. Let us choose t = (t1,...,t,) € A, and denote ¢ = (q1,...,qn—1). We will show

that
sinh(z)

R(t; < —
IR0 < 7
By definition

R(t:0) = (Y(ta)a(ga1)(ta1) -+ alar)y(1) ) (0),
From Corollary [4.1] it follows that
_ a(q07 cee aQ’rL—1>Z + b(QOa s 7qn—1)
C(QOa B 7qn—1)Z + d(q0a B 7Q7’l—1) .

(Y(tn)a(@n-1)7(tn-1) - - - alq)v(t1)a(qo)) (2)

Hence choosing gy = 1 and z = 0 we get

R(t;q) =

Using Corollary [4.1 we have that
|b]] < sinh(z) and ||d(1,q) — 1|| = ||d|| — 1 < cosh(z) — 1.
Then, for any z satisfying cosh(z) < 2 the following holds
1b(L, q)]| sinh(z)
R(t;q)|| < < .
RGNS T a1 gl = 27— cosh(@)

Since the partition ¢ € A, has been arbitrarily chosen we obtain that estimate (4.23]) holds
for all # < arccosh(2) = log(2 + v/3). O

Lemma 4.5. For any positive integer r, function f, is increasing.
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Proof. Let us observe that for any d € [0,1) we have §(d)a(—1)f(d)a(—1) = 1. Thus, for
any nonnegative t, y(t) satisfies y(t)a(—1)y(t)a(—1) = 1.
Let us now choose 0 < = < y, where y = x + z with z > 0. Let t = (¢1,...,t,) € A,.
Then s := (t1,...,tn, 2/2,2/2) € A,. Since y(2/2)a(—1)y(z/2)a(—1) = 1 we have:
2 z
R(t; (q1;- - Gn-1)) = (7(5)a(—1)7(5)6%(—1)7(%)04(%_1) s 'a(Q1)'7(Q1)> (0)
= R(Sv (QIa <oy 4n—1, _17 _1))

Hence for any integer r» > 1,

R(t7q1a s 7Q71—1)r = R(Sa qis---,qn-1, _1a _1)1”’

which implies that ||[R(¢)"|| < [|R(s)"||. This implies that for any ¢ € A, there is some
s € A, with [|R(t)"|]| < [|R(s)"||. Therefore f, is an increasing function and the proof
finishes. g

We denote I = {z € (0,00) | fi(z) < co}. In view of Lemma [4.4] and Lemma [4.5] the
set I is an interval that includes (0,log(2 + v/3)). Moreover, all the functions f,., r > 1,
are finite on interval I since f,.(x) < fi(z). Now we prove that f, are differentiable.

Lemma 4.6. The set I is an open interval. For any integer r > 1, function f, is differ-
entiable on I and satisfies fl = r(fr—1 + fri1).

Proof. Let ¢ and x be positive numbers. For any partition s € A, . there is a finer
partition, 3, of the form § = (¢,t') € A, x A., (because for any partition of [0,z 4 ¢] there
is a finer one containing x). Then

IR(s)|| < [R(3)]| < filz +e)
and so

filz+e)=sup ||R(t1)]].
(t,t')EAL X Ae

Let us consider (t,t') € A, X Az, t = (t1,...,tn), ' = (tus1,...,tm). Denoting ¢ =
(@1, ,qn—1) and ¢ = (¢qu, - .., ¢m—1) We obtain that
R((t.1): (0:4) = (Y(tm)(@m—1) - - V(tn1)a(an)) (R(t; ).
Since t € A, by Corollary [.1) we have that

V(tm)a(Gm-1) - - y(tns1)a(gn)

is given by z gjjr’g, where a,b,¢,d € Rlqy,...,qn_1] have non-negative coefficients,
lla]| = ||d|| < coshe, |[b]] = ||c||] < sinhe, the coefficient of ¢, -+ gm-1 in a and the
constant term of d are 1. Then ||a|| =14 ||a — ¢, - ¢m-1]| and ||d|| =1+ ||d — 1]| so

lla = gn - gmall = llal]] =1 = ||d]| =1 = ||d = 1]| < coshe —1.

Then
aR(t) +b B aR(t) +b

cR(t)+d 1+ (cR(t)+d—1)

R((tv t/)) =
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Since t € A, we have [|R(t)|| < fi(z) < oo. It follows that
aR(t)+b=qn @1 RE) + (@ — o Gn-1)R{E) +b =G+ g1 R(t) + b+ O(c?)
and
cR(t) +d=1+cR(t)+ (d—1) =1+ cR(t) + O(?).
Then for € < g9, g9 small enough depending on f;(z), the following holds
R((t,t) = (¢ gm-1R(t) + b+ O(e%)) (1 — cR(t) + O(e?))
= Gn Qo1 R(t) +b— - @_1cR(t)* + O(£?).
Since b — ¢, - - - ¢m—1cR(t) = O(e) this implies that for any » > 1 we have
R((t, )" = (g Gm-1)" RO +7(qn+ Gm-1)" RO (b= ¢+~ Gm-1cR(1)*) + O(e?)
= (0 1) RO +7(gn - @mt) (R = g+ gmreR(E)) + O(?).
Using that sinhe = € + O(e?) it follows that
IR )] < IR+ e[l RO™H] 1ol + r[IR@™ - [lell + O(e?)
< fr(x) + 7 fra (@) sinhe + 1 f,pq(2) sinhe + O(e?)
= fr(@) + r(frma(@) + frn(@))e + O(E?).
Thus, for £ small enough we have
(4.24) frx+e) < fol@) +r(froa(@) + fria(2)e + O(E2).

This implies that [ is an open interval.

z)
z)

For the reverse inequality we will take m = n + 1 so t' has dimension one, t' = (¢),
and ¢ = ¢,. Then (t,e) € A,ic so fir(z +¢) > ||R(t,¢)"||. We have R((t,¢);(q,qn)) =
v(e)alan)(R(t, q)), ie.
¢, R(t) + tanhe
t = .
k((t.€)) qntanheR(t) + 1
The same argument as above shows that

R(t,e)" = quR(t)" +req, " (R(t)" — R{t)"™) + O(?).

Since R(t)"', R(t)", R(t)"" € R[[qo, - - -, n_1]] it follows that

lan R(&)" +re(gy RO = i RO™ || = [[RQ)"]] + rel[RE)"H| + rel[RE)™].
Hence for any t € A, and ¢ small enough

frlw+e) = [R(t,e)" || = [|R@)"]] + re(|RE)" + IR(E)™]) + O(e?)

and then
(4.25) frx+e) > folx) +er(fror(m) + frpr(z) + O(7).

Using and we obtain that f, satisfies

fr(x+e) = fr(@) + er(froa(2) + fra(2) + O(?).
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Thus function f, is right differentiable and satisfies

. fr(l'—i-E)—fr(l')
1 =r(f_ , )
gy ) (fea(®) + Fra(®)
Moreover, since fiy(z —¢) < fi(x) < fF(x), k € {r — 1,r + 1}, by applying the same
argument as in the proof of and (4.25) to ' = x — & we obtain that
fr(@) = fole — &) +er(fraa(z =€) + fr(z —€)) + O(®) = folx — ) + O(e)

which proves that f, is also left continuous.

For the left derivative of f, at © we apply the previous analysis to the point 2’ =z — ¢

.fr(x) _ fT(w — 6) — r(fr_l(l‘ — 5) + fr—i—l(m - 8)) + O(g)

€
Since f,_1, f,41 are continuous we obtain

ll\i% fT(x) - gr(x - 5) - r(fr—1($) + fr-&-l(‘r))'

The proof of Lemma [4.6|is now finished. U

Theorem 4.1. We have I = (0,7/2) and for any r > 1 function f, is given by
fr(x) =tan"x, x€l.

Proof. We first show that [0,7/2) C I and for any r > 1 the following holds

fr(x) <tan"z, V€ (0, g)
For any x € I we have f|(z) = fo(z) + fo(x) < 1+ fi(z)%. Lemma gives us that
lim, o fi(x) = 0 and then by integrating the last inequality we obtain that arctan fi(x) <
x. Thus fi(z) < tanz. For r > 2 similar estimates hold since f,.(z) < (fi(x))".

Let S = {(z,y) € (0,7/2) x R | |ytanz| < 1}. Using the properties of functions f,
above we get that function g defined by

g(x7y) = fl(x) + fg(l‘)y + f3(g;)y2 4.

is well defined and differentiable on S. Explicit computations show that g satisfies the
following first order equation

(v* + Dgy(2,y) — gu(2,y) = —2yg(z,y) =1, VY (,y) € S.
In order to solve it we need some boundary conditions. Observe that since f,(z) < tan” z
for all » > 1, function g satisfies lim, o g(x,y) = 0 for all y € R. Solving the above
equation by the method of characteristics we obtain that

tanx
g(z,y)

. ytanx’

Developing in y power series we get that f.(z) = tan"z, as claimed. In particular,
fi(x) = tanz. Since f; is increasing we also obtain that I = (0,7/2) and the proof is
finished. U
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4.4. Proofs of the two Lemmas. We are now able to prove Lemma [2.3] and Lemma

Proof of Lemmal2.3. By definition of E and Theorem [4.1] we have that

1@nsallap = I E((lda], - .., |dn]))|| = | R((arctanhldy], .. ., arctanh|dy|))]|
< f1<Zarctanh]dk|> = tan (Zarctanh\dko.
k=1 k=1
Then estimate (2.17)) follows. 0

Proof of Lemmal[2.4 Let us choose o« > /2. By Theorem fi(m/2) = co. This means
that for any positive N > 0 there exists a partition ¢ = (¢1,...,t,-1) € A, such that
|R(t)|| > N. Choosing eventually finer partitions we can assume that ¢, < arctanh(d),
k=1,...,n—1.

Choosing dj, = tanh(ty), k=1,...,n— 1, we have 0 < dp < d,

IE((dy, ..., dn1)l| = IR > N.

We finally choose the {ck}Z;} such that they are linearly independent over rationals. Using
Lemma [4.1] it implies that {Qx}7_, defined by (2.16) satisfies

1Qullar = 1E((Idl, .-, [dua D) = |1 E((dh, -, dur)) || = N
and the proof is finished. O
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