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1 Problem Formulation

We study a problem arising in oil exploration. We want to determine the properties of the interior
of the earth and, since drilling is expensive, the interior is probed by acoustic waves. An explosion
is set off on the surface of the earth, the acoustic signal travels into the interior of the earth and the
earth’s response is measured on the surface of the earth. From this surface measurement we would
like to determine the properties of the interior of the earth. Below B will represent the closed unit
ball of radius 1 centered at the origin and S will denote its boundary.

We model the earth as a half space in R3, x = (x1, x2, x3) in R3 will denote a point on the earth
with the earth occupying the region x3 ≥ 0 and the surface of the earth being the plane x3 = 0.
We also use x = (x′, x3) with x′ ∈ R2. Let q(x) denote some acoustic property of the interior at
the point x, the recovery of q is our goal, and let u(x, t) denote the acoustic pressure at x at time
t. We assume that the interaction of the acoustic pressure and the acoustic property is governed
by the wave equation and the explosion is modeled as a delta function. Specifically, u(x, t) is the
solution of initial boundary value problem

utt −∆xu− qu = 0, (x, t) ∈ R3 × R, x3 ≥ 0,

(∂3u)(x′, x3 = 0, t) = δ(x′, t), (x′, t) ∈ R2 × R,
u(x, t) = 0, x ∈ R3, t < 0.

This is a well-posed problem (see [15], [7] and [18] - more on this later) if q(x) is smooth enough,
so we model our data as the forward map

F : q(·) 7→ u(·, x3 = 0, ·),
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mapping the acoustic property q(·) to u|x3=0, the measurement of the acoustic response on the
surface of the earth. So our goals may be reformulated as the following questions:

• Is F injective?

• Is F−1 continuous? Note that the continuity of F , that is the continuous dependence of the
solution on the coefficients of the PDE, may be shown using standard well-posedness methods.

• Characterize the range of F .

• Construct F−1.

Note that F is a nonlinear map because if u1, u2 are solutions corresponding to q1, q2 then u1 + u2

is not the solution corresponding to q1, q2, usually. Our goal is the recovery of q(x), a function
of three real variables, and our data is F(q)(x′, t) = u(x′, x3 = 0, t) a function of the three real
variables (x′, t). So, as far as a parameter count is concerned, our data is tight and the inverse
problem is formally determined.

We could have chosen another model for the earth - we could have chosen to recover the wave
velocity c(x) instead of q(x), and the interaction between the medium and the acoustic pressure
could have been modeled by

1
c2
utt −∆xu = 0, (x, t) ∈ R3 × R, x3 ≥ 0,

and the forward map would have been the map c(·) 7→ u(·, x3 = 0, ·), but this problem is even harder
than the q problem since, for the q problem, the speed of propagation for solutions of the PDE is
independent of the unknown coefficient q whereas for the c problem the speed of propagation is
dependent on the unknown coefficient c.

2 Partial Results

In practice, geologists have more data than we have allowed. Geologists measure, on the surface
of the earth, the response of the medium to explosions generated at many different locations on
the surface of the earth. Suppose the explosions occur at the points (a, 0), a ∈ R2, on the surface
of the earth, that is on x3 = 0, and let ua(x, t) denote the acoustic pressure at x at time t. Then
ua(x, t) is modeled as the solution of the IBVP

uatt −∆xu
a − qua = 0, (x, t) ∈ R3 × R, x3 ≥ 0,

(∂3u
a)(x′, 0, t) = δ(x′ − a, t), (x′, t) ∈ R2 × R,

u(x, t) = 0, x ∈ R3, t < 0.
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Our new data may be modeled as the forward map

G : q(·) 7→ ua(x′, 0, t)|(x′,t,a)∈R2×R×R2 .

The revised goal is the inversion of G and it is an easier problem than the inversion of F because
now our data depends on x′, t, a, that is on five real variables whereas we are trying to recover q(x),
a function of only three real variables. The forward map G is the well known Neumann to Dirichlet
map (in a different form) for the wave operator case and substantial progress has been made in
the study of G. One can show that G is injective and prove the continuity of G−1 (stability) in
the appropriate norm and one can construct the inverse of G. The injectivity and stability may be
proved using special solutions, see [24], [12], [13], but a more effective tool is the Boundary Control
method of Belishev, see [9], since it also leads to an inversion algorithm.

We now go back to the study of the formally determined inverse problem for q consisting of
analyzing the map F defined earlier. It will be instructive to study the one dimensional version
of this problem. Assume that q depends only on the depth x3 and the impulsive source is a plane
wave source, that is (∂3u)(x′, 0, t) = δ(t), rather than a point source δ(x′, t); then u will depend
only on x3 and t and lead to an inverse problem in one space dimension. Suppose σ(x) is a function
on [0,∞) and u(x, t) is the solution of the IBVP

utt − uxx − σux = 0, x ≥ 0, t ∈ R,
ux(0, t) = −δ(t), t ∈ R,
u(x, t) = 0, x ≥ 0, t < 0.

As before, we should study the map σ(.) 7→ ut(0, ·), but it is more convenient to remove the most
singular part of ut(0, ·) since it is independent of σ(·). One may show that ut(0, .) has the form

ut(0, t) = δ(t) + r(t)H(t)

for some function r(t) and we may define the forward map as

F1 : σ(x) 7→ ut(0, t)− δ(t).

The one dimensional inverse problem consists of studying the injectivity, range, inversion and the
continuity of the inverse of F1. Note that we changed the differential operator a little - the unknown
coefficient σ(.) is attached to a first order term instead of q(.) attached to the zero order term -
because optimal results are known for the σ(.) problem and I am not sure whether optimal results
are known for the q problem.

This one dimensional problem was studied by Gelfand, Levitan, Krein, Marchenko and others
in the 1950s and 1960s and the final form of the results were obtained in the early 1980s by Symes.
Since the speed of propagation is 1, signals arriving on the surface of the earth over the time interval
[0, T ] will have traveled at most to a depth of T/2 units and hence carry information about the
medium only up to a depth T/2; this is incorporated in the statement of the result for this problem.

To any function r(·) ∈ L2[0, 2X] we associate an operator R : L2[0, 2X]→ L2[0, 2X] defined by
(Rf)(t) = f(t) +

∫ t
0 r(t− s)f(s) ds.
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Theorem 2.1 (Gelfand, Levitan, Krein, Symes and others). For any X > 0, F1 is a C1 map from
L2[0, X] to L2[0, 2X]. Further,

• F1 is injective;

• The range of F1 consists exactly of all functions r ∈ L2[0, 2X] for which R + R∗ ≥ cI for
some constant c > 0;

• The range of F1 is an open subset of L2[0, 2X] and F−1
1 is C1 on its domain;

• There is an iterative algorithm to construct F−1
1 .
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Figure 1: Domain for the one dimensional forward problem

Good references for this result are [1] and [2] but also consult [25] and [26]. There are results
similar to the first and the fourth item in Theorem 2.1 for the q problem in one dimension but we
are not certain whether there are results similar to the second and third bullets.

We have stated the one dimensional result carefully because this is the type of result one is
aiming for in the original problem in three dimensions, that is for the map F . Further, there are
essentially two tools which have been applied to study formally determined inverse problems for
hyperbolic PDEs in dimensions more than one. They are the Downward Continuation Method
(or the related but different Layer Stripping Method) used for the one dimensional problem and
the method of Carleman Estimates which was successfully applied to certain formally determined
multidimensional problems discussed in section 5.

We now return to the three dimensional problem - the study of F . As mentioned earlier, if q
depends only on x3 and the source was planar, that is the boundary condition is (∂3u)(x′, 0, t) = δ(t),
then u depends only on x3 and t. But this is not so if we use the original point source - the PDE
does not reduce to a one dimensional PDE. However this inverse problem can still be solved because
it is closely connected to a one dimensional problem - see [15].
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For general q depending on three variables, if (y, η) is in the wave front set of q, that is, say
there is a jump in q across a surface through the point y with normal η at y; then an analysis of
the linearized problem (see [11]) shows that any signal from the source, reaching y, will be reflected
by the interface and the direction of the reflected signal will obey the law of reflection. So, certain
points (y, η) in the wave front set of q may not be sensed by the receivers on the surface of the
earth because the signals reflected by these interfaces never reach the surface. This is one of the
difficulties in the analysis of the problem. If we restrict F to q which are “analytic” in the x1, x2

O
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η

interface reflection

source

Figure 2: Interfaces not sensed on the surface of the earth

direction (directions parallel to the surface of the earth) then [19] shows the invertibility of F . If we
restrict F to those q whose x1, x2 derivatives are controlled by the derivatives in the x3 direction
then [23] proves the injectivity of F . Both these results are obtained by applying a modification of
the downward continuation method used in the proof of the one dimensional problem. Not much
else is known about the injectivity, the range, or the inversion of F .

3 Frequency domain formulation and results

Many formally determined inverse problems for the time harmonic wave equation have also received
attention. Assume that an acoustic medium occupies R3 and is probed by time harmonic plane
waves; the scattered waves are measured far away and the goal is the recovery of the properties of the
medium from these far field measurements. Let q(x) be a compactly supported, sufficiently smooth,
real valued function on R3 - q(x) represents the property of the medium being investigated. Fix a
frequency k > 0 and let θ be a unit vector in R3 representing the direction of the incoming wave;
the medium is probed by the incident plane wave eik(x·θ−t). The total wave will be e−iktu(x, θ, k)
and since the total wave satisfies the wave equation, u(x, θ, k) will be the solution of the Helmholtz
equation which satisfies the Sommerfeld radiation condition at infinity, that is u is the solution of

(∆ + k2 + q)u = 0 in R3, (3.1)

(∂rus − ikus)(x, k, θ) = o(r−1) as r →∞, (3.2)

where r = |x| and e−iktus(x, θ, k) = e−iktu(x, θ, k)−eik(x·θ−t), the difference between the total wave
and the incoming wave, is the scattered wave. The well-posedness of this problem is governed by
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the following proposition - see Theorem 6.4 in [20] and Chapter 8 in [4].

Theorem 3.1. Suppose q ∈ Lr(R3) for r > 3/2, k > 0 and θ is a unit vector in R3. There exists
a unique solution of the above problem (interpreted appropriately) so that u(x, θ, k) − eikx·θ is in
W s,p

(1+|x|2)−β/2
for any p ∈ [1, r) and s < 2− 3/r, and β is some exponent depending on r. Further

us(x, θ, k) =
keik|x|

|x|
a(θ, ω, k) + o(|x|−1), |x| → ∞

where ω is the unit vector x/|x|.

The function a(θ, ω, k) on S×S×(0,∞) is called the far field pattern or the scattering amplitude;
here θ represents the direction of the incoming plane wave, ω the direction in which the far field
measurement is taken, and k > 0 is the frequency of the waves. One observes that q(x) depends only
on three real variables whereas a(θ, ω, k) depends on five real variables, and hence recovering q from
a(·, ·, ·) would be an overdetermined problem, which has been studied extensively and in some sense
corresponds to recovering q from the Dirichlet to Neumann map operator. The more challenging
problem is when q is to be recovered when a(θ, ω, k) is known only on a formally determined subset
of S × S × (0,∞). Two problems which have been studied are the fixed angle scattering problem
where the data is a(θ0, ω, k) with θ0 a fixed unit vector and (ω, k) vary over S × (0,∞), or the
back-scattering problem where the data is a(θ,−θ, k) with (θ, k) varying over S × (0,∞).

In [5] it was shown, loosely speaking, that the back-scattering map F : q 7→ a(θ,−θ, k) is an
analytic map on the appropriate Hilbert Spaces. However the injectivity of F is still an open
question and some progress has been made towards the inversion of F - see Theorem 3.2 below.
One may show that F ′(0), the derivative of F at 0 and also called the Born approximation, is
given by (F ′(0)q)(θ, k) = q̂(−2kθ) and hence the inverse of F ′(0) is essentially the Inverse Fourier
Transform operator. So one wonders what one would recover if one applied the inverse of F ′(0) to
F . For any potential q, let qB = F ′(0)−1F(q) be the Born inverse; it was shown in [17], building on
the work in [22] and [10], that if q is smooth enough then q−qB is smoother than q; this shows that
applying the Born inversion operator to the nonlinear data results in the recovery of the highest
order singularities of q. Specifically they proved the following result.

Theorem 3.2 (See [17]). Suppose q is a compactly supported function in Hα(R3) with α ≥ 0; then
q − qB ∈ Hβ(R3) + C∞(R3) for any β ∈ [0, α+ 1/2).

So q is the sum of qB and a function in Hβ
loc for any β < α+ 1/2. There is a similar result for

the single scattering problem in [21].
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4 Open inverse problems for the wave equation

The inverse problem associated to the inversion of F defined in section 1 remains unsolved. As
explained in section 2, we do not expect this problem to have a stable inverse because the surface
measurements do not sense all the discontinuities in the medium because data is being measured
only on one side of the medium. We now formulate some formally determined open problems which
do not suffer from this difficulty and one hopes will have stable inverses.

We model a medium which is homogeneous outside the ball B and is probed by a source at
the center of B with the receivers (recording the response of the medium) placed on S and hence
surround the inhomogeneous part of the medium. Specifically, suppose q(x) is a reasonably smooth
function which is supported in B and u(x, t) is the solution of the well-posed initial value problem

utt −∆xu− qu = δ(x, t), (x, t) ∈ R3 × R,
u(x, t) = 0, for all x ∈ R3, t < 0.

The inverse problem is the recovery of q, given u(x, t) for all (x, t) in S × R, or put another way,
study the injectivity and the inversion of the map q 7→ u|S×R. Romanov showed that F ′(0) is
injective and constructed its inverse and the author’s work combined with an observation of Li and
Yamamoto shows that if F (q1) = F (q2) then q1 = q2 provided ‖q2‖∞ is small enough (determined
by ‖q1‖∞) - see [16] for details.

If q is radial then the inverse problem reduces to the study of a one dimensional inverse problem.
However the techniques used to tackle the one dimensional inverse problem covered by Theorem
2.1 are not applicable here because here the source and receiver are in different locations whereas in
Theorem 2.1 are coincident - which is important for the success of the inversion scheme in Theorem
2.1. A significant modification is needed to study the non-coincident case - see [14].

One may believe that one of the difficulties in inverting F is that one does not have access
to measurements in the interior of the medium. To alleviate this difficulty and to focus on the
difficulties presented only by the nonlinearity one may consider the inverse problem associated to
the inversion of the interior measurement map q(.) 7→ u(x, t = 1)|x∈B but this problem also remains
unsolved.

Another unsolved formally determined inverse problem for the wave equation is an imitation
of the back-scattering problem described in section 3. Consider a medium which is homogeneous
outside the ball B; a source is placed at a point on S and the receiver records the response of the
medium at the same point. This coincident source-receiver pair is moved around on S and from
this recorded data the goal is the recovery of the properties of the medium. Specifically, let a ∈ S
and ua(x, t) be the solution of the well posed initial value problem

uatt −∆xu
a − qua = δ(x− a, t), (x, t) ∈ R3 × R,
ua(x, t) = 0, x ∈ R3, t < 0.
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The goal is to recover q, given ua(a, t) for all a ∈ S and all t ∈ (0, 2], or equivalently to study the
injectivity and the inversion of the ‘backscattering’ map Fb : q 7→ ua(a, t)|(a,t)∈S×(0,2]. As usual, the
first step is to study the invertibility of F ′b(0); it turns out that F ′b(0) maps q to the mean values
of q over spheres centered on S and of arbitrary radii - the inverse of F ′b(0) was constructed in [6].
There are no other results known about the invertibility of Fb.

We have not mentioned here inverse problems for systems of hyperbolic PDEs and in particular
systems with more than one speed of propagation - these are even harder than the problems
mentioned above.

5 The Bukhgeim-Klibanov result for the wave equation

One of the important achievements in inverse problems for the wave equation was the uniqueness
result of Bukhgeim and Klibanov (see [3]) for a formally determined inverse problem in higher
dimensions. They introduced the use of Carleman estimates, a tool for studying unique continuation
problems, in the study of inverse problems. The only drawback of their result is that it only applies
to sources which shake the whole medium initially and hence do not apply to point source problems
which are exactly the type of problems we have discussed in the earlier sections.

The uniqueness result of Bukhgeim and Klibanov was expanded to a stability result (that is
continuous dependence of the inverse map) by Puel and Yamamoto and then by Imanuvilov and
Yamamoto under slightly weaker assumptions regarding the boundary values of q - see [8]. Suppose
D is a bounded open set in Rn, n > 1, with a smooth boundary and q a smooth function on D.
Let u(x, t) be the solution of the initial boundary value problem

utt −∆xu− qu = 0, (x, t) ∈ D × [0, T ], (5.1)
(∂νu)(x, t) = f(x, t), (x, t) ∈ ∂D × [0, T ], (5.2)

u(x, 0) = k(x), ut(x, 0) = 0, x ∈ D, (5.3)

where f and k are smooth functions on appropriate domains and satisfy matching conditions on
∂D × {t = 0}. The goal is to recover q from a knowledge of u on ∂D × [0, T ], that is study the
injectivity and the inversion of the map q 7→ u|S×[0,T ]. Here k is the source function and f is an
arbitrary function.

Clearly the nature of the source k plays an important role in the solvability of this problem; for
example there is little hope of solving this problem with k = 0, f = 0. The work of Bukhgeim and
Klibanov and the subsequent work on this problem has assumed that k(x) 6= 0 for all x ∈ D, that
is the whole medium was shaken initially. We state a slightly weaker version of the result from [8].

Theorem 5.1. Suppose k and qi, i = 1, 2, are smooth functions on D, f a smooth function on
∂D × [0, T ] satisfying the matching conditions and ui, i = 1, 2 are the solutions of the IBVP
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(5.1)-(5.3) when q = qi. If k(x) 6= 0 for all x ∈ D and T > radius(D) then

‖q1 − q2‖L2(D) 4 ‖∂t(u1 − u2)‖H1(∂D×[0,T ]) (5.4)

with the constant depending only on k, T, f and the C2 norms of qi on B.

Here radius(D) = inf{ρ : D ⊆ Bρ(a) for some a ∈ Rn}.
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