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The aim of this minicourse is to show the applications of the discrete harmonic analysis 
to (pointwise) ergodic theory. Let k, d ∈ Z+ and let (X, μ) be a σ-finite measure space. 
Given any family T1, . . ., Td: X → X of commuting, invertible measure-preserving 
transformations, a measurable function f, polynomials P1, . . ., Pd: Zk → Zd, and a natural 
number N ≥ 1, we can define a polynomial ergodic average by the formula 

 
The classical question in ergodic theory is whether the means in (0.1) converge pointwise 
or/and in Lp norm, 1 ≤ p < ∞. The answer to this question is affirmative. Convergence in 
norm was shown in [5] in a more general (noncommutative) situation. During the course 
we focus mainly on pointwise (almost everywhere) convergence, which is more involved 
but also solved question. We first give a classical proof of the special case d = k = 1 and 
P1(n) = n, which is the classical Birkhoff’s pointwise ergodic theorem, see [1]. This 
question was solved for d = k = 1 and a general polynomial P1 by Bourgain in a series of 
papers in 80’s and recently by Mirek, Stein and Trojan in [3] in the full generality.  
During the lectures we show that using the Calderón principle from [2] we can reduce 
our considerations to proving qualitatively bounds corresponding to the special case 
where X = Zd, μ is the counting measure and Tjx = x − ej , 1 ≤ j ≤ d, are shift operators. 
We will introduce the notion of jump and variational estimates, which are very useful in 
problems related to pointwise convergence, and we present the ideas which allow us to 
obtain the required bounds in this special dynamical system on Zd.  
If time permits we want to consider also discrete spherical maximal function defined by  
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where N(λ) = {x ∈ Zd : x21+ . . . + x2d = λ}. This part would be based on the paper [4], 
where characterization of lp(Zd)-boundedness of these operators was shown. 
 
PREREQUISITES:  
None, but basic knowledge concerning classical real analysis would be desirable. 
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*Registration is free, but inscription is required before November 17h, 2021: So as 
to inscribe go to https://forms.gle/P3k7ZgCCzVm6sUca7 and fill the registration form.  
                              
 
 
 


