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Abstract

This paper studies the numerical approximation of periodic solutions for an exponen-
tially stable linear hyperbolic equation in the presence of a periodic external force
f. These approximations are obtained by combining a fixed point algorithm with
the Galerkin method. It is known that the energy of the usual discrete models does
not decay uniformly with respect to the mesh size. Our aim is to analyze this phe-
nomenon’s consequences on the convergence of the approximation method and its
error estimates. We prove that, under appropriate regularity assumptions on f, the
approximation method is always convergent. However, our error estimates show that
the convergence’s properties are improved if a numerically vanishing viscosity is added
to the system. The same is true if the nonhomogeneous term f is monochromatic. To
illustrate our theoretical results we present several numerical simulations with finite
element approximations of the wave equation in one or two dimensional domains and
with different forcing terms.

Mathematics Subject Classification (2010): 35B10, 65P99, 93C20
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1 Introduction

In order to present the purpose of our work, let us consider a general nonhomogeneous
hyperbolic equation of the form

i(t) + Au(t) = f(t) (¢ >0), (1.1)
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where A is a linear positive self-adjoint unbounded operator with compact resolvents in a
Hilbert space H and f : [0,00) — H is a measurable function which can be viewed as an
external force.

If the solutions of (1.1) are globally defined, it is interesting to study how does the
force f affect their behavior as t goes to infinity. One of the most natural question is the
following: Are the solutions (u,%) of (1.1) bounded in the energy space D(A%) x H if f
belongs to Cp([0, 00); H), the set of continuous and bounded functions with values in H? If
the answer is negative, we use to say that the resonance phenomenon occurs. In practice,
the resonance can result in catastrophic failure of the object at resonance. The classic
example of this is breaking a wine glass with sound at the precise resonant frequency
of the glass. Avoiding resonance is a major concern in every building, tower and bridge
construction project.

A particular case of bounded forces f are the periodic ones. If we suppose that the func-
tion f is periodic, it is well known that the boundedness of all trajectories corresponding
to (1.1) and, consequently, the lack of resonance, is equivalent to the existence of a periodic
solution of (1.1). Under the above hypothesis on the operator A, it is easy to see that
unbounded solutions do exist. Indeed, it is sufficient to take f(t) = 2v/\i eiﬁtqﬁ, where A
and ¢ are an eigenvalue and the corresponding eigenvector of A, respectively. Since A € R,
the function f is periodic. A particular solution of (1.1) is given by u(t) = teiw\tgﬁ, which
is obviously unbounded. For more details, the interested reader is referred to [11].

Generally, a strong dissipative effect in the equation makes the resonance impossible
and ensures the existence of periodic solutions. Therefore, we shall consider instead of
(1.1) the following equation

i(t) + Au(t) + BB*a(t) = f(t)  (t>0), (1.2)

where A is like above and B is a bounded operator in H ensuring the uniform exponential
decay of solutions. More precisely, if we define the energy of a solution (u, ) of (1.2) by

1
E(t) == ' 2
(6) = (e, AN,y
and we suppose that f = 0, then there exist two positive constants M and w such that
the following inequality holds

E(t) < M?e™*'E(0), (1.3)

for every solution (u, 1) of (1.2) with initial data (u(0),7(0)) = (u°, ul) € D(A%) x H.

Under these hypotheses, for each T'—periodic function f € Cp([0,00); H), system
(1.2) has exactly one T—periodic solution. To prove this, let us define the operator
A D(A%) x H — D(A%) x H which associates to each initial data (u®,u') € D(A%) x H
the corresponding solution of (1.2) at time T,

A(u®,u') = (w(T),u(T)).

Now, we can use (1.3) to show that A has a unique fixed point (u°, ') which gives the
periodic solution we were looking for. Indeed, (1.3) implies that A™ is a contraction for n
sufficiently large and the existence of a unique fixed point for A is a consequence of Banach
Fixed Point Theorem.

Note that this periodic solution is the global attractor of the system. Proving the exis-
tence of periodic solutions of (1.2) when f is a periodic function and giving a satisfactory



Approximation of periodic solutions 3

numerical approximation of them represents two major tasks in the study of evolution
of (1.2). We point out that the contractive properties of the operator A, which are very
important for the convergence of the fixed point algorithm, depend of the exponent w.

The aim of this paper is to present and analyze approximation methods for the peri-
odic solutions for (1.2) and to offer precise error estimates in each case. We shall consider
a space-discrete version of (1.2) obtained, for instance, from a finite element space dis-
cretization

iin(t) + Apun(t) + BrByun(t) = fu(t), (1.4)

where h denotes the mesh size and fj, is an approximation of the periodic force f. The
operators Ay and Bj, are discrete versions of the operators A and B, respectively, and
will be introduced latter on. The solution (up,up) of (1.4) belongs to a finite dimensional
space Vh2 =V, x V. As in the continuous case, we can prove the existence of periodic
solutions by showing that the operator Ay : Vh2 — th, which associates to each initial
data (uf), u}) the corresponding solution of (1.4) at time T,

An(up,up) = (un(T), an(T)),

has a fixed point (@9,7}). In this paper, we shall analyze the following algorithm for the
approximation of the periodic solutions of (1.2):

Choose h > 0 small and (u),u}) € V}2;

Choose an entire number N > 0 and a precision € > 0;

Compute A7 (uf,u}) until

-1
AT (s ag) = AR ()| < e
or
n > N;

- Approximate (a°,a') by A} (u?, u}).

Our error estimates will show how the numbers N and e should be chosen, depending on
the error of the Galerkin scheme used for the space discretization. Note that the above
algorithm combines two approximation processes: one for computing the solution of the
wave equation (1.2) at time T, given by Ap(u)), u}), and another one for determining the
fixed point of Ap. While the first numerical process depends on the discrete operators
Ap, and By, the second one is governed by the contractive properties of Aj,. Most often,
improving one of these approximations leads to the deterioration of the other one. Let
us briefly explain this phenomenon. When considering numerical discretization schemes
for wave equations, it is well known that most of them do not preserve the property of
uniform (with respect to the mesh-size h) decay property of the solutions of the continuous
wave equation (1.2). Indeed, as remarked in [18, 19] (see, also, [2, 13, 20, 21]), due to the
existence of high frequency spurious solutions whose (group) velocity of propagation is
of the order of h, the energy of the discrete solution (up,y) does not have a uniform
exponential decay. This means that the discrete energy of solutions defined by

En(t) = (1), in (1) 22

verifies the inequality
En(t) < Mie M E(0), (1.5)
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with an exponential decay rate w(h) which may tend to zero as h goes to zero. A conse-
quence of this phenomenon is a degeneracy of the contractive properties of the operator
Ay as h tends to zero. Since the contractive properties of Ay are fundamental in the
convergence of the fixed point method presented above, the entire approximation method
used for the periodic solutions of (1.2) will be affected by this phenomenon.

Three main problems will be investigated in this paper:

(P1) Does the family (A} (uf, u}L))h>0, ns0 Converge to the fixed point (@°,u') of A when
h tends to zero and n tends to infinity and, if it does, at which rate?

(P2) Does the family (ﬂ%,ﬂ}l))hm
to the fixed point (u%,@!') of A when h goes to zero and, if it does, at which rate?

of fixed points of the discrete operators A converges

(P3) How do the two convergence properties mentioned above change if a numerical van-
ishing viscosity is introduced in the equation or if special monochromatic nonhomo-
geneous terms f are considered?

In Section 6 we shall give a positive answer to problem (P1). Indeed, Theorem 6.4
proves that, under the additional regularity condition f € WI’I(O,T;D(A%)), the family
(Az(ug’u}z))h>0,n>o converges to (u’,@') with a velocity of order h?In (1), where h? is
the error of the Galerkin method considered in (1.4). However, due precisely to the
nonuniform decay of the discrete energy in this case, we cannot guarantee the convergence
of (ﬂ%,ﬂ}z)hw to (@, ') and a positive answer to (P2).

As we have mentioned before, the lack of uniform exponential decay in (1.5) is due to
the high spurious numerical frequencies and their filtering may be useful. A convenient and
natural method of filtering consists in adding a vanishing numerical viscosity depending
on a small parameter € = h" which tends to zero as h goes to zero. The parameter n > 0
allows us to control the amount of extra-dissipation introduced in the system. Hence,
instead of (1.4) we can consider the following discretization

’l'lh(t) + Ahuh(t) + BhB;kL’iLh(t) + hnAhdh(t) = fh(t) (t > 0). (1.6)

It is known that this procedure ensures the uniform exponential decay of (1.6) (see, for
instance, [8, 9, 16, 18, 19]). More precisely, the solution (up, @) of (1.6) verifies (1.5) with
constants M and w independent of h. Since the term h" Ay, (t) enforces the dissipation,
the exponential decay of the solutions of (1.6) gets better when n decreases. However,
in order to preserve the precision of the numerical scheme for (1.2), the parameter n
cannot be too small. Our error analysis allows us to conclude in Section 5 that the
optimal value of € is h?, where 6 is the precision of the finite element discretization. With
this particular choice, we use a result of uniform decay obtained in [8] to show that the
contractive properties of the operator A; are uniform with respect to h. Consequently,
positive answers to both problems (P1) and (P2) are given in Theorem 6.8 and Corollary
6.9. Moreover, we show that the velocity of convergence is of order hY, the same as the
Galerkin scheme. Hence, the vanishing viscosity not only ensures the convergence of the
discrete fixed points of Ay to the continuous one of A but, at the same time, improves the
convergence velocity of the iterative family (AZ(u%, u}L)) B0, 50"

Our paper is related to [3, 5, 6, 10, 22|, where the approximation of the outgoing
solutions of Helmholtz’s equation in an exterior domain 2 C R" is studied. For numerical
reasons, the unbounded domain {2 has to be limited by introducing an artificial boundary
I" with a Sommerfeld condition. This problem is reduced to find the periodic solution of
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a wave equation with boundary dissipation and a source term f which is monochromatic,
i. e. of the form f(t) = e*'¢, where ¢ € R and ¢ is a given function. The method
used in these papers consists in obtaining the periodic solutions as minimizers of some
suitable functionals. Although different from our approach, the approximation process in
[5, 6, 10] is also affected by the fact that the exponential decay of the energy corresponding
to the discrete system (1.4) is, in general, not uniform with respect to the mesh size.
Indeed, this produces at the same time the lack of coerciveness of the functional to be
minimized in [5, 6, 10] and the lack of uniform contraction property of our operator Aj. Let
us also mention that, although characterized by a higher memory consumption, a valid
alternative to the vanishing viscosity method analyzed here is the minimization of the
modified functional introduced and analyzed in [3] and whose discrete version is studied
in [22]. In Section 7 we consider the above mentioned special case of monochromatic
source term f. We show that both problems (P1) and (P2) have positive answers, even
if no viscosity is added and (1.4) is used. This result is a consequence of the lack of high
frequencies oscillations of the monochromatic term f and it is in consonance with the good
numerical approximations obtained in [5, 6, 10].

The remaining part of the paper is organized as follows. In Section 2 we present some
basic properties of system (1.2) and prove the existence of its periodic solutions. The
first discrete version (1.4) of (1.2) is considered in Section 3 and the existence of discrete
periodic solutions is proved. In Section 4 we analyze the discrete problem (1.6) resulted
by adding the numerical viscosity. Sections 5 and 6 are devoted to prove the main error
estimates in the approximation of periodic solutions with or without viscosity. In Section
7 monochromatic periodic forces f are considered and analyzed. Finally, in Section 8 we
present the numerical simulations which are based on and confirm the theoretical results.

2 Existence of periodic solutions

In order to give the precise statement of our results we need some notation. Let H
be a Hilbert space and assume that A : D(A) — H is a self-adjoint, strictly positive
operator with compact resolvent. Then, according to classical results, the operator A is
diagonalizable with an orthonormal basis (¢ )i>1 of eigenvectors and the corresponding
family of positive eigenvalues (A;)r>1 satisfies limy_,oo Ay = co. Moreover, we have

DA)={zeH | X ol <oo b
k>1

and

Az = Z e (2, pr) O (z € D(A)).

k>1
For o > 0 the operator A% is defined by

DAY =Sz H | Y Nz pnl <oof, (2.7)
k>1

and

A% ="M (208 06 (2 € D(AY)).
k>1
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For every a > 0 we denote by H, the space D(A®) endowed with the inner product

<9077w[)>a = <Aa90a Aa¢> (907 (NS Ha)'

The induced norm is denoted by || - ||, except in the case a = 0 when, for simplicity, || - ||
will be used. From the above facts it follows that for every a > 0 the operator A is a
unitary operator from H,yj onto H, and A is strictly positive on Hy,.
Let U be another Hilbert space and let B € L(U, H) be an input operator. Consider
the system
i(t) + Au(t) + BB*u(t) =0 (t>0), (2.8)

u(0) = ug 4(0) = u;. (2.9)
For every (ug,u1) € H% x H, the energy corresponding to (2.8)-(2.9) is defined by

B = 5 (143 + la)]?) (2.10)

and verifies .
E(O)—E(t):/ | B*i(s)||#ds. (2.11)
0

We remark that (2.11) shows that the energy of each solution of (2.8)-(2.9) is non-
increasing. In this paper we assume furthermore that system (2.8)-(2.9) is exzponentially
(or uniformly) stable, i. e., there exist two positive constants M and w such that

E(t) < M*E(0)e '  (t>0,  (ug,u1) € Hy x H). (2.12)
2

Let us now consider f € C([0,00); H) and the non-homogeneous system

u(0) , w(0) = uy. (2.13)

i(t) + Au(t) + BB*u(t) = f(t) (t>0),
=u
The aim of this section is to show the existence of a periodic solution of (2.13), under the
assumption that f is a time periodic function of period T’

f@+T, ) =ft,-) (=0 (2.14)

and to study its main properties. The results presented in this section are not new (see,
for instance, Haraux [11] for an excellent introduction to the topic of periodic solutions
for nonlinear hyperbolic problems) but we have chosen to include them here in order to
fix the notation and to make the paper easier to read.

Firstly, let us deal with the general initial value problem (2.13). In order to do that, it
is convenient to write (2.13) as a differential equation of first order in time. Introducing
the new variable v = 4, we obtain that (2.13) may be equivalently written as

AU(t)+F(t)  (t>0) (2.15)

—
S S
==
[
g
.o

where
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For each o > 0, we consider the Hilbert space X, = H, 1 x H, with its canonical
2
inner product

(1), = e abese st ([3]-[7] x).

Here and henceforth Xy will be simply denoted by X. In the case F' = 0, it is known
that (2.15) defines a well-posed dynamical system in the space X. More precisely, for each
UY € X, the solution U of (2.15) is given by

U(t) =St)u° (t>0), (2.16)
where S is the contraction semigroup on X generated by the unbounded operator A in

X with domain D(A) = X1. Assumption (2.12) ensures the exponential stability of the
2

semigroup S in X, i. e., there exists two positive constants M and w such that
ISl 2y < Me ™" (¢ >0). (2.17)

The same decay rate of the semigroup is achieved in X1 and, under additional hypothesis

2
on the regularity of the operator BB*, in X;. Here and in the sequel the semigroup S in
X4 means the semigroup generated by the restriction (or the extension) of the unbounded
operator A to X, with the domain X 1. We have the following result.
2

Proposition 2.1. With the above notation, assume that (2.12) is verified. Then the
semigroup S is exponentially stable in X and X1. If, in addition, BB* € L(Hy,H1), then
2 2

S is an exponentially stable semigroup in X1, too.
Proof. The fact that S is an exponentially stable semigroup in X follows directly from
(2.12). To show the same property in X1, note that the graph norm of A is equivalent to
2
the standard norm of X 1. Therefore, for each U € X1, we have that
2 2

ISOUx, < C(IASOUllx + SOV llx) = C (ISHAV° [ x + ISV x)

1
2

and the exponential stability of S in X1 follows from (2.12).
2
To prove the exponential stability of S in X7, note that BB* € L(Hy, H 1 ) implies that

D(A?) = X and that the graph norm of A? is equivalent to the standard norm in Xj.
Now the assertion can be easily obtained by repeating the above argument in X;. O

We pass now to the study of the non-homogeneous problem. The following result is
well-known and may be found, for instance, in [7].
Proposition 2.2. Let o € {0,3,1} and f € C([0,00); Hy). Then, for any U° € X,,
problem (2.15) has a unique mild solution U € C([0,00); X,) given by

U(t) =St)U° + /t S(t —s)F(s)ds  (t>0). (2.18)
0

Moreover, if f € W' ([0,00); Hy) or f € Ll ([0,00);H 1) and U° € X then

loc loc ats a+% ’

(2.15) has a unique classical solution U € C ([0, 00); Xa+%) NCL([0,00); X,) verifying

N

10 x,,, + 10O, <C[I0x,,, +1Fflwiorm]  O<t<D),  (219)

where C' is a positive constant and T > 0 is arbitrary.
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We have now all the ingredients needed to show the existence of periodic solutions for
(2.13).

Theorem 2.3. Assume that f € C([0,00); H) satisfies (2.14). Then there exists a unique
U° € X such that the corresponding mild solution U of (2.15) in X with initial data Uo

18 T'—periodic.
If, in addition, BB* € E(Hl,H%) and f € I/Vllo’cl([(),oo),H%) or f € L} (]0,00); Hy),

then there exists a unique U0 e X1 such that the corresponding classical solution U of
(2.15) in Xy with initial data U° is T—periodic.

loc

Proof. The proof is based on a contraction argument. We introduce the map A : X — X
defined by

T
AUY = S(T)U° + / S(T — s)F(s) ds. (2.20)
0
From Proposition 2.1 we obtain that, for any U° € X,
ISOU°lx < Me " |U°|x  (t>0). (2.21)

Moreover, taking into account the semigroup properties and the periodicity of F, it is
easy to see by induction that the following identity holds for any n € N

A"U? = S(nTU° + /nT S(nT — s)F(s) ds. (2.22)
0

Using (2.21) and (2.22) we have that, for any U? and U in X,
1A = AU x = S(T)(U° = UY)lx < Me™™T|[U° — U x.

It follows that, for n sufficiently large, A" is a contraction on X and therefore there
exists a unique U° € X such that A"U° = U°. Consequently, A"(AUO) A(A"T0) = AT
and, by the uniqueness of the fixed point of A", we obtain AU 70 = U°. This means that
the mild solution U of (2.15) with the initial data U° satisfies U(T) = U(0). Using the
semigroup property we see easily that ﬁ(t—i—T) =U (t), forall t > 0 and UisaT —periodic
solution in X of (2.15).

Now, suppose that f € W2([0, 00); H1) of f € L}, ([0,00); Hy). In this case we can

loc

repeat the previous arguments considering A : X1 — X, defined by (2.20). According to
Proposition 2.2, this map is well-defined. Moreover, from Proposition 2.1 we obtain that,
for any U° € X1, the following inequality holds

IS(T)U°1x, < Me MU x,  (¢>0).
Arguing as in the first part of the proof, we conclude that there exists a unique U%e X 1

such that the classical solution U € C([0,00); X1) N C1(]0,00); X1) of (2.15) with initial
2

data U° is T-periodic. O

The periodic solution found in Theorem 2.3 has an important property which makes it

special: it is the global attractor of the dynamical system (2.15). More precisely, we have
the following property.
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Proposition 2.4. Suppose that f € C[0,00; H) and verifies (2.14). If U € C([0,00); X) is
a T-periodic solution of (2.15) and V € C([0,00); X) is any other solution of (2.15) then
Tim |U(2) - V(#)Lx = 0. (2.23)
As a consequence, system (2.15) has at most one T—periodic solution in C([0,00); X).
Proof. Let W =U — V. It follows that W € C(]0,00); X) and verifies
W(t) =St)(U(0) = V(0),  vt=0.

Now, (2.23) follows from (2.17).
If V is another T'—periodic solution we deduce that W = U — V is T'—periodic too.
From (2.23) we obtain that U =V and the proof ends. O

In the remaining part of this article we study the numerical approximation of the
periodic solution U given by Theorem 2.3.
3 Discrete problem: first method

Assume that there exists family (V})n>0 of finite dimensional subspaces of H 1 and that
there exist § > 0, h* > 0, Cyp > 0 such that, for every h € (0,h*),

Imne —ells < Coh’lloll (v € H), (3.1)

Imne — ol < Col’llelly (v € Hy), (3.2)

where 7, is the orthogonal projector from Hi onto V3. Assumptions (3.1)-(3.2) are, in
particular, satisfied when finite elements are us2ed for the approximation of Sobolev spaces.
The inner product in V}, is the restriction of the inner product on H and it is still denoted
by (-,-). N(h) denotes the dimension of V},. We define the linear operator A;, € £(V},) by

(Anon, n) = (AZgp, A2¢y)  (pn, tn € Vi), (3.3)

The operator Ay, is clearly symmetric and strictly positive.
Denote Uj, = B*V}, C U and define the operators By, € L(U, H) by

Bpu = 7 Bu (welU), (3.4)

where 7, is the orthogonal projection from H onto Vj. Note that Ran B, C Vj. As
well-known, since it is an orthogonal projector, the operator 7, € L(H) is self-adjoint.
Moreover, from (3.2) we deduce that

lo =Tl < llo = mnoll < Coliolly (o € Hy). (3.5)
The adjoint B} € L(H,U) of By, is
Bhp=B"Thp  (p € H). (3.6)
Since Uy, = B*Vj, from (3.6) it follows that Ran B} = Uj, and that

(Bhon, Bpbn)u = (B on, B n)u (on, Yn € Vp). (3.7)
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The above assumptions imply that, for every h* > 0, the family (HBhHL(Uh H)) is

he(0,h*)
bounded.
Now, we consider the following semi-discrete scheme for (2.13)

(3.8)

{’dh(t) + Apun(t) + BrBhin(t) = fu(t),  (t>0)
up(0) = uop, Up(0) = uip,

where f;, € C([0,00); Vi,) and (ugp, u1p) € V2.
In (3.8) fr and (ugp,u1p) stand for approximations of f and (ug,u1) in (2.8), respec-
tively. A more precise choice of these approximations will be given latter on.

We consider the product space Xy = Vj, X Vj, equipped with the inner product

Yin|’ |Y2n

and we denote by | - || x, the corresponding norm in Xj,. Using the new variable v, = 4y,
system (3.8) can be rewritten in the Hilbert space X}, as

< [901h] ’ {wzh] > _ <A}%¢1h7‘4}%@2h> + (Y1n: V2n),
Xn

{Uh(t) = ApUn(t) + Fu(t), (¢ >0) (3.9)

Un(0) = Uy,
where Ay = A,ll — B, and

S N N I A I A |

Note that A}Z is a skew-adjoint operator on Xj and A, € L£(X}) is the infinitesimal
generator of a uniformly continuous semigroup of linear bounded operators Sy, (t) = etn
on Xj. Moreover, since A, is m-dissipative, the semigroup Sy, is of contractions in Xj.
The following result is a standard one in ordinary differential equations.

Proposition 3.1. Let h > 0 and f, € C([0,00); V3). Then, for any Up € Xy, system
(3.9) has a unique solution Uy, € C! ([0, 00); Xp,) given by

Un(t) = SL(t)Up + /Ot Sh(t—8)Ep(s)ds (> 0). (3.10)

Let (0nn)1<n<n(n) and (Ann)i<n<n(n) be the set of eigenvectors normalized in Vj, and
1

the corresponding eigenvalues of the operator A2, respectively. A normalized basis of the
product space Vh2 is given by the set of eigenvectors of the skew-adjoint operator A}L,

1 hin| }
By = — | . 1< |n| < N(R)). 3.11
R [zsgn(n)mnwhn Inf < N(2)) (8.11)

The discrete energy corresponding to (3.8) is defined by

1 1 .
Eat) = 3 (143 ul? + lan?). (3.12)
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If fr, =0, then taking the inner product by iy, in equation (3.8), we deduce that

k) =~ IBr il (> 0)

Thus, if fr = 0, the energy Fj of (3.8) is non increasing. In the sequel we shall suppose
that the following hypothesis holds

Jim 5, (t) = 0. (3.13)
Remark 3.2. Since (3.8) is a finite dimensional system, it is easy to show that (3.13) is
equivalent with the following property

Bfopn # 0 (I<n<N). (3.14)

There are cases in which (3.14) does not hold in spite of the fact that the continuous
counterpart, B*p, # 0, is verified for each n > 1.

An illustrative example is provided by the restriction to w operator B = x,, defined in
L?(Q)) and minus the Dirichlet Laplace operator in L*(Q), A = —A. Q is a nonempty open
subset of R and w a nonempty open subset of Q. The corresponding discrete operators
By, and Ay are the restriction to the grid points from w and minus the finite-difference
Laplacian Ay, respectively. If Q is the unit square, @ = (0,1)x(0,1), and w a neighborhood
of a part of the boundary of the form

1 1
w:{(m,y)eQ]0§x<g,0§y<2}u{(m,y)e§2]1—g§x<1,2§y<1}u
1 1
(@9 €Q]0<y<o 0<z<5 U @y eQll-osy<] g<z<ly,

where o is any positive small number, then there exists eigenvectors pn, of Ay with the
property that Brop, = 0 (see [21, §9.2, Problem 3]). On the contrary, in the simpler
case Q2 = (0,1), it is easy to see that (3.14) does hold, indistinctly of the choice of w. As
mentioned in [21, §9.2, Problem 3], getting optimal geometric conditions on the set w to
ensure (3.14) in the multidimensional framework is an interesting and widely open subject
of research.

Finally, let us mention that a possibility to deal with the case in which (3.14) is not
verified consists in filtering the high frequencies which violate (3.14). More details in this
direction will be given at the end of Section 7.

We have the following result concerning the decay of the discrete energy (3.12).

Proposition 3.3. Let h > 0. Suppose that fr, = 0 and (3.13) holds. There exist two
positive constants M independent of h and w = w(h) (depending of h) such that

En(t) < M?Ep(0)e~ 2 (=0 (ugn,up) € V2). (3.15)

Proof. Given 7 > 0, there exists a constant K, ; > 0 such that the following inequality
holds

T 1
[ 1@l ar > Ko (IAfwlP + onl?)  oon Vi) (@10
0
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where (wp,,wy,) is the solution of

{ W (t) + Apwn(t) =0 te(0,7)

’LUh(O) = Woh, ’Li)h(O) = W1h. (3'17)

Inequality (3.16) follows from the fact that the map (wop, w1n) — \/fOT || B g, (£)||7dt

is a norm in the finite dimensional space th which is a consequence of our hypothesis
(3.13). Now, the argument used in [14, Theorem 1.3] allows us to conclude that inequality
(3.15) holds and the constant M may be chosen independent of h. O

Remark 3.4. Contrary to the constant M in (3.15) which may be chosen independent of
h, in general, the constant w cannot be uniform in h, i. e.,

li = 0. 1
hlg(ljw(h) 0 (3.18)

The interested reader is referred to [18, 19] for a few interesting examples.

We have the following discrete version of Theorem 2.3, which shows the existence of a
periodic solution of (3.9) by using (3.15).

Theorem 3.5. Let h > 0. Assume (3.13) holds and that f, € C([0,00);Vy) satis-
fies (2.14). There exists a unique U}? € Vh2 such that the corresponding solution U €
Ct ([0,00); V}2) of (3.9) with initial data U} is T—periodic.

Proof. We use the same fixed point argument as in the proof of Theorem 2.3. We define
the operator Ay, : th — Vh2 by

T
AhU}(L] = Sh(T)Uf(L) + / Sh(T - s)Fh(s) ds, (319)
0

where {Sy,(t)}+>0 is the semigroup generated by A, in X} and U = [:}6011] LU, = [zh] ,
Ok h
from (3.15) we obtain that

1
1 2
ISW(T)0P1x, = (HAzuh(TW ; ru‘h<T>||2) < Mo 0T x, (3.20)

Now, the remaining part of the proof is analogous to Theorem 2.3. 0

Remark 3.6. Hypothesis (3.13) (or, equivalently, (3.14)) ensures the exponential decay
(3.15) of the energy and the contractive properties of the operator Ay, in V2. If (3.13) does
not hold, equation (3.9) may not have periodic solution. Indeed, if vp, is an eigenvector

of Ay with the property that B} on, = 0 and fj, = eiz?ﬂtgohn with T = \/2>\7TT7 then (3.9) has

no periodic solution.

On the other hand, the fact that the decay rate w(h) is not uniform with respect to h
affects the contractive properties of Ap which may become weaker as h goes to zero. As
we shall see in the following sections, this fact has important consequences in the periodic
solution’s numerical approximation process.
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4 Discrete problem: second method

In order to ensure uniform (in i) exponential decay rate in (3.15), we consider the following
alternative discretization of (2.8) which adds a vanishing viscosity term

{uh@ + Apup(t) + By Bl (t) + 9B A (t) = fu(t) (¢ > 0), (1)

up(0) = uon, ukp(0) = uip,

where ¥ € [0,1] and n > 0 is a parameter which will be chosen later on. Obviously, if
¥ = 0 system (4.1) is nothing else than (3.8). The energy Ej(t) of the solutions of (4.1)
is defined like in (3.12) and, if f, = 0, verifies

2

1
h(t) = = |1 Bran () - on|AF a2 <0 (6> 0)

Hence, if ¢ > 0, the term 9h"Apty(t) is a numerical viscosity devoted to vanish as h
tends to zero. Its purpose is to reinforces the dissipative properties of the system and,
eventually, to restore the uniform decay properties of the energy. The following result may
be found in [8, Theorem 7.1] (see, also, [16] for a less general case).

Theorem 4.1. Under the above hypothesis let ¥ > 0 and n = 0. Then system (4.1) has
a uniform exponential decay, i. e., if fn =0, there exist two positive constants M and w
such that, for every h < h*,

En(t) < M?Ep(0)e™2t  (t>0  (uon,un) € Vi x V). (4.2)

Remark 4.2. Note that Theorem 4.1 does not need the hypothesis (3.13) in order to
guarantee the decay of the energy. Indeed, if 9 > 0, (3.13) follows immediately from
the stronger dissipative properties of equation (4.1). Also, note that unlike in (3.15), the
constant w is independent of h.

We can write (4.1) in the following vectorial form

{Uh(t) = AppUn(t) + Fu(t), (t >0) (4.3)

Un(0) = Uy,

where

0= [o0] A0 = |y g omna, ] B0 =[] v =[],

Observe that Apy € L£(X}). Therefore, Apy is the infinitesimal generator of a uniformly
continuous semigroup of linear bounded operators Spy(t) = e**» on X}. Moreover, since
Apy is m-dissipative, the semigroup Sy is of contractions in X;,. We have the following
result concerning the existence and uniqueness of periodic solutions of (4.3).

Theorem 4.3. Let h € (0,h*), ¥ > 0 and n = 0. Furthermore, assume that fy €
C([0,00); Vi) satisfies (2.14). Then there exists a unique U € Vi x Vj, such that the
corresponding solution Uy, € C1([0,00); Vi x V3,) of (4.3) with initial data U)) is T—periodic.
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Proof. The proof is similar to the one of Theorem 3.5 and it is based on the contraction
properties of the operator Apy : Vh2 — th defined by

T
AoV = Sno(TUR + [ S1o(T = 5)Fis) ds. (4.4)
0

O]

Remark 4.4. According to Theorem 4.1, if 9 > 0 and n = 60, the contractive properties
of Apy do not depend of h and the approximation process of the periodic solutions will
be more efficient than in the case ¥ = 0. However, in order to give a precise meaning
to this statement we need to analyze conjointly the error in the approximation of (2.13)
with (4.1) and the error in the approximation of the fized point of Apy. This analysis will
provide an error estimate for the entire approximation process.

5 Error estimate for nonhomogeneous hyperbolic problems

The aim of this section is to provide error estimates for the approximation of the solution
of (2.13) with the solution of (4.1). We use the notation in Section 3 for the families of
spaces (Vi,)n>0, (Up)n>0 and the families of operators (m4)r>0, (Tn)n>0, (An)n>0, (Br)r>0-
Moreover, we want to give the optimal choice of the exponent 1 > 0 in order to have the
maximum dissipative effect without affecting the convergence rate.

In the case in which B = 0, 9 = 0 and A is the Dirichlet Laplacian, it has been shown
in Baker [1] that, given wq € H%, wy € Hjy, the solution of (4.1) converges when h tends to

zero to the solution of (2.13). Moreover, [1] contains precise estimates of the convergence
rate. The result below shows that the same error estimates hold when A is an arbitrary
positive operator, B # 0, ¢ # 0 and n > 6. Throughout this section we assume that
BB* € ,C(H1,H%).

Proposition 5.1. Let wy € H%,wl € Hy, f ¢ Whi(0,T; H%), ¥ € [0,1]. Let w and wy,
be the corresponding solutions of (2.13) and (4.1), respectively. Moreover, assume that
BB* € C(Hl,H%), n =0, (ww)= (mw’,mw') and fu(t) = mnf(t) fort > 0. Then
there exist two constants Ko, K1 > 0 such that, for every h € (0,h*), we have that

[ (t) = wn(B)]| + lw(t) — wa(®)ll1 <

1
2

(Ko + K, T)1 <uwoug o + ||f||W1,1(0,T;H%>) (te.1). (1)
Proof. We first note that, according to Proposition 2.2, we have

w e C([O’ OO),H%) mcl([o’ OO);Hl) ﬂC2([0,OO);H%),

lis(e) 13 + () + ()]s < C (leul + ol + ||f|rwl,1(o,T;H%)) (t < [0.7]).

(5.2)
Equation (2.13) can be written

(i, ) + (A2w, A2¢) + (B, B*p)u = {f,9) (¢ € Hy),
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whereas, using (3.3) and (3.7), we see that (4.1) is equivalent to

(W, o) + (AZwp, A2op) + (B i, B*op)u +9h" (A2in, A2op) = (fa.on)  (on € V).

Taking ¢ = ¢y, in the first one of the above relations and subtracting side by side it follows
that

(@ — tip, on) + (A2 (w — wp), AZ@p) + (B — By, B op)u
— IR A%, AZop) + (f — frren)  (on € Va), (5.3)

which yields (recall that 7, is the orthogonal projector from H 1 onto V4,) that

(Tt — i, pn) + (A2 (Thw — wp), AZop) + IR (AZ (b — 1bp), A% op)

— (mpi—1b, pp) — (B*th— B iy, B*op)u+0h" (A2, A2 o)+ (f — fr, on) (on € Va).
(5.4)

We set 1 1
. . 1
En(t) = 3 llmnto — i + 311 4% (myw — wn)

Using (5.4) it follows that

En(t) + O A2 (i — 1ing) |2
= R ((mp — W, Tt — 1ip) — (B* (i — 1iop), B* (mph — ip) )
LR (AR, A3 (o — i) + (f = fo, Tt — ) )
= R ((mpt — W, mpth — p) — || B* (mpth — i) |f + (BB* (mpti — ), (mptd — b))
IR (A, A3 (o — i) + (f = fu, Tt — ) )
We have thus shown that
En(t) < M (||mpid — || + ||y — || + IR Adb[| + || £ = fall) lntd — nl],

where M =1+ || BB*||z(g)- It follows that

1 1 1
28 (t) & (8) < MV2 (|mndo — | + [|mwo — wl| + IR Ad| + || = full) €; (2),

dt
which yields

i i M [ A o ,
Ep(t) <& (OHE / (Imnt = || + [wnd = wl| + IR Aw] +|[f = full) ds (¢ = 0).
0

The above estimate, combined with (5.2), to the fact that £,(0) = 0 and to (3.2), implies
that there exists a constant K; > 0 such that, for every h € (0, h*), we have

1 ~
& (1) <tKy (n+on7) (HwOHg o+l + rf\Wum,T;H%)) (tefo.1). (55)
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On the other hand, using (5.2), combined with (3.1) and (3.2), we have that, for every
he (0,h"),

[i(t) — wn ()| < [l(t) = ma(@)]| + [lmneio(t) — wn(t)]]

1
< #o |19 (Jlwolly + ks + L flwraoany) ) + 4]

lw(t) = wa(®)ll1 < Jw(t) = maw(@)][L + |[mnw(t) — wi()]]s

2

1
< Ko |1 (Jluolly + ks + 1 flwraoary) ) + €40

for some constant Ky > 0. The last two inequalities, combined with (5.5) and taking into
account that n > 6, yield the conclusion (5.1). O

6 Error estimates for periodic solutions

In this section we study the convergence and we provide error estimates for the approxi-
mation of the periodic solution of (2.13). Let A and Ay be the operators from Theorems
2.3 and 4.3, respectively, defined as follows

A:Hy x H— Hy x H, U’ = AU = U(T),

Ahg : Vh X Vh — Vh X Vh, U;? — Ah/ﬂ(U’?) = Uh(T),

where U and Uy, are the solutions of (2.15) and (4.3), respectively. Apg will be denoted
by Ap. According to Proposition 3.3 and Theorem 4.1, the discrete semigroup (Spy(t))t=0
introduced in Section 4 verifies

ISk (OURlIx < Me=®PMUfllx (20, U € Vi xVa), (6.1)

where M is a positive constant independent of h and w(h, ) is a positive constant which
depends on h if 9 = 0 and it is independent of h when ¢ > 0. We recall that the norm
in the space V}, x V}, is the one induced from Hi x H. Moreover, we suppose that the
continuous semigroup (S(t)):>o verifies (2 17). i

Let U° be the fixed point of A and U be the fixed point of Apy. Given Uh, the aim of
this section is to estimate the differences U/° A%Uh for each n > 1. As a consequence,
an estimate for U0 — U ,? will be also obtained in the case 9 > 0.

Remark 6.1. In this paper we approximate the fized point 0o of A by iterating the operator
Any. Variational methods are considered in [3, 6, 10, 22]. Although the error estimates in
those cases may be different, the qualitative results and phenomena are similar.

wT

Let g = e ¥, qp, = € when ¥ = 0 and r = e “(T when ¥ > 0. As we
have mentioned before, ¢; depends on h and it may tend to 1 as h goes to zero while 7 is
independent of h.

Note that (2.17) and (6.1) imply that 57 A is a g—contraction in H1 x H and 17 Apy is
a gp—contraction in V, x V3. Thus we cannot apply directly to the operators A and Ay
the well-known estimates in the fixed point approximation algorithm (see, for instance, [4,
Theorem 5.1.1]). However, we have the following similar result.

—w(h,?)T
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Proposition 6.2. Let U0 be the unique fized point of A. For any U € X, the sequence
(A"U°),>0 converges to U and the following estimates hold

100 — AU x < M@"|[T° - U°x  (n>0),

Mq™

100 — AP0 x <
1—gq

AV~ (n>0) 62)

|00 = A0 < FELIAY = AP0y (> )
Proof. For the first inequality in (6.2), note that
100 = A"U%)|x = A"D° — A"U0)|x = IS(T)(D° - U°)lx < Mq"0° - U x.
For the second inequality remark first that
[AFFIUO — ARUO| x = |APATUY — ARUO||x < M@FIAU —U|x (K >0).  (6.3)

By using (6.3) we deduce that

k
||An+k+1U0 . AnUOHX < Z ||An+k+1—jU0 . An+k_jU0HX <
j=0
k 4 1— qk+1
MY gAY - U0 x = Mq"TqHAUO ~U%x. (6.4)
j=0

The second inequality from (6.2) follows from (6.4) by letting & to tend to infinity. Finally,
the third inequality from (6.2) is obtained by using in (6.4) the inequality

||An+k+1—jU0 _ An+lc—jU0||X < qu+1_j‘|AnUO _ An_lUOHX.

Also, we have the following result.

Proposition 6.3. Let ¥ € [0,1] and [72 be the unique fized point of Apy. For any U €
Vi, x Vi, the sequence (A%U,?)nw converges to U}? and the following estimates hold

109 - Az, Ul < MapITg — Ufllyz (0> 0),

~ Mg
1UR = Ay URllve < T ;h 1A Us = URllvz - (n>0), (6.5)
7 Mgy _
TR = ArgURllve < EHA%U}Z - AZﬂlUf(L)HV}? (n>1).
Proof. 1t is similar to the proof of Proposition 6.2 and we omit it. O

We pass now to estimate the error in the approximation of U°. In the sequel II; will
m, 0

] . We have the following result.
0 mp

denote the projection operator [
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Theorem 6.4. Let f be a function which verifies (2.14) and flom € Wb, T; Hy).
’ 2

Assume that BB* € E(Hl,H%) and (3.13) holds. Let U° be the unique fized point of A

given by Theorem 2.3. By taking fn, = mnf, let Ay = Apg be the discrete operator from
Theorem 8.5. Then there exists a constant C > 0 such that, for each U’ € X1, n > 1 and
h < h*, the following estimate holds

~ n qn
00~ Apm0) < € () (100 + I lwssoray) ) (00
Proof. Let U° € X7 = H% x Hy, UY =11,U° and n > 1. From (6.2) we deduce that

1T = ARUR)1x <[00 = A"U°[x + [A"U° — ARUR||x <
M n

T IV = U0l + A0 — MUl (6.)

From (6.7) and by taking into account that
JAU? = U°||x < C ||U%)|x + ||f”W171(O,T;H%) ;

(6.6) will follow after estimating the difference |A"U° — ARUY|x. By using (6.1), we
deduce that

AU =ARUR || x = [|[A"U°=ARIL U x < [|A"U° =T, A™U° || x + (TR AU = ARIL U x <
< AU = TR A"UP | x + TR AU — AT AU x+
HARTL AU — AZTL A 200 x + ||AZIT, A 200 — AL U ||x <
< JA"UY — AU x + [T A™U° — ARIT A TUO| x4
+Map || AU — AT AM 200 | x + | AZIT, A 2UY — AV U x <
< AU =T AU x + TR AU = AT A U x + Mgy [T, A U0 = AT, A 200 x
+[|AZTL, A" 200 — AZTTL A 300 x + [ ASTT, A 300 — ATTL U || x <
< JAMUY T, AU x 4 | T AU — AT AU x4+ Mg || T A U0 — AT, A 200
+ Mg || A" 200 — ARTL A 30U | x + | AR, A 3UY — AT U x.
We repeat this argument and obtain that
[A"U° = ARUR | x < AU = TLL,A™U° || x+
n—1
+ MY g AU — AL AUy (6.8)
=0
Since f|[0YT] c Whi(o,T; H%), BB* € L(H, H%) and U% € X, we can use Proposition
5.1 (with 9 = 0) to estimate ||I[,A(A""177U°) — AT, A" 179U x. Thus, from (3.1),
(3.2) and Proposition 5.1 we deduce that, for any h < h*,
[T, A" UY — ARIL AUy = [T A (A2 U0) — AR I AT TU0 ¢ <
[T A (A 0%) — AA™ U9 || x + JAA™ U0 — AR I AU x <

ChA"IU° | x, + (Ko + K1 T)R? (||An_1_jU0||X1 + Hf”Wl’l(O,T;H%)) .
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Since the sequence (A™UY),,>¢ verifies the estimate
IAm0 L, < € (1%, + Wlwrsorary)) (>0 (69)
it follows that there exists a constant C' = C(T') such that, for each j > 0 and h < h*,

[T AA™ 1 9U0) — AT A 00| < ORP <HUOHX1 + ”f”wl»l(o,T;H1)> - (6.10)
2

Also, from (3.1), (3.2) and Proposition 5.1 we have that, for any n > 0 and h < h*,
A0~ 100l < o0 (100, + I wsscorany ) (6.11)
Since gp, < 1, from (6.8), (6.10) and (6.11) we deduce that, for any n > 0 and h < h*,
n—1
e = aguly < € | 1433 | (1000 + 1oy ) <
7=0
<on'n (10 + 1wy ) - (612
From (6.7) and (6.12) we conclude that (6.6) holds and the proof ends. O

Remark 6.5. By choosing n = [“n(q)' In (3 )} +1 (for each real number a, [a] denotes the

largest integer smaller than a), we deduce from (6.6) that the following estimate holds for
each UY € X

10° - Sl < o' (3 ) (1000 + Iflwssoray ) (613

Note that the error in the approximation of U0 is slightly larger than the one of the Galerkin
scheme, h?, by the factor In (%)

As a consequence of Theorem 6.4 an estimate for the difference between the fixed
points of A and Ay may be given. We have the following result.

Corollary 6.6. Let f be a function which verifies (2.14) and flor € W0, T; Hy).
’ 2

Assume that BB* € E(Hl,H%) and (3.13) hold. By taking fi, = mnf, let U° and (?,? be

the unique fized points of A and Ay given by Theorems 2.8 and 3.5, respectively. Then
there exists a constant C' > 0 such that, for each n > 1 and h < h*, the following estimate
holds

100~ 0x < € (nh?+ L 4 %
l—q 1—gqn

) Wl (6.14)

0

Proof. Let U° = [0

} € X1, UY =1,U° and n > 1. From (6.6) and (6.5) we deduce that

100 — TR)lx < |IU° = ARUR|x + |Uf) — ARUP || x <
0<nh9+

q" Mgy, 0 0
E ) U lwrsorany) + 1 A48 = Ul (615
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Since
AU — Upllx < CHfHlel(O,T;H%)

estimate (6.14) follows from (6.15) and the proof ends. O

Remark 6.7. Note that (6.14) does not ensure the convergence of ((7}?);»0 to UY as h
goes to zero. Indeed, since q, = e ™7 may tend to 1 as h goes to zero (see Remark
3.4), we cannot guarantee that the terms nh? and lz%h are simultaneously tending to zero
as h does. As we shall see, this phenomenon does not occur if a vanishing viscosity is
introduced and (4.1) is used with ¥ > 0. Also, a better error estimate than (6.13) will be

obtained in this case, as Theorem 6.8 below proves.

Now, let us pass to study the discretization method introduced in Section 4 in which
a numerical vanishing viscosity is introduced. Our first result concerns the error estimate
between U” and the iterates of the operator Apy.

Theorem 6.8. Let f be a function which verifies (2.14) and f, . € Wh(0,T; Hy).
, 2

Assume that BB* € L(Hy, H1) and let U0 be the unique fized point of A given by Theorem
2

2.3. By taking fr, = wnf, let Apy be the discrete operator from Theorem 4.8. If 9 > 0,
there exists a constant C > 0 such that, for each UY € X1, n > 1 and h < h*, the following
estimate holds

~ n qn
10° - At < € (10417 ) (100 + U lwsoorany ) (610

Proof. The only major difference with respect to the proof of Theorem 6.4 is that ¢, has
to be replaced by r and estimate (6.12) becomes

n—1
[A"UO— AT, U° x < [|APUO =T AU || x+M > rd | A" U= Agp I A U0 x <
=0
n—1 A
<ot {1ear | (1000 + 1wy ) <
=0
<0 (0% + Wflwssony) ) (017
By using (6.17) in (6.7), inequality (6.16) is proved. O

Also, we have the following result concerning the convergence of the family ((7 ,? )h>0 of
discrete fixed points of Ayy,.

Corollary 6.9. Let f be a function which verifies (2.14) and Siom € WhL0,T; Hy).
’ 2
Assume that BB* € L(Hy,H1), 9 > 0 and n = 6. Let U° and U} be the unique fized
2

points of A and Apy given by Theorems 2.3 and 4.3, respectively. Then there exists a
constant C > 0 such that, for each n > 1 and h < h*, the following estimate holds

q?’L 7,,’I'L

770 770 0
100 BBl <€ (4 12+ 7 ) W lweony . (6.15)

Proof. 1t is similar to that of Corollary 6.6, but using (6.16) instead of (6.6). O
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Remark 6.10. Unlike (6.14) from Corollary 6.6, estimate (6.18) ensures the convergence
of Uf? to UY as h tends to zero and allows us to determine a number n of iterations needed

to guarantee a uniform error estimate. Indeed, by taking n = [m In (%)} + 1,
we deduce from (6.18) that the following estimate holds

100 = ORllx < CW If lwsorary) (0> D) (6.19)

Moreover, by choosing n = [m In (%)} + 1, we deduce from (6.16) that

W%m%me<cWwam+mmww%Q (U° e X1, n>1). (6.20)

Note that the error estimate (6.20), when compared to (6.13), indicates a faster con-
vergence of the scheme in the presence of viscosity.

7 Monochromatic forcing terms

In this section we suppose that the nonhomogeneous periodic term f from (2.13) has the
following particular form

f(t.a) = e'g(2), (7.1)

where ¢ € R and g € H. Evidently, functions of the form (7.1) are periodic of period T' =
2?” and are usually called monochromatic. They appear in many important applications
including acoustic, electromagnetic and geophysical wave propagation. For instance, the
wave equation

ug(t, x) — Au(t,z) = e''g(x) z€Q, t>0 (7.2)

has a periodic solution u = e*S*w if and only if w verifies the Helmholtz’s equation
(> 4+ Aw(z) = —g(z) =€ (7.3)

Since solving directly (7.3) leads to large indefinite linear systems to be solved by iterative
arguments, alternative methods for finding the solutions of the Helmholtz’s equation have
been proposed. One of these methods consists in obtaining first the periodic solution of
(7.2). This approach has been intensively studied in a series of papers of Glowinski et
all. [6, 10], Bardos and Rauch [3] and Zuazua [22]. All these papers were interested in
the approximation of the outgoing solutions of Helmholtz’s equation in an exterior domain
Q) C R™. For numerical reasons, the unbounded domain €2 has to be limited by introducing
an artificial boundary I' with a Sommerfeld condition

%(t,x)—i—ut(t,m) =0 zel, t>0. (7.4)

on
Hence, (7.2)-(7.4) form a dissipative system, whose periodic solutions have to be de-
termined. Note that, unlike (2.13) where the damping operator B is bounded, system
(7.2)-(7.4) has a boundary dissipation which would correspond to an unbounded operator
B. Moreover, those articles use a least square approach and design quadratic function-
als for the periodically forced wave equation whose minimizers yield the solution of the
Helmholtz equation one is looking for. However, as in our iterative methods, difficulties
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in the approximation of the periodic solutions may appear due to the fact that the expo-
nential decay of the discretized systems is generally not uniform with respect to the mesh
size.

The aim of this section is to show that, for the particular choice of the monochromatic
periodic function (7.1), the lack of uniform exponential decay of the discrete semigroup
is not essential and the convergence of the discrete fixed points is ensured even without
the vanishing viscosity. In order to fulfil our objective, the following decomposition of the
space V;, in low and high frequencies is needed.

Lemma 7.1. Let ¢ € R be given. There exists hg > 0 with the property that, for every
h < hg, there exist two subspaces W,% and W,f of Vi, such that

1. Vi may be written as
Vi, = Wi e wp (7.5)

2. There exist two positive constants M1 and w1, independent of h, such that

ISk ®)URII% < Mie™|[URllx (=0, Uy € Wy x Wy) (7.6)

3. There exists a constant C' > 0, independent of h, such that

(i T =AU ¢ <CRYIURIIx  (UR € Wi x WR). (7.7)

Ix

Proof. We recall that (wnn)i1<n<n(n) and (Ann)i<n<n(n) are the sets of eigenvectors nor-

1 1
malized in Vj, and eigenvalues of the operator A}, respectively. Since A} is self-adjoint,
(¢hn)1<n<n(n) forms an orthonormal basis in Vi, and (®pn)1<inj<n(n) defined by (3.11)
forms an orthonormal basis of Vh2 . We define the following two subspace of V},

Wit = Span {@nn | Awn < 35},
(7.8)
wi =[]

)

where ¢ > 0 is a sufficiently small number to be chosen latter on.
We have that V, = W,} &) W,% Moreover, according to [8, Theorem 8.1] there exist
positive constants hg, § and k7 such that the following inequality holds for any h < hg

T 1
[ 1801 > e (Lafunl? + Joul?) (o) € 09, (19
0
where wy, is the solution of the homogeneous equation

{ W (t) + Apwp(t) =0
wh(O) = Woh, wh(O) = W1h-

From (7.9) we deduce, like in the last part of Proposition 3.3, that there exist two positive

constants M; and wy, independent of h, such that (7.6) holds in (VV,})2
Now, let us prove (7.7). We take

U,(zJ = Z an®pn € (W;?)Q

)
Ahln\>h79
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and we remark that
GGeT — Ap) 71U} = (isT = AL TIUR | <

|(isT — Ay, |UR — (isI — Aj, = By) (i — A) " UR| <

)71H£(Vh) |

1657 = 2) s [Bntis? — A0

Since the operators By, and (icI —Aj)~! have uniformly bounded norms in h, we deduce
from the above inequality that there exists a positive constant C7 > 0 such that
|(isT — Ap)T'UR|| < Cu ||(isT — AL) U}

(7.10)

Ix Ix-

Remark that, in the same time, hg and § can be chosen such that

)
ls] < o0 for every h < hg

and, hence the operator (icI —A})~! is well defined in £((W}?)?). Moreover, we have that

. _ Qp, 1 0
el — A1) 09, = " gy < max, ———[Ufllx.
@hne%g)z iS — i\p ) . ®p,€(WR)2 [S — Anjnl|
Since ®y,, € (VV}%)2 implies that Ap, > %, we deduce that there exists a constant

C5 > 0 such that the following inequality holds

[GisT — AD)TUP|| < Cob®|URllx (UD€ (W), h < ho). (7.11)

Ix

From (7.10) and (7.11) it follows that (7.7) is verified and the proof of the Lemma
ends. =

Now we can give a new estimate for the approximation of the periodic solutions of
(2.13) with periodic source term f of the type (7.1) by using the discrete equation (3.8)
(without numerical viscosity). In the sequel we use the notation r; = e~*17 < 1.

Theorem 7.2. Let ¢ € R, T = 27” and g € H% be given and let f € WH(0,T; H%)
be defined by (7.1). Assume that BB* € E(Hl,H%) and that (3.13) holds. By taking
fn(t) = etmyg, let U° and [7,9 be the unique fized points of A and Ay given by Theorems
2.8 and 3.5, respectively. Then there exist h1 > 0 and K > 0, such that

qn
—q

100 - TRlx < K (nhe e+ ) Iflwaormy (b <hi,nz1).  (7.12)
Proof. Let U° € X; such that II,U? := UY € (W}})?. We have that
APUY = Sy(nT) (U — UD) + UY. (7.13)

Moreover, it can be easily seen that U }3 is a solution of the equation

(is — An)U}, = Gh, (7.14)
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Thy
By using Lemma 7.1 and taking h < hg, we deduce that there exist two unique elements

WhereGh:[O]

g}lL € Wg and g% € W}% such that w9 = g}ll —1—92. Let us denote by Glﬁ = [gol], 1=1,2.
h
From (7.13) and (7.14), it follows that

IARUR TP ||x = [|Sh(nT) (UL~ U || x < ||ShnT)UD)]| + ISh(nT) (is — An) " (G| -

Since Uy € (W}})?, from (7.6) we deduce that
[Sa(nT)(UD| x < Me ™| UY|lx  (n>0). (7.15)

On the other hand, by writing G, = G}, + G3 and by using properties (7.6) and (7.7) of
the spaces W,% and W}?, we deduce that

81T — ) (Gl < [Su(T)is — 4) G +[SunT) s - ) (G =
= ||(is — Ap)TISK(nT)(G}) )| + [Su(nT) (i — A HG) )|\, <
< Mem ™| (is = An) 7|,y IGRIx + CRYIGLx

We obtain that there exists a constant K > 0 such that
ISh(nT)(is — &)1 (Gn)|| ¢ < K (e—me + hﬁ) G x. (7.16)

From (7.15) and (7.16) it follows that

IAGUS = Oflix < K (v + 1) (ufuLz(o,T;Hy + HUOHX) . (7.17)

Now, we can conclude like in Corollary 6.6. Indeed, by taking U? = [O] e X,

0
UY = I,U° € (W12 and n > 1, we deduce from (6.2), (6.12) and (7.17) that, for any
h < hp:= min{ho, h*},

107 = Upllx < [|U° = A"0°||x + [A"U° = ARURI|x + |[UR = ARURx <

Mq n
HAUO U°|x +Cnh’ HfHlel(O,T;H%) + K <7"1 + he) ”fHLQ(O,T;H%)' (7.18)

The proof of the Theorem is completed. ]

Remark 7.3. If we compare (7.12) with (6.14) we can see that, in the particular case (7.1)
of a monochromatic source f, the convergence of the discrete fized points of Ay, is ensured,
in spite of the fact that the contractive properties of Ay are not uniform in h. Hence, in
this particular case, the viscosity is not needed in order to guarantee the convergence and it
confirms the good numerical results obtained by Glowinski et all. in the similar (7.2)-(7.4)
problem (see [6, 10]).

Remark 7.4. Results of the same type are obtained if, instead of (7.1), we consider

P

ft)y=> ¢, (7.19)

n=1



Approximation of periodic solutions 25

with ¢, € R multiples of the same number 2% and gn, € H1 for eachn € {1,2,...,N}. The
2

important fact here is that we can still assume that there exists subspaces W}% and W,f of
Vi, such that (7.5)-(7.7) are verified, where (7.7) has to be replaced by

(i 6o T — Ap) won|| < CRO|lwonl] (1 <n<p, won € Wi x WE). (7.20)

Note that condition (7.20) cannot be fulfilled if f is an arbitrary periodic function which
can be written in the form

f(t) =Yg, (7.21)
n=1

In this general case, the filtering the high frequencies of the source term becomes manda-
tory. A way to do this consists in using the vanishing viscosity method studied in the
previous sections. Amnother possibility is to directly cut-off the high frequencies of the
source term. The following theorem gives a result in this direction.

Theorem 7.5. Let be a function which verifies (2.14) and f|[

sider a sequence of discretizations (fn)ne(o,n,) of it such that

e wWti(o,T; H%) Con-

0,T]

fu(t) € Wi (t>0, he(0,hy)), (7.22)
1) = fr@®)] < Che”f”wlvl(O,T;H%) (t€[0,7], he(0,h1)). (7.23)

Moreover, assume that BB* € C(Hl,H%) and that (3.13) holds. Let U° and ﬁ}? be the

unique fized points of A and Ay given by Theorems 2.8 and 3.5, respectively. Then there
exist h1 > 0 and K > 0, such that

100 — 00 <K (00 + -1 4
1-¢ 1-—-7m

> Hf”lel(O,T;H%) (n>1, h<hy). (7.24)

Proof. From (7.22) we deduce that, for each h < hy, the operator A, defined by (3.19)
may be restricted to an operator from £(W}!) which is uniformly contractive in h. Indeed,
since the semigroup Sy, verifies (7.6) in W,}, it follows that, for any n > 1,

IARUR = ARUsllx < My |UR = Ullx (U, U € Wy, he(0.h)).  (7.25)
Now, the rest of the proof follows as in Theorem 6.4. 0

Remark 7.6. When applying our method to simulation purposes we cannot accede the
exact solution (up,tp). More precisely, we need to discretize equations (1.4) and (1.6)
with respect to the time variable. Using error estimates for full space-time discretizations
corresponding to those in Proposition 5.1 it would be possible, after a careful numerical
analysis, to obtain convergence rates for the periodic solutions based on full discretiza-
tions. Howewver, since the lack of uniform decay is a genuinely consequence of the space
discretization, such an analysis will not reveal fundamentally new aspects of the whole
process convergence.
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8 Numerical experiments

In this section we numerically illustrate the theoretical results obtained in the previous sec-
tions by considering internally damped wave equations in one or two dimensional domains
and with different periodic force terms. A finite elements discretization of the considered
wave equations leads to a system of the form (4.3). For each periodic forcing term regular
enough, Theorem 4.3 gives the existence of an initial data U ,? for which the corresponding
solution of (4.3) is periodic with the same period as the forcing term. To approximate
this initial data we iterate the operator Apy introduced by (4.4) for different values of n
and 9. Therefore, for a given h > 0 and an initial data U® € X, we compute AR 1L, U 0
until the difference between two consecutive iterations || A}, IT,U° — A7 T, U°| x becomes
smaller than a desired precision € or until the number of iterations n becomes larger than a
prescribed number N. In the case when the initial data U }2 corresponding to the periodic
source term is known, we also compute the error between the current iteration and the
known initial data ||A7,UP — 11,09 x.-

To implement the algorithm described above we need to discretize (4.1) in time too.
To this purpose, we use a classical Newmark scheme of parameters v = 0.5 et § = 0.25
which is known to be a second order (in time) unconditionally stable method (see, for
instance, [12]).

8.1 One dimensional wave equation

Consider the following one-dimensional wave equation
w(t,x) — 82—w(t x) + a(x)w(t,z) = f(t, x) (t,z) € (0,00) x (0,1)
) 8(172 ) ) - ) ) ) ) ) ) (81)
w(t,0) =w(t, 1) =0, t € (0,00)
where a : [0,1] — R is a nonnegative regular function which is strictly positive in a
subdomain w C (0,1) and f € C([0,00); L?(0,1)) is a periodic function of period T' such
that fio.r) € WH1(0,T; Hy(0,1)).
Denote H = L?(0,1) and let A : D(A) — H be the operator defined by
_&y
dz?

Let U = H = L?(0,1) and let B € £(U, H) be an input operator given by

D(A) = H*(0,1) N Hy(0,1),  Ap= (p € D(A)).

Bu = vau (uel).

Using these notations, equation (8.1) can be written in the abstract form (2.13). More-
over, the domain of the operator Az is given by H1 = H}(0,1).
2
To construct a family of finite-dimensional subspaces of Hi1 we consider a uniform
2

discretization Zj of the interval (0,1) formed by N equidistant points and we denote
h =1/(N +1). For each h we define V}, by

Vi ={¢ €C(0,1)|¢ € P(I) for every I € Ty, ¢(0) = ¢(1) =0} . (8.2)

To precise the notation, in (8.2) we denote by P»(I) the set of polynomial functions of
degree 2 on I. Moreover, it is well known that the estimates (3.1)-(3.2) are satisfied by
the orthogonal projector 7, : Hi(0,1) — V}, for 6 = 2 (see, for instance, [15, p. 96-97]).
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8.1.1 A monochromatic-type periodic function

A first numerical test consists in approximating the periodic solution of (8.1) when the
periodic source term is a monochromatic-type function f given by

f(t,z) = (—k? + n%) sin(rx) cos(kt) — ka(x) sin(mz) sin(kt). (8.3)

Taking k = 2, it is easy to verify that w(t,z) = sin(mx)cos(kt) is the corresponding
T-periodic solution of (8.1). Therefore, the fixed point of the operator A introduced in
Theorem 2.3 is given by U0 = [smgrw)} .

In Figure 1 we display the results obtained for the function f given by (8.3) with
T = 5 and w = (0.2,0.8). More precisely, Figure 1(a) shows the error Hﬁo — A7yUol|x
between the fixed point U0 of the operator A and the n(h)-th iteration in the fixed point
algorithm. The values of n(h) are displayed in Figure 1 and are chosen such that the norm
of the difference between two consecutive iterations in the fixed point algorithm is smaller
than € = h3. These numerical results illustrate well the estimates proven in Section 7,
in Figure 1(a) clearly distinguishing the convergence rate Coh?. More exactly, the solid
line is nothing else than the curve e(h) = Coh? where Cj is a constant chosen such that
that the values of the error ||U° — A}yUollx for h = 0.02, ¥ = 0 and e(0.02) coincide.
Remark that these errors are less influenced by the presence of the viscosity. As expected
the number of iterations needed to achieve the precision A% increases when h decreases
with no important differences for different values of ¢ and 7.

70F
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Figure 1: (a) Error for a fixed period T' = 7 and for values of h distributed between 1/200
and 1/50. (b) The number of iterations necessary to achieve a precision € = h? in the
fixed point algorithm for T' = 7 and values of A distributed between 1/200 and 1/50.

8.1.2 A general periodic function
We consider a periodic source f as follows
f(t,z) =at(T —t) (6(T —t)* — 184(T — t) + 6t*) 2°(1 — z)*
—a(1+ (T —t)°z(1 —2)) (6(1 — 2)* — 182(1 — x) + 627)
+ a3t}(T — t)*(T — 2t)a(z)23(1 — )3, (8.4)
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for z € (0,1) and ¢t € (0,T) and being extended by periodicity to (0,00). The parameter
« is chosen such that max{f(¢,z)|(t,z) € (0,7) x (0,1)} = 1. The corresponding periodic
solution of (8.1) is w(t,z) = a(1+¢*(T —1)*)23(1 — 2)® and the fixed point of the
ar3(1 —x)3
0

In Figure 2 we display the results obtained for the function f given by (8.4) with T' =
1.5 and w = (0.2,0.8). More precisely, in Figure 2(a) is displayed the error ||U° — ARy Uollx
between the fixed point U° of the operator A and the n(h)-th iteration in the fixed point
algorithm. The values of n(h) are shown in Figure 2(b) and are chosen such that the norm
of difference between two consecutive iterations in the fixed point algorithm is smaller than
e = h3. The results in Figure 2 are similar to the ones obtained for a monochromatic-
type function in Section 8.1.1. As expected, the number of iterations necessary to achieve
precision h? increases when h goes to zero. Remark that the presence of the viscosity term
don’t change too much the performances of our algorithm. This is in concordance with
estimations given by Theorems 6.4 and 6.8 which proves the convergence of the sequence of
iterations in the fixed point algorithm to the fixed point of the operator A. The principal
difference is that when the viscosity is present and 1 = € the number of iterations needed
to achieve a precision € = h? in the fixed point algorithm is slightly smaller. As in Figure
1, the solid line in Figure 2 represents the curve e(h) = Coh? with a calibrated value of
Co.

operator A is U0 = [

60F o

=0 4
a9 =1,n=4
| S5 *9=1,n=2
° o 50 ]
c
.2
B 451
o 80,
5 2400 "Fevag,
= 5 S-S
w b} @ QQ
835 TR,
2 30f *
107 25¢
20
. . . . 150 . . .
0.005 0.007 0.012 0.02 0.005 0.007 0.012 0.02
Space discretization step (h) Space discretization step (h)

(a) (b)

Figure 2: (a) Error for a fixed period 7' = 1.5 and for values of h distributed between
1/200 and 1/50. (b) The number of iterations necessary to achieve a precision € = h? in
the fixed point algorithm for 7' = 1.5 and values of h distributed between 1/200 and 1/30.

8.2 Two dimensional wave equation

Let Q C R? be an open and non-empty set with regular boundary or a square. We consider
the following two-dimensional wave equation

(8.5)

{ W(t,x) — Aw(t,x) + a(x)w(t,z) = f(t,x), (t,x) € (0,00) x
w(t,z) =0, (t,x) € (0,00) x O

where a € C'(Q) is a nonnegative function which is strictly positive in an open and non-
empty subdomain w C €. Moreover, the function f € C([0,00); L?(2)) on the righthand
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side of (8.5) is periodic of period T and verifies fo7) € W(0,T; Hg(£2)).
As for the one-dimensional case, we denote H = L?(f2) and we define the operator
A:D(A) — H by

D(A) = H*(Q) x Hj(Q),  Ap=-Ap,  (p<D(A)).

similarly, denote U = H and let B € L(U,H) be an input operator defined by Bu =
Vvau. With these notations (8.5) can be written as (2.13). As in Section 8.1 we denote
H 1= D(A%). To construct a family of finite-dimensional subspaces of H1 we consider

2
triangulations 7T, of the set €, with h being the maximal size of the triangles. Then, for
each h > 0 we denote

Vi ={peC() | o € Pi(T) for every T € T, ¢ =0 on o0} .

We easily recognize in V}, the space of P; finite elements. It is well-known (see, for
instance, [17]) that the projectors 7, on this finite elements space verifies (3.1)-(3.2) with
0=1.

In the remaining part of this sub-section we discuss two numerical tests, in the first one
Q) being a square and the periodic solution being known explicitly, and in the second case
the domain {2 is a convex arbitrary regular domain, the periodic solution being unknown.

8.2.1 Wave equation in a square

Let © = (0,1) x (0,1) be the unit square. For this domain, following the ideas in one-
dimensional case, we can build the exact periodic solution corresponding to a well-chosen
periodic function f.

Figure 3: The function a € C1(€).

Firstly, we consider a uniform triangulation 75 of  considering N = 40 discretization
points on each side of the square, which produces 3042 triangles. Also, we consider a
nonnegative function a € C'(2) which is strictly positive along two consecutive sides of
the square  (see Figure 3). On this mesh we solve system (4.1) for ¥ € {0,1} and
n € {1,2}. The time step is set to At =1/50.

The numerical test considered in this case consists in approaching the periodic solution
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(i.e. the corresponding initial data) associated to the periodic function

f(t,z,y) —a(ﬁt(T t)° - 18t2(T t)* + 6t3( — )2 (1 - 2)°y* (1 - y)®
a(1+83(T —t)3) (62(1 — z)* — 182%(1 — 2)? + 62°(1 — z))y*(1 — y)?
a(1+83(T —t)%) (6y(l —y)* — 18y*(1 —y)* + 6y°(1 — y))2*(1 — 2)*
+ a(3t2( - t)3 3t3(T — t) ) (z,9)2°(1 - 2)°y* (1 - y)°,

where a > 0 is such that max{f(¢t,z,y) | (t,z,y) € (0,7)x(0,1)x(0,1)} =1 and T = 0.6.
It is easy to see that the periodic solution associated to this function is

w(t,z,y) = « (1 + t3(T — t)3) a;3(1 — a:)3y3(1 — y)3

and hence the initial data which gives the periodic solution (i.e. the fixed point of operator
23 (1 -2’y (1 —y)°
0

In Figure 4 we display the error (in the energy norm) between this known initial data,
corresponding to the periodic solution, and the current iteration A7 ,U, }? in the fixed point
algorithm.

Remark that the presence of the viscosity term accelerates the convergence, the number
of iterations necessary to obtain the desired precision in the fixed point algorithm being
twice smaller in the case when ¥ = 1 and n = 1 than in the case when ¢ = 0.
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Figure 4: (a) Evolution of the error in the fixed point algorithm as a function of the
iteration’s number.

8.2.2 Wave equation in a convex domain with C! boundary

Let Q C R? be a convex domain with C! boundary and w C € be an open and non-empty
subset as described in Figure 5 (a). We consider a uniform triangulation 7j, of the domain
2 formed by 928 nodes and 1725 triangles (see Figure 5(b)).

We consider the following periodic function f € C([0,0); L(9))

o) = w(ayeos (7). (5.6)
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where T is the period and 1 is the solution of the following elliptic problem

Ap(z) =1,
P(z) =0,

z €N
x € 0N
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Figure 5: (a) Domains 2 and w. (b) Triangulation of the domain : by circles we design

the points in 2\ w, and by stars the points in w.
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Since in this case we do not know the explicit periodic solution associated to the
periodic function f we cannot evaluate the error between the initial data corresponding
to the periodic solution and the iterations in the fixed point algorithm used to approach
this initial data. Hence, in Figure 6 we display the difference between two consecutive
iterations in the fixed point algorithm for ¢ € {0,1} and n = 1,2. Notice that in all the

numerical experiments of this subsection we considered T'= 0.6 and At = 0.05.
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Figure 6: The difference in the energy norm between two consecutive iterations in the

fixed point algorithm.

The fixed points approached after the number of iterations shown in Figure 6 (the

stopping criterium used in the fixed point was the difference between two consecutive
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iterations is smaller than ¢ = 107> and the maximal number of iterations was set to 200)
are displayed in Figure 7. Remark that the fixed points of operator Apy displayed in
Figure 7 are very similar in the case without viscosity (a) and in the cases with viscosity
(b, ¢). However, we can observe that the second component of the initial data (the initial

velocity) has less oscillations when ¥ = 1 and n =1 (c).
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Figure 7: Approached fixed point. (a) 9 =0. (b) ¥ =
In conclusion, all our numerical examples illustrate the convergence of the family

(AzﬁHhUO)n,h to the fixed point of the operator A when n goes to infinity and h goes to
zero which is in consonance with theoretical results proven in Theorem 6.4 from Section
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6. We recall that the convergence of the iterative method was shown under the regularity
hypothesis f|o,1) € WH(0,T; Hy). What happens for less regular periodic source terms
’ 2

(for which no error estimates as in Proposition 5.1 can be provided) will make the subject
of a future research work.

On the other hand, when a viscosity is added, it has been observed that a diminished
number of iterations is needed to reach the desired precision. The reduction is noticeable
mostly in the 2D simulations. This is in concordance with the error estimates obtained in
Theorem 6.8 which are slightly better than the ones in Theorem 6.4.

Finally, since the differences between two consecutive iterations become very small in
all our examples, it seems that we do have convergence of the fixed points of the discrete
operator Apy to the fixed point of A even in the case ¥ = 0. Theoretically, this property was
proved only for the monochromatic source terms or in the presence of viscosity (Theorem
7.2 and Corollary 6.9 respectively) and the general case remains an open problem.
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