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Introduction: Questions to Answer 

Why so many different Monte Carlo based algorithms are around? 
•  MC is one of the most universal algorithms but not always the most 

efficient way to treat a problem  
•  The effective, good MC algorithms are in high demand 

What are good MC algorithms?  
•  Accurate 

ü Create a Markov chain 
ü Obey the detailed balance condition 
ü Ergodic 

•  Fast 
ü Identify the most important samples 
ü Identification process is fast 

•  The ideas often come from application 

The purpose of this course is to introduce some good MC algorithms and show 
the ways of constructing efficient Monte Carlo based algorithms.  
 



Introduction: Topics to Cover 

•  Monte Carlo Applications to Molecular Systems 
•  Hamiltonian Dynamics  
•  Numerical Methods for Hamiltonian Problems 
•  Hamiltonian (Hybrid) Monte Carlo (HMC) 
•  HMC in Practice and Theory 



Monte Carlo Applications to Molecular Systems 
Introduction 

 Outline 
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•  Simulated Annealing 
•  Parallel Tempering 
•  Hybrid Monte Carlo 
•  References 

	  



Monte Carlo Applications to Molecular Systems (I) 
Some well known Monte Carlo based algorithms were initially designed as 
applications to molecular systems: Metropolis algorithm, Simulated Annealing, 
Hybrid Monte Carlo, Parallel Tempering. 

•  Metropolis algorithm [1] was the first MCMC algorithm  
ü  It is associated with a second computer called MANIAC built in Los Alamos 

under the direction of a physicist and a mathematician Nicolas Metropolis in 
early 1952 

ü  The method was designed for simulation of a liquid in equilibrium with its gas 
phase 

ü  The idea of the method published in 1953 in the Journal of Chemical Physics 
was to create a Markov chain (a random walk in thermodynamic phase 
space) of molecular configurations whose appearance is proportional to their 
statistical probability 

ü  Metropolis algorithm: in the year 2000 was ranked as one of the “10 
algorithms with the greatest influence on the development and practice of 
science and engineering in the 20th century”[2]. 



Monte Carlo Applications to Molecular Systems (II)	  

•  Simulated Annealing: an extension of the Metropolis algorithm often employed as 
a global minimization technique, where the temperature is lowered as the 
simulation evolves in an attempt to locate the global energy basin without getting 
trapped in local wells [3-4]. 

•  Parallel Tempering / Replica Exchange: a multiple simulations of non-interacting 
systems at different temperatures with the periodical exchange of configurations 
ü  Was originally devised by Swendsen [5] for simulation of spin glasses, then 

extended by Geyer [6] and Hansmann [7]  
ü  Sugita and Okamoto [8] formulated a molecular dynamics version of parallel 

tempering: this is usually known as replica-exchange molecular dynamics or REMD. 

•  Hybrid Monte Carlo: a combination of Hamiltonian dynamics with Monte Carlo 
sampling 
ü  Applied initially to lattice field theory simulations of quantum chromodynamics [9] 
ü  Statistical applications of HMC began with the use it for neural network models [10]. 



Continuous State Space Markov Chains 
•  For the sake of simplicity, the presentation of the MCMC has assumed that 

the target probability is defined on a discrete state space. However the 
algorithms are equally applicable to sampling from continuous distributions 
and in fact the next sections will only deal with the continuous case. We 
begin with a few words on Markov Chain with a continuous state space. 

•  Continuous problems are often simpler to solve than discrete problems. This 
is true in many optimization problems (for instance, linear programming 
versus integer linear programming). In the case of MCMC, sampling 
continuous distributions has some advantages over sampling discrete 
distributions due to the availability of gradient information in the continuous 
case.  

•  We now consider (time-discrete) stochastic processes {Xn}n≥0, where each 
Xn takes values in Rd. The definition of Markov Chain remains the same: 
{Xn}n≥0  is a Markov Chain if the distribution of Xn+1 conditional on Xn and the 
distribution of Xn+1 conditional on Xn ,. . . , X0 coincide. The role played in the 
discrete state space case by the transition matrix P is now played by a 
transition kernel K. This is a real-valued function K(·,·) of two arguments. For 
each fixed x ∈ Rd, K(x,·) is a Borel probability measure in Rd. For each fixed 
Borel set A ⊆ Rd, K(·,A) is a Borel measurable function. The value K(x,A) 
represents the probability of jumping from the point x ∈ Rd to a set A in one 
step of the chain. 
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•  Motion of a conservative system of point masses in three-dimensional space is of 
much interest in many branches of science: physics, chemistry, biology, etc. 

•  If        is the number of particles in the system,       -  the mass of the i-th particle, 
and               its radius vector, the Newton’s second law reads: 

                                                                                                                              (1) 

       where the scalar      is the potential and            is the net force on the i-th particle.  
(1) is a system of 3      second-order scalar differential equations for  3      
Cartesian components                         of the vector     .  

•  After introducing the momenta  

      the equations (1) may be rewritten in the first-order form: 

    

pi =mi
d
dt
ri, i =1,...,N,

mi
d 2

dt2
ri = !"iV (r1,......,rN ), i =1,...,N,

rij, j =1,2,3

Systems of Point Masses (I) 

miN
ri !R 3

V !"iV
N N

ri

d
dt
pi = !"iV (r1,......,rN ), i =1,...,N.



•  Let us introduce  the Hamiltonian function                                                            

                                                                                                                          (2) 

•  Then the first-order system takes the symmetric canonical form:                

                                                                                                                          (3)  

                                                                                                            

          represents the total mechanical energy of the system and consists of kinetic part 

                                                                                                                          (4) 

     and a potential part     .     

•  The use of the Hamiltonian format of Newton’s equations is essential in statistical 
mechanics and quantum mechanics. 
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•  In the phase space                      of the points  

     to each smooth real-valued function                       (the Hamiltonian) there 
     corresponds a first-order differential system of D canonical Hamiltonian equations 
 
                                                                                                                              (5) 

•  In mechanics (see equations (3)) the variables             describes the configuration 
of the system, the variables p are the momenta conjugate to x [1] and d is the 
number of degrees of freedom. 

d
dt
p j = !

"H
"x j

, d
dt
x j = +

"H
"p j
, j =1,...,d.

( p, x ),

Hamiltonian Systems (I) 

R D ,D = 2d ,

H = H p,x( )

x !R d

p = p1,....., pd( )!R d, x = x1,....., xd( )!R d,



•  Let us introduce the flow               of the system (5). For each fixed (but arbitrary) t  
           is a map in phase space,                      ,   defined as follows [2]: 
      for each point (p0 , x0),                 is the value at time t of the solution                  of  
      the canonical equations (5) with value  (p0 , x0) at time 0.  
•  Example: 

    
 

      

        

      and therefore      is the rotation in the plane that moves the point (p0 , x0)  to the   
      point  

                    is the one-parameter family of rotations in the plane.  

Hamiltonian Systems (II) 
!t{ }t!R

!t :R
D !R D!t

!t

!t p0 , x0( ) p t( ) , x t( )( )

d =1; H = 1 / 2( ) p2 +x2( )
d
dt
p = -x, d

dt
x = p - harmonic  oscillator

p t( ) = p0 cost ! x0 sin t, x t( ) = p0 sin t + x0 cost !solution with initial value p0, x0( )

!t p0, x0( ) = p0 cost ! x0 sin t, p0 sin t + x0 cost( );

!t{ }t!R



In general,                    means: 

•  If t  varies while keeping (p0 , x0) fixed: the solution of (5) with initial condition (p0 , x0). 

•  If t is fixed and (p0 , x0) is a variable:  a transformation       in phase space. 

•  If t is a parameter: a one-parameter family              of transformations in phase-
space. This family is a group: 

Hamiltonian Systems (III) 

!t

!t p0 , x0( )

!t{ }t!R

!t !!s =!t+s; !!t =!t
!1.



Properties of Hamiltonian Systems: 
Conservation of Energy 

The function H is a conserved quantity or first integral of (5). 
Proof: 
 
 
 
          and therefore    

In terms of the flow, this property simply reads                      for each t . 
 
Example: Systems of point masses. H measures the total energy, the 
conservation of H corresponds to conservation of energy.  

d
dt
H p t( ), x t( )( ) = !H

!pj

d
dt
pj +

!H
!x j

d
dt
x j

"

#
$$

%

&
''

j
( = )

!H
!pj

!H
!x j

+
!H
!x j

!H
!pj

"

#
$$

%

&
''

j
( = 0

H p t( ), x t( )( ) = H p 0( ), x 0( )( ).

H !!t = H



Properties of Hamiltonian Systems: 
Conservation of Volume 

Conservation of volume: For  each t,        is a volume preserving 
transformation in phase space, i.e.: 
 
Proof: Conservation of volume is a direct consequence of Liouville’s theorem: 
the solution flow of a differential system               is volume preserving if and 
only if the corresponding vector field G is divergence-free [1].  
Indeed, for a canonical system the divergence is  
 
 
 
In terms of the flow, conservation of volume reads:  
 
 
Example: Harmonic oscillator. The area of a planar set does not change when 
the set is rotated.  
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Properties of Hamiltonian Systems: 
Reversibility 

Reversibility: Consider the momentum flip symmetry S in phase-space defined 
by  
 
and assume that                 , i.e. the Hamiltonian is an even function of the 
momenta as in (2) and many other mechanical systems.  
If (p(t), x(t)) is a solution of the canonical equations (5), so is 

Proof: 
 
 
and similarly for xj.  
Reversibility of the flow, may be compactly written as  
 
 
Example: Harmonic oscillator.      Is just a counterclockwise rotation, undoing the 
clockwise rotation of     . 

S p, x( ) = !p, x( )
H !S = H

p̂ t( ), x̂ t( )( ) ! "p "t( ), x "t( )( ).

d
dt
p̂ j t( ) =

d
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"x j
p !t( ), x !t( )( ) = !"H
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!t !S = S !!!t.

!t

!!t



•  So far we considered a mechanical system whose time-evolution, when isolated, is 
     governed by (5) with values of H(p(t), x(t)) remaining constant.  

•  Let us assume that this system is not isolated but interacts with an environment at 
constant temperature T.  

     Example: point masses collide with a heat bath that surrounds them.  

•  There will be exchanges of energy between the system and the environment: H will 
     not remain constant and (5) will not describe the time evolution.  

•  The energy exchanges must be modelled as random, i.e. for each fixed t, (p(t),x(t)) 
      are random variables to be described statistically.  

The Canonical Density (I) 



•  Once thermal equilibrium with the environment has been reached, the stochastic 
     process (p(t),x(t)) possesses a stationary probability distribution: this is the         
     Maxwell-Boltzmann distribution with density                                                                                               
                                                                                                                       (6) 
  
     kB the Boltzmann constant, T is the absolute temperature of the environment. The 
     corresponding ensemble is called the canonical ensemble ([3] , [4]).  

•  At any temperature, a canonical ensemble contains few systems at locations of  
     high energy. As T increases locations of high energy become more likely.  

! exp "!H p, x( )( ), ! = 1
kBT

The Canonical Density (II) 



Derivation of the Boltzmann Distribution 
from heat-bath pointview [5] 

It is assumed that the system S and the reservoir S′	

(with the associated energy E´) are in thermal equilibrium.  
The objective is to calculate the set of probabilities Pi  
that S is in a particular energy state Ei. 
The total energy of the system Stot (isolated) is given by 
 
 
 
As the probability Pi  of S being in the i-th state is proportional to the corresponding 
number of microstates W´ available at energy E´ to the reservoir when S is in the i-th 
state, then 
 
 
Taking the logarithm gives 
  
 
 

Etot = !E +Ei = const.

Pi = !C !W !E( ) , !C "constant.

lnPi = ln !C + ln !W !E( ) = ln !C + ln !W Etot " Ei( ) , Ei << Etot .

Total System, Stot 

System	  of 
Interest,	  S 

Heat Reservoir, S´ 



Derivation of the Boltzmann Distribution (II)  

 
Performing a Taylor series expansion of the latter logarithm around the energy Etot and 
keeping its first two terms leads to 
    
 
 β is a constant, known as the thermodynamic beta. 
Exponentiating this expression gives 
     
 
Since probabilities must sum to 1,  
 
 
 
where Z is known as the Partition function for the canonical ensemble. 
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The Maxwell-Boltzmann Distribution for 
Point Masses System  

•  The canonical density (6) reads  

•  The exponential may be rewritten as a product, the N + 1 random vectors  
                                                                are mutually independent.  

•  Then the density of pi (as first established by Maxwell in 1859 [6]) is:   
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•  The distribution of pi is Gaussian with zero mean and covariance matrix                
     There is no correlation among Cartesian components pij of pi   and each of these    
     components has variance                        It follows that the kinetic energy                         
     of the i-th mass along the j-axis has an ensemble average                 ; i.e. the  
     absolute temperature coincides, up to a normalizing factor, with the kinetic energy  
     in any system of point masses. This is the definition of absolute temperature [6]. 

mi / !( ) I3.

mi / ! =mikBT. p2ij / 2mi( )
1/ 2( )kBT



Boltzmann Density 

The configuration                               is independent of the momenta, and 
possesses the density  

                                                                                                                (8) 

In statistical mechanics this is called the Boltzmann density for the potential V [7].	  
! exp "!V r1,.....,rN( )( ).

r1,....,rN( )!R 3N



Preservation of the Canonical Density by the 
Hamiltonian Flow 

We shall need later the following result:  
Theorem 1. For each fixed t, the canonical density (6) is preserved by the flow      
of the Hamiltonian system (5):  
 
 
for each (Borel) subset            . 
Proof. Change variables                           in the first integral;                                 
by conservation of energy and                                     by conservation of volume.   
 
The theorem implies that if the points are distributed at t = 0 with the probability 
density ∝ exp(−βH), then as t varies, each point will move in the phase space 
following (5) and the density at any point (p, x) will remain constant.  
	  

exp !!H p, x( )( )
!t A( )
" dpdx = exp !!H p, x( )( )

A
" dpdx,

A !R D

!t

p, x( ) =!t !p, !x( ) H !t !p, !x( )( ) = H !p, !x( )
det !!t( ) "1 for each  t
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Numerical Methods for Hamiltonian 
Problems 

•  The most obvious way to simulate the evolution of Hamiltonian systems is 
to simulate the dynamics of the system according to the canonical 
equations. This however cannot be achieved if the system is in contact with 
environment. The energy exchanges have to be taken into account.   
ü  A modification of the Hamiltonian scheme with the purpose of generating a 

thermodynamical ensemble at constant temperature is called a thermostat 
algorithm. 

ü  Thermostats can be divided in two groups: (i) stochastic motivated (adding 
stochasticity to control momenta) and (ii) extended system methods (additional 
degrees of freedom). 

ü  The choice of thermostat generally depends on whether the system is 
characterized by constant temperature and volume (e.g. the Nose ́–Hoover 
thermostat) or constant temperature and pressure (e.g. the Andersen or 
Parrinello–Rahman thermostats).  

•  The tour de force: replace the dynamic simulation with simulating some 
Markov chain having the same equilibrium distribution.  

•  We will introduce both approaches and will show that combining two 
methods yields yet another useful way to simulate Hamiltonians systems. 



Discretizing Hamiltonian Equations: 
Geometric Integration 

•  The analytic integration of Hamilton’s canonical equations  (5) is usually 
impossible and one has to resort to numerical integrators.  

•  In the last twenty five years it has become clear that when integrating 
Hamiltonian problems it is essential in many applications to use numerical 
methods that possess conservation properties similar to those shared by 
Hamiltonian systems. 

•  The construction and analysis of such numerical methods is part of the field 
of geometric integration, a term coined in [1]. An introductory early 
monograph is [2] and a more recent expositions are given in [3] and [4].  

•  A geometric integrator is a numerical method which preserves certain 
geometric structures of the exact flow of a differential equation. 

•  Here we limit ourselves to the material required later to describe the Hybrid 
Monte Carlo method.  



Discretizing Hamiltonian Equations: 
Symplectic Integrators  

•  Each one-step numerical method to integrate (5) is specified by a map 
 
•  The approximation (pm+1, xm+1) to the true solution value (p((m+1)∆t), x((m+1)∆t)) 

is obtained recursively by  

     Thus the approximate solution at time T  is obtained by applying T/∆t times the  
     mapping Ψ∆t.  
•  It is impossible to construct a general integrator Ψ∆t that exactly preserves 
     energy and volume [2]. It is customary to insist in the integrator being  
     symplectic [2] which implies conservation of volume, reversibility and     
     satisfactory —but not exact— conservation of energy. 

!!t :R D "R D; !t  - step size.

pm+1 , xm+1( ) =!"t p
m , xm( ) .



Discretizing Hamiltonian Equations:  
Verlet / Störmer / Leapfrog  Integrator  

•  The best-known symplectic algorithm to integrate Hamiltonian systems is the 
     Verlet / Störmer / leapfrog algorithm applicable when the Hamiltonian has the          
     special separable (but common) form   
 
 
      M a constant positive definite symmetric matrix —the so-called mass matrix. 
     The canonical equation then can be written as 

 

•  The algorithm was first used in 1791 by Delambre, and has been rediscovered 
many times since then, most recently by Verlet in 1967 for molecular dynamics. 
It was also used by Cowell and Crommelin in 1909 to compute the orbit of 
Halley’s comet, and by Störmer in 1907 to study the motion of electrical 
particles in a magnetic field.  

H =
1
2
pTM !1 p +V x( ) ;

dp
dt

= !"xV x( ) , dx
dt

=M !1 p.



Discretizing Hamiltonian Equations: 
Störmer-Verlet Algorithm (I)  

•  For our purposes we may think of this method as a splitting (fractional step) 
algorithm (see [2]).  

•  For the Hamiltonian H(1), the equations of motion: 
 
 
 
 
       
•  For the Hamiltonian H(2), the equations of motion: 
 
 

H = H( 1 ) +H( 2 )

H ( 1 ) p, x( ) =V x( ) , H ( 2 ) p, x( ) = 12 p
TM !1 p.

d
dt

p = !
"V x( )
"x

, d
dt
x = 0, with solutions

p t( ) = p0 ! t
"V x0( )
"x

, x t( ) = x0 .

d
dt

p = 0, d
dt
x =M !1 p, with solutions

p t( ) = p0 , x t( ) = x0 + tM !1 p0 .



Discretizing Hamiltonian Equations: 
Störmer-Verlet Algorithm (II) 

Then the method is defined by the Strang’s splitting recipe:  

In this way, given (pm, xm), we compute the approximation                                            at 
the next time level by means of the three fractional steps:  

 
 
The individual transformations are flows of canonical systems => preserve volume=> 
Ψ∆t (the composition of 3 transformations) and hence ΨT  preserve volume. 
The reversibility of Ψ∆t  / ΨT  is a consequence of the symmetric pattern of the Strang 
splitting (easy to check) .  
More sophisticated symplectic schemes exist, but the Verlet method is commonly used 
in molecular simulations and other application areas.  
 

!"t :=#"t / 2
( 1 ) !!"t

( 2 ) !!"t / 2
( 1 ) ; ! ( i )  - is the flow of  H ( i ) .

pm+1 , xm+1( ) =!"t p
m , xm( )

pm+1/ 2 = pm ! !t
2

"
"x
V xm( ) , pm , xm( )# pm+1/ 2 , xm( )

xm+1 = xm +!tM !1 pm+1/ 2 , pm+1/ 2 , xm( )# pm+1/ 2 , xm+1( )
pm+1 = pm+1/ 2 ! !t

2
"
"x
V xm+1( ) , pm+1/ 2 , xm+1( )# pm+1 , xm+1( ) .



Discretizing Hamiltonian Equations: Local 
and Global Error  

•  Local error: the error after one step of integration, ∆t. 
•  Global error: the error after simulating for some fixed time interval, T ,  which 

requires  T/∆t steps. 
•  The Verlet method has an order of (∆t)3  local error and order (∆t)2 global error. 

As shown in [4], this difference is a consequence of leapfrog being reversible, 
since any reversible method must have global error that is of even order in ∆t.	




Simulating Hamiltonian Systems by 
Molecular Dynamics (MD) 

1.  Initialize system 
ü  Specify initial conditions, e.g. size of the system, time step, potential, etc. 
ü  Get a proper initial structure xm	


ü  randomly assign momenta pm (Maxwell-Boltzmann) 
ü  Choose a potential function V.	


2.  Calculate forces                                at time tm.  

3.  Discretize Hamiltonian equation to predict positions and momenta 
at a new time  tm+1. Recalculate Fm+1.   

4.  Repeat steps 1-3 for a few million times. 

5.  Take averages. 

The most expensive part of a MD simulation is the calculations of interatomic forces. 
The natural way to run MD is at constant energy, volume and a number of particles 
(microcanonical ensemble). Keeping temperature or pressure constant requires using 
thermostats. 

Fm = !
"
"x
V xm( )



Typical MD Flowchart 

Program MD   simple MD program 
 
 call init     initialization 
  t = 0 
 do while (t .lt. tmax)   MD loop 
     call force (x, f, en)   calculate the force 
     call integrate (x, f, en)   integrate equation of  motion 
     t = t + delt 
     call sample    sample averages 
 enddo 
 stop 
 end 
      
 



An alternative to MD: MCMC for the 
Boltzmann distribution  

Consider two configurations A and B, each of which occurs with the Boltzmann  
probabilities P(A) and P(B) respectively.  
The algorithm for generating a trajectory in phase space which samples from a 
canonical distribution is following:  
1. Start from a configuration A, with known energy V(A). 
2. Make a change (e.g. translate, rotate) in the configuration to obtain a new 
configuration B. 
3. Compute V(B).  
4. Accept the new configuration with probability  
 
 
 
 

       If B is rejected, go back to the configuration A, otherwise continue from B:	

5. Repeat steps 2-4 many times to generate a Markov chain.  
6. Compute average properties by summing the sampled properties. 
The hardest part: how to generate “useful” new configurations - depends on the 
problem.  

P B( )
P A( )

=
exp !!V B( )( )
exp !!V A( )( )

= exp !! V B( )!V A( )( )( ), ! = 1
kBT

Pacc =min 1, exp !!"V( ){ }, "V =V B( )!V A( ).

A ! B.



Key Challenge in simulating Hamiltonian 
Systems: Efficient Sampling  

•  Key challenge in simulations of physical systems: proper sampling of 
possible conformations over accessible simulation times. 

•  Sampling means visiting all (most) of the “important” conformations in 
order to compute equilibrium averages.  

•  Sampling is important for:     
ü      Collecting statistics           
ü      Finding the global minima. 

 



Sampling of Conformation Space 
•  Efficient Sampling in simulation of real systems is hard:  
ü  High dimensionality of phase space, roughly 3N, with the number of particles N 

typically in the thousands 
ü  Presence of multiple time and length scales 
ü  Complex energy landscapes: high barriers and local minima. 

•  Insufficient sampling is the greatest source of inaccuracy. 
 

Flat energy landscape 

It would take forever for a 
protein to reach the native state 
 

Smooth energy landscape 

Kinetics assist folding into the 
native state 

Rugged energy landscape  

Local traps slow down 
folding into the native state 

Dill, Ken A. (1985). “Theory for the Folding and Stability 
of Globular Proteins”, Biochemistry, 24: 1501-09 



Enhanced Sampling Monte Carlo 
Methods  

Objectives:  
•     Escape from energy barriers.  
•     Sample much wider phase space than in conventional simulation. 
Importance sampling is a general technique for estimating properties of a particular 
distribution while only having samples generated from a different distribution rather 
than the distribution of interest.  
Principle of importance sampling:  
 
That is, sampling s from f(s) distribution equivalent to sampling s ∗ w(s) from g(s)	

distribution, with importance sampling weight  
 
 
A good importance sampling function g(x) has the following properties:  
1.  Should be close to being proportional to |f(x)|.  
2.  It should be easy to simulate values from g(x).	

3.  It should be easy to compute the density g(x) for any value x that one might 

realize. 

sf s( )
F
! ds = s

f s( )
g s( )G

! g s( )ds.

w s( ) =
f s( )
g s( )

.



An Extension to MCMC: Simulated Annealing  

•  In traditional processing of metals, a standard method to improve the quality 
of the metal is to heat it up to high temperatures, then slowly cool it down. 
Sometimes this is done in repetitive cycles. This method is called annealing. 

•  The annealing removes defects from the crystal. Thus the average potential 
energy per atom is decreased during the annealing. 

•  Can be considered as a macroscopic energy minimization scheme and the 
analogous minimization scheme is called simulated annealing [5, 6]. 

•  Simulated annealing can be used in a wide variety of optimization problems, 
and is especially useful in high-dimensional cases which are complex to 
handle by other methods. 



Simulated Annealing: Algorithm  

The algorithm is based on Metropolis and a cooling schedule for T: 	

1.  Introduce a variable T (which may not have anything at all to do with any 

thermodynamic temperature).  
2.  Run Metropolis algorithm with a proposal (e.g. neighborhood system). 
3.  Decrease T following some schedule and repeat step 2 (exploration). 

Performance depends heavily on the proposal and the cooling schedule. 



Simulated Annealing: Cooling Schedules 

•  The easiest scheme is just to start at a very high temperature and linearly 
come down to 0 (black curve in figure). May work well. 

•  To increase the sampling efficiency and to avoid too quick decrease of T,  
reducing the cooling rate at low temperatures might be chosen (blue curve).  

•  More complicated schemes, e.g. a sawtooth-like decreasing pattern (red 
curve) works towards removing some unfavorable configurations which are 
not likely to return on additional heating to slightly lower temperatures than 
before. This may remove other unfavorable configurations easier during the 
next stage. 

It may also be very useful to combine different schemes.

• For instance one can use MC to get oneself into the correct minimum basin, then conjugate
gradients to get accurately into the bottom of the minimum.

• Sometimes MD ran at high temperatures may be useful to locate reasonable candidates
for minima, and then MC swapping between different minima candidates can be good for
locating the global minimum. [Laura Nurminen, PhD thesis, Helsinki University of Technology].

10.1.3. Different kinds of heat treatment schemes

[Own reasoning and experience – caveat emptor ]

Basics of Monte Carlo simulations, Kai Nordlund 2006 �� � � � �� × 12



Popular Enhanced Sampling MC Methods  

 
•     Parallel Tempering [7] 

ü  Run multiple independent single or multiple 
replicas of original system at different 
temperatures 

ü  Swap configurations between pairs of 
replicas with a Metropolis criterion 

    
 
•  Jump Walking [8]  

ü  Two copies of simulations at low and high 
temperature    

ü  Periodical update of low temperature run from 
high temperature distribution. 

Replica	  Exchange	  histograms	  of	  energies.	  
Regions	  of	  overlap	  indicate	  the	  

probability	  of	  swaps	  between	  adjacent	  
systems	  

Pacc =min 1,exp !i !! j( ) Hi !H j( )( ){ } .
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The Hamiltonian (Hybrid) Monte Carlo 
Method: Why? 

	  Useful	  	  Proper>es	  for	  Sampling	  Methods	  

•  Allow for large moves between consecutive configurations 

•  A move is well defined 

•  Provide dynamic information 

•  Same step size can be used for small or large systems 

•  Do not require derivative computation 

•  Maintain temperature by construction 

•  Free of discretization errors 

MC  
ü Yes 

û No  

û No 

û No 

ü Yes 

ü Yes 

ü Yes 

 

•  Monte Carlo (MC) and Molecular Dynamics (MD) are surprisingly complementary:  
    where one method fails another succeeds. 

MD 
û No 

ü Yes 

ü Yes 

ü Yes 

û No 

û No 

û No 

	  •  The Hybrid Monte Carlo (HMC) algorithm, combining MC and MD, was originated 
in the physics literature [1]. 

•  Nowadays it is broadly used  in statistical simulation (see e.g. [2]). 
•  Its description requires to think of the given problem in physical terms.  



The HMC Method: Idea (I) 
•  Without loss of generality, we write the target density π(x) in the state space       as  

 

and, regardless of the application in mind, think of x as a configuration of the 
system and of V (x) as the corresponding potential energy.  

•  Let us choose arbitrarily T > 0 and a positive definite symmetric matrix M (often   
 diagonal). Think of M as a mass matrix. 

•  Consider the Hamiltonian function                                    and think of p as momenta. 
•  For the canonical probability distribution in the phase space                      , with  

 density  

the random vectors                             are stochastically independent.  
•  The (marginal) distribution of x is our target π(x) and p has a Gaussian density          

                   
      
     so that samples from p are easily available.  
•  In this set-up, Theorem 2 suggests a means to construct a Markov chain in 

reversible with respect to the target  π(x). 

! x( ) = exp !V x( )( ), x "R d

H =
1
2
pTM !1p+V x( )

! exp "H( ) = exp "
1
2
pTM "1p

#

$
%

&

'
() exp "V x( )( ), set ! =1  for symplicity

R d

R D,D = 2d

p!R d, x !R d

R d

! exp "
1
2
pTM "1p

#

$
%

&

'
(



The HMC Method: Idea (II) 
Theorem 8. Define the transitions                   in the state space      by the following 
procedure: 
§  Draw pn from the Gaussian density                                 . 
§  Find                                     where         is the T-flow of the canonical system (5) 

with Hamiltonian function H. 
Then                    defines a Markov chain in        that has the target                                  
as an invariant probability distribution. Furthermore this Markov chain is reversible 
with respect to π(x). 
Proof.  
•  The Markov property is obvious: the past enters the computation of xn+1 only 

through the knowledge of xn.  
•  π(x) is invariant: If xn is distributed ∼π(x), then, by the choice of pn, the random 

vector (pn , xn) has the canonical density                      . By Theorem 1,                        
also has density                       ; accordingly, the density of xn+1 will be the 
marginal π(x).  

•  The reversibility of the chain:  it is a simple consequence of the reversibility of the 
flow       .   

R dxn ! xn+1

xn ! xn+1 R d ! x( )! exp "V x( )( )

g! exp "
1
2
pTM "1p

#

$
%

&

'
(

p!n+1 , xn+1( ) =!T pn , xn( ) , !T

! exp "H x( )( ) p!n+1, xn+1( )
! exp "H x( )( )

!T



The HMC Method: Useful Tips	  

•  The main appeal of this procedure:  the transitions                    are non-local in 
the state space        , in the sense that xn+1 may be far away from the previous 
state xn.  

•  Note that, once xn+1 has been determined, the momentum vector p*
n+1 is dis- 

carded and a fresh pn+1 is drawn. Therefore the next starting location          
      will have  

•  This makes it possible to explore the whole phase space: each point only flows 
within the corresponding level set of the energy H. 

•  Unfortunately the procedure in Theorem 2 cannot be implemented in practice: 
the required flow        is not explicitly known except in simple academic 
examples! 

xn ! xn+1
R d

pn+1, xn+1( )

!T

H pn+1, xn+1( ) ! H p*n+1, xn+1( ) = H pn, xn( ).



The HMC Method: Algorithm	  

•  In order to turn the procedure into a practical algorithm, let us replace the exact 
flow       with a numerical approximation        and introduce an accept / reject 
mechanism to assure that the resulting chain still has the target as an invariant 
distribution.  

•  The accept / reject recipe is greatly simplified if integrator        is volume 
preserving and reversible, i.e. symplectic.  

Algorithm: 
1.  Draw a value pn from the density                               .  
2.  Find                                     (i.e. perform T/∆t time-steps of the chosen numerical 

integrator with step-length ∆t).  
3.  Discard p*

n+1 and take x*
n+1 as proposal.  

4.  Set xn+1 =x*
n+1 with probability  

     If the proposal is rejected set xn+1 =xn.  
5.  Repeat steps 1-4.  
•  Analysis of HMC is given in [3].  

!T !T

!T

! exp "
1
2
pTM "1p

#

$
%

&

'
(

p!n+1 , x
*
n+1( ) =!T pn , xn( )

min 1, exp !!"H( ){ }, "H = H pn+1
* , xn+1

*( )!H pn, xn( ).



The HMC Method: Proof of Detailed Balance	  
Let     p** , x*( ) =!T p, x( ) and p, x( ) =!!T p** , x*( ) .

( A ) !T p, x( ) =!!T ! p** , x*( ) (Verlet´s reversibility)

( B ) g p*( ) = g ! p*( ) (Gaussian´s  symmetry)

C( ) dpdp* = d ! p( )d ! p*( )
acc p, x! p* , x*( )
acc p** , x* ! p, x( )

=
Pacc p

** , x*( )
Pacc p, x( )

=
! x*( ) g p*( )
! x( ) g p( )

! (Multiply by ( A ), use ( B ) )

! x( ) g p( )!T p, x( )acc p, x! p* , x*( ) = ! x*( ) g ! p*( )!!T ! p** , x*( )acc ! p** , x* "! p, x( )!
(Multiply by dpdp* , take integral,  use (C ) )
LHS :

! x( ) dpdp*! g p( )!T p, x( )acc p, x! p* , x*( ) = ! x( )T x! x*( )
T x! x*( )!probability of transition from   x   to   x*  .

RHS :

! x*( ) d ! p( )d ! p*( )! g " p( )!!T ! p* , x*( )acc ! p* , x* "! p, x( ) = ! x*( )T x* ! x( )
T x* ! x( )!probability of transition from   x*    to   x .

Thus ! x( )T x! x*( ) = ! x*( )T x* ! x( ) .



Theorem 3. Suppose x follows the target distribution π(x) at time 0. After one step of 
HMC we have a new point x* with density f(x*). Then for any square integrable 
function h the expectation values over two above distributions                                   
and thus the HMC transition algorithm leaves the target distribution invariant.  
Proof: Let us denote the numerical Hamiltonian mapping and its inverse as 
 
 
 
 
 
Then 
  
 
 
 
The Jacobian term            is equal to 1 due to the volume preservation of  
The first part of the rhs comes from acceptance and the second part – from rejection.  
 
 

The HMC Method: Proof of invariance [4]	  

J!!T

E!h x( ) = Ef h x( )
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p** , x*( ) =!T p, x( ) and p, x( ) =!!T p** , x*( ) .
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Continue with the equation:                           
 
 
                                                                                                                            (9) 
                                                          
                                                                                                                           (10) 
 
 The equalities (9) and (10) follow:  
•   From symmetry of π (x): 
                                                                                                                           (11) 

•   From reversibility of     :        
                                                                                                                           (12) 

•  Combination of (11) and (12): 
 
 
 (10) proves that f(x) = π (x).   

The HMC Method: Proof of invariance 
(cont.)	  

Ef h x
*( ) = h x*( )! ! p, x*( )dpdx* +

h x*( )! min ! "
"T p, x*( )( ) ,! p, x*( ){ }"min ! p, x*( ) ,! "T p, x*( )( ){ }#

$%
&
'(
dpdx* =

h x*( )! ! p, x*( )dpdx* = h x*( )! ! x*( )dx* .

!p , !x( ) =!T p, x( )! p, x( ) =!T ! "p , "x( )

! !p, x( ) = ! p, x( )

!T

! ! p, x( ) = ! p, x( ) = ! "
!T "p , "x( )( ) = ! "T ! "p , "x( )( ) .



The HMC Method: Comments to the 
Algorithm	  

•  If the exact flow          were known and we used it as ‘numerical integrator’, 
i.e.                , then, by conservation of energy, 

       
 
      and every proposal would be accepted: one is then back to the Theorem 2.   
      Thus, the better the numerical scheme         preserves H the higher the 
      probability of acceptance.  

•  It can be shown that for sufficiently large systems (N → ∞) and  
      small step sizes (∆t → 0) the average acceptance probability is 
 
 
 

!T
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The HMC Method: Analysis of Acceptance rates	  
HMC drives (x, p)  towards an equilibrium with a coupled probability 
Using the property of volume preservation, the expected value over this distribution is 

 
 
 
Hence we may consider ΔH as  
The average acceptance rate is determined by 

! exp "!H p,x( )( ) .

exp !!"H( ) = 1! 0 = log exp !!"H( ) = ( cumulant - generating function)
Kn

n!n=1

!

" =

#! "H +
! 2

2
"H ! !H( )

2
+ .........! !H !

!
2

"H ! !H( )
2
=O !t 2 pd( )

p ! 1 the order of the integrator; d is the number of degrees of freedom. 
N ! 0

2 / 2,! 0
2( ) distributed with ! 0

2 = "H ! "H( )
2
.



The HMC Method: Large Systems 	  

•  To keep the average acceptance rate constant as the system size changes 
we have to keep the variance 

•  The calculations for large systems becomes impractical as either time step 
should be decreased or the order of integrator has to be increased.  

•  Thus performance of hybrid Monte Carlo methods degrades as the system 
size increases.  

•  The detailed analysis of the HMC´s performance can be found in [5]. 

! 0
2 constant with ! !t 2pd = constant .
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Hybrid Monte Carlo vs. Molecular Dynamics 

	  Useful	  	  Proper>es	  for	  Sampling	  Methods	  

•  Allow for large moves between consecutive configurations 

•  A move is well defined 

•  Provide dynamic information 

•  Same step size can be used for small or large systems 

•  Do not require derivative computation  

•  Maintain temperature by construction 

•  Free of discretization errors 

HMC  
ü Yes 

ü Yes  

û No 

û No 

ü Yes 

ü Yes 

ü Yes 

 

MD 
û No 

ü Yes 

ü Yes 

ü Yes 

û No 

û No 

û No 
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Evolution of Hybrid Monte Carlo Methods 

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
D’87:	  	  	  Duane	  et.	  al,	  1987	  	  	  	  	  KP’01:	  Kennedy	  &	  Pendleton,	  2001	  	  	  	  	  	  	  	  	  	  	  	  	  GC’10:	  Girolami	  &	  Calderhead	  
H’91:	  	  	  Horowitz,	  	  1991	  	  	  	  	  	  	  	  	  IH’04:	  	  Izaguirre	  &	  Hampton,	  2004	  	  	  	  	  	  	  	  	  	  	  	  	  	  BPSS’11:	  Bescos	  et.	  al,	  2011	  	  
N’93:	  	  	  Neal,	  1993	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  AR’08-‐11:	  	  Akhmatskaya	  &	  Reich,	  2008-‐2012	  	  

Molecular simulation 
 

HMC (D’87) 
Atomistic 

Statistical simulation 
 

HMC (N’93) 

GHMC (H’91, KP’01) 
Generalized  

(more dynamics)  

Meso-GHMC /GSHMC  
(AR’08-11) 
Mesoscale 

MTS-GHMC/ GSHMC  
(AR’08-11) 
Multiscale 

SHMC (IH’04) 
Shadow 

(better sampling) 
GSHMC (AR’08-11) 
Generalized Shadow 

RMHMC (GC’10) 
Riemann manifold 

HMC on Hilbert spaces  
(BPSS’11) 

MD  
       + =  

 MC   



	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Method: 
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  MC	  	  
ü  	  MC move = MD 

Hybrid Monte Carlo (HMC): Summary 

Purpose: 
 
•  Efficient sampling 
•  Reduced discretization error 
•  Rigorous temperature control 

	  	  	  	  	  	  	  	  	  	  	  	  	  	  Applications 
 
•  Molecular simulation  

ü  Moderate systems size 
ü  Thermodynamic properties only 

•  Statistical computation  

61	  



	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Method: 
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  HMC  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ✓	  complete momentum reset  
                                      
                   partial momentum update  
	  

Purpose:	  
	  

•  Keeping dynamical information 

	  	  	  	  	  	  	  	  	  	  	  	  	   Applications 
 
•  Molecular simulation 

ü Moderate systems size 
ü  Thermodynamic properties + limited 

dynamics 
62	  

!

Generalized HMC (GHMC) 



GHMC: Overview 

•  The prototype of the Generalized Hybrid Monte Carlo method (GHMC) 
algorithm was introduced by Horowitz [1]  and got a name Generalized 
guided Monte Carlo.   

•  Horowitz analyzed only the special case of single step trajectories. 
•  The GHMC method by Kennedy and Pendleton [2] is defined as the 

concatenation of two steps each with the desired distribution as a fixed 
point, not ergodic,  but taken together are ergodic. 

•  The steps are: Molecular Dynamics Monte Carlo (MDMC) and Partial 
momentum refreshment Monte Carlo (PMMC). 



GHMC: Molecular dynamics Monte Carlo  
This stage consists of three steps: 

(i)   Molecular dynamics (MD): an approximate integration of Hamiltonian equations 
of motion with the symplectic method ΨΔt over L steps and step-size Δt. The 
resulting time-reversible and volume conserving map from the initial to the final 
state is denoted as  

(ii)   A momentum flip   

(iii)  Monte Carlo (MC): a Metropolis accept / reject test 

Molecular dynamics Monte Carlo (MDMC) satisfies detailed balance condition since 

 

!T p, x( ) = !p , !x( ) ,T = L!t .

!p , !x( ) =
F!T p, x( ) with probability min 1,exp "!"H( )( )

p, x( ) otherwise
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Detailed Balance of MDMC Step  

Given two subsets A and B of phase space R2d , let πAB denote the probability to go 
from A to B. Let 
 
Then                                                          
       
 
 
 

! AB = A !" |"( )## ! "( )d"d !" =

!A "( )!B FUT "( )( )min 1,
! FUT "( )( )

! "( )
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!A "( )!B FUT "( )( )min ! "( ),! FUT "( )( ){ }## d" =

!A FUT !"( )( )!B !"( )min ! FUT !"( )( ),! !"( ){ }## d !" = ! BA

Used substitution !" =FUT "( ) (volume conserving) and  FUT( )2
= id, " + A, !" + B.

! A ,!B !characteristic functions of sets A and B and ! !probability density function.



GHMC: Partial Momentum Refreshment	  
•  We first apply an extra momentum flip F  so that the trajectory is reversed upon 

an MDMC rejection (instead of upon an acceptance).  

•  Then momenta p are mixed with a normal (Gaussian) i.i.d. distributed noise 
vector u ∈ Rm and the complete partial momentum refreshment step is given by 

 

 
      Here N(0, 1) denotes the normal distribution with zero mean and unit variance. 

•  If p and u are both distributed according to the same normal (Gaussian) 
distribution, then so are p′ and u′. This special property of Gaussian random 
variables under an orthogonal transformation makes it possible to conduct the 
partial momentum refreshment step without a Metropolis accept / reject test. 
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GHMC: Special Cases 
•  The standard hybrid Monte Carlo (HMC) algorithm is the special case where  
φ = π/2. The momentum flips may be ignored in this case since p′ = u and the 
previous value of p is entirely discarded. 

•  The Generalized guided MC or Langevin Monte Carlo (L2MC) algorithm of 
Horowitz [2] corresponds to L = 1; i.e., a single MD time-step with T=Δt, and φ 
arbitrary.  

•  L2MC recovers stochastic Langevin dynamics 
 

      
     provided  
     Here W(t) is an d-dimensional Wiener process. Indeed, we find that refreshment      
     momenta without the momentum flip F  becomes 

dp
dt
= !"xV ( x )!! p+ 2!MkBT

dW
dt
, dx
dt

=M !1 p,

! = 2"#t << 1, " = const > 0 ! sin! ~ 2"#t ; cos! ~ 1""#t .

!p " p#!"tp+ 2!"tu.
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GHMC: Pros & Cons 

û  Performance degradation with  
   system size and time step 

û  Momentum flips combined with 
   low acceptance rate leads to   
   an undesirable Zitterbewegung 
   (“trembling motion”) 
  

Pros 

ü  Keeps more dynamical information 
    than HMC 

Cons 



Modified equations (MEs): equations that are exactly satisfied by the 
discrete (approximate) solution. 

•  Defined by an asymptotic expansion in powers of the discretization 
parameter. 

•  If the expansion is suitably truncated, the resulting MEs have a 
solution which is remarkably close to the discrete solution [3] (over 
relatively short time intervals). 

•  MEs of Hamiltonian system of ordinary differential equations are also 
Hamiltonian if and only if the integrator is symplectic. 
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Modified Equations 

	  	  	  	  



      Modified Hamiltonian (        ) 
•  Comparatively cheap and arbitrary accurate approximation of Hamiltonians 

  

•  Exact (by construction) for quadratic Hamiltonians (harmonic motion dominates 
in MD). 

•  Stays close to the true Hamiltonian for short MD simulations (such as in HMC).   
•  Conserved by symplectic integrators to higher  accuracy than true Hamiltonians 

 

                                                   [4, 5]. 

•  Used: (i)   to access the quality of constant energy MD  
          (ii)   to increase the acceptance rate in HMC. 

•  The ways to construct approximations to modified Hamiltonians are suggested 
in [6], [7]. 
  
               

p is an order of an integrator,  
p=2 for Verlet 
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Modified / Shadow Hamiltonians 

!H =O(N!t 2 p )

)2mtO(NH Δ=Δ Δt m!4

Rela>ve	  change	  in	  energies	  
given	  energy	  func>on	  
4−order	  shadow	  energy	  	  
8−order	  shadow	  energy	  

Step-‐size	   10-‐2	  10-‐3	  

100	  

10-‐2	  

10-‐4	  

10-‐6	  

10-‐8	  

10-‐12	  

10-‐10	  

H!t = H +O !tm( ),m " 4.

H!t



	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Method: 
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  HMC  
                
                        ✓             
                
	  

	  	  	  	  Shadow HMC (SHMC) 

Purpose: 
 

•  Improved acceptance rate for 
large systems size 

	  	  	  	  	  	  	  	  	  	  	  	  	  	  Applications 
 
•  Molecular simulation of complex systems 

ü  Thermodynamic properties only 
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SHMC: Overview 
•  Izaguirre & Hampton [8] suggested to implement the standard HMC method 

with respect to a modified canonical density 

 
C is an arbitrary constant that limits the amount by which        is allowed to 
depart from a modified Hamiltonian       . 

•   Any modified target density is suitable as along as 

•   A choice               seems to be ideal for getting an optimal acceptance rate. 
However, since the modified energy  is no longer separable and the momenta p 
are no longer Gaussian distributed, the generation of a new set of momenta via 
a simple acceptance-reject method becomes very costly. This has motivated 
the specific choice of      . 

•  The shadow hybrid Monte Carlo (SHMC) method requires fine tuning the  
parameter C to optimize the performance of the method. 

!! ! exp "" !H( ) , where !H =max H ,H!t "C{ } ,
!H

H!t

!H p,x( ) = !H ! p, x( ) .
!H = H!t

!H



SHMC: Algorithm  
	  Let                                                                          is the target density of SHMC.                                                                        

1.  Given the position x, generate momenta p from Gaussian distribution. Evaluate 
HΔt (p , x ). 

2.  The new momenta are accepted with the probability relative to the discretization  
error between the total and shadow Hamiltonians: 

3.  Repeat Steps 1-2 until a momenta paccept is accepted. 
4.  Given (paccept, x) , integrate the system using the symplectic method ΨΔt over L 

steps with step-size Δt. The resulting time-reversible and volume conserving map 
from the initial to the final state is denoted as 

5.  Evaluate HΔt (pnew , xnew ).                                      
6.  Accept the new configuration   (pnew , xnew ) with the probability  
7.  If rejected, take x as a new position for the next step.  
8.  Repeat Steps 1-7.  

Both the MD and MC steps separately satisfy microscopic reversibility. Thus, SHMC, 
which is the combination of the MD and the MC steps, also satisfies it [8]. 

!!! exp "! !H( ) , where !H =max H ,H!t !C{ }

min 1,exp !!"Ĥ( ){ } , !Ĥ = H!t p, x( )!C !H p,x( ) .

!T paccept , x( ) = pnew , xnew( ) ,T = L!t .

min 1,
!! pnew , xnew( )
!! paccept , x( )

!
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SHMC: Reweighting Post-processing 

Due to sampling with respect to a modified canonical density, the proper 
canonical distribution has to be restored by using re-weighting for 
computing averages. 

Given an observable Ω(p, q) and its values Ωi, i=1, 2, … I along a 
sequence of states (pi, qi), i = 1, 2, …I one must re-weight Ωi to compute 
averages: 

 

 

 

 
As result, any bias introduced by sampling from the shadow Hamiltonian 
is removed by a re-weighting of sampled values. 
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SHMC: Parameters  

SHMC has several parameters / choices that affect its performance: 
•  Random number generator:  Methods with longer periods are preferable. 
•  Integrator chosen for the molecular dynamics 

ü  must be sympletic, e.g. Störmer-Verlet.  
•  Integrator’s parameters: trajectory length L and time step Δt 

ü  L should be long enough so that the longest correlation times of interest are 
sampled during MD step    

ü  The maximum step  Δt is fixed by stability limits of the integrator.        
•  Tuning parameter C to indicate allowed divergence between the shadow and 

the total energy   
ü  Ideally should be chosen proportional to                     in a manner that 

maximizes the acceptance rate but minimizes the variance of any reweighted 
values  
Currently: the choice of parameter is purely empirical. It includes tracing                                
                  by running several initial SHMC steps. 

  

H!t !H

H!t !H



SHMC: Performance  
	  

•  SHMC samples with reasonable efficiency as the system size N and the time step Δt 
are increased. Slight performance degradation: N increases =>greater truncation and 
round off error; Δt increases => instabilities in MD integrator & fastest motions. 

	  	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  	  	  	  	  	  	  	  	  
     Average time per discovered conformation                                         Speedup of SHMC over HMC for BPTI[8] 
	  

•  SHMC has an asymptotic speedup over HMC of	  η = N(m-p)/2mp = O(N1/4),	  	  [8],	  
	  	  	  	  	  	  p is the order of integrator (p=2), m is the order of the Shadow Hamiltonian (m≥4). 
•  The overhead of computing the shadow Hamiltonian is moderate (~10% on bovine 

pancreatic tripsin inhibitor (BPTI)). 
•  Moderate extra storage to keep the history of positions and momenta. 
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SHMC: Pros & Cons 

û  Limited kinetic information 

û  Performance relies on the purely   
   empirical parameter  

  

Pros 

ü Speedup over HMC is of order 
   (Number of Atoms)¼  

Cons 



	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Method: 
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	   HMC  
               ✓             

               ✓  complete momentum reset  
                                      
                    partial momentum update  
	  

	  	  	  	  Generalized Shadow HMC (GSHMC) 

Purpose: 
 

•  Improved acceptance rate for 
large systems size 

•  Keeping dynamical information 

	  	  	  	  	  	  	  	  	  	  	  	  	  	  Applications 
 
•  Molecular simulation of complex systems 

ü  Thermodynamic and kinetic properties 
•  Statistical computation 
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GSHMC: Overview 
•  A Generalized Hybrid Monte Carlo method with respect to a modified Hamiltonian                                        

has been introduced by Akhmatskaya and Reich [7] and is called the Generalized 
Shadow HMC. 

•  The objective was to develop the method which can effectively sample complex 
systems while retaining the dynamical information. For that, the acceptance rate 
in the MDMC step should be kept high which would minimize at essentially no 
additional cost the negative impact of the undesired momentum flips upon 
rejection. 

•  As in case of GHMC, the method consists of two major steps: MDMC and 
PMMC.   

•  The MDMC step was implemented with respect to a modified canonical density  
                                             
      This step is a rather trivial modification of the GHMC method.  
•  The modifications to the momentum refreshment Monte Carlo step are non-trivial 

but vital to the success of the GSHMC method.  
•  The computational overhead compared to GHMC consists in two evaluations of 

the modified Hamiltonian per time step and hence in a small number of additional 
force evaluations. 

!! ! exp ""H#t( ) , where H!t = H +O !tm( ) ,m # 4.



GSHMC: MDMC 
•  The MDMC step remains as in GHMC with only a Hamiltonian replaced by a 

modified Hamiltonian:  

 
•  The computationally feasible approximation of modified Hamiltonians were 

constructed for an arbitrary order m:   

      
                  
              is the mth-order modified Lagrangian density;        is the ith-order derivative of 
     the positions vector calculated by the centered differences method. 
•  For modified energies                            , hence an increase in system size N can 

be counterbalanced by an increase in the order m of the modified energy to keep 
the product of m and N roughly constant. In other words, modified energies offer a 
rather inexpensive way to increase the acceptance rate of the MDMC step. 

!p , !x( ) =
F!T p, x( ) with probability min 1,exp "!"H"t( )( )

p, x( ) otherwise
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GSHMC: Partial Momentum Refreshment	  
•  This step can be viewed as a standard hybrid Monte Carlo method in which x is 

fixed, a vector p plays a role of the “position” and a noise  vector u becomes 
“conjugate momenta”.  

•  The required “Hamiltonian” is provided by  
and defines the reference density  

•   The proposal for (u, p) is taken from the PMMC step for standard GHMC and the 
new set of momenta and the noise vector are accepted according to the 
Metropolis test 
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1.  Given positions x and momenta p0 evaluate shadow Hamiltonians HΔt  at (p0, x).	

2.  Draw u0 from Gaussian distribution. 
3.  Generate momenta p and a vector of auxiliary variables u using momentum update 

procedure and evaluate HΔt (p, x). The new momenta p are accepted with  
 
 

 
4.  Given (p, x), integrate the system using the symplectic method ΨΔt over L steps 

with step-size Δt.  
5.  Evaluate shadow Hamiltonians HΔt at (pnew, xnew). 	

6.  Accept the new configuration (pnew, xnew) with  min{1, exp[–β(HΔt(pnew, xnew) – HΔt(p, x))]}.  

If accepted, choose (p0, x) = (pnew, xnew) as a new configuration, otherwise take x and 
negate momenta p. 

7.  Go to Step 1  
8.  Compute averages for observables Ω(p, x) as 
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GSHMC Algorithm 

i

I

i

ii

I

i

w

w

∑

∑ Ω
〉Ω〈

1=

1==

wi = exp !!( H( pi , xi )!H!t ( pi , xi ))( )

min
1,
exp !! H"t p, x( )+ 12 u

TM !1u
"

#
$

%

&
'

(

)
*

+

,
-

exp !! H"t p0 , x( )+ 12 u0
TM !1u0

"

#
$

%

&
'

(

)
*

+

,
-

.

/

0
0
0

1

0
0
0

2

3

0
0
0

4

0
0
0

.

!T p, x( ) = pnew , xnew( ) ,T = L!t .



•  The momentum flip in the MDMC step upon rejection needed to keep detailed balance 
may lead to a Zitterbewegung (going forward and backward) in the molecular trajectories 
for high rejection rates. This causes a loss of dynamical properties of the simulated 
system.  

•  It has been argued in [1, 11] that this Zitterbewegung is also the main obstacle to 
achieve better sampling efficiency under the GHMC methods. 

•  Recent results [10] have demonstrated that an implementation of GHMC with no such 
momentum flipping is capable of accurately reproducing the desired distribution though  
the algorithm cannot be proven to satisfy the balance condition that ensures proper  
sampling.  

•  Wagoner and Pande [11] suggested a simple  
method, referred to as reduced-flipping GHMC, that 
uses the information of the previous, current, and  
candidate states to reduce the probability of  
momentum flipping following candidate rejection  
while rigorously satisfying the balance condition.  
This method is a simple modification to traditional,  
automatic-flipping GHMC methods and significantly 
mitigates the impact of such algorithms on dynamics 
and simulation mixing times. 

Momentum flip 
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Tunable parameters of GSHMC  

	  
•  To increase sampling efficiency:  

ü  Keep the rejection rate, R, in the momentum update ~40%    
ü  Repeat the momentum update step (in parallel) to keep R low 
ü  Use a change of variables in momentum update to decrease R  

•  To retain the dynamical information: 
ü  Keep the simultaneous rejection of position and momentum around 1% by 

adjusting the values of parameters 
ü  Alternatively, use GSHMC without momentum flip choosing ϕ  to be small and 

the position rejection rate around 10%.  
•     The proper parameter tuning methodology is required! 
	  

Parameters	   Too	  large	   Too	  small	  

Order	  of	  	  	  	  	  	  	  	  	  	  	  	   Computa=onal	  overheads	  	   Increase	  in	  rejec=on	  rate	  

Time-‐step,	  Δt	   Inaccurate	  	   Computa=onally	  demanded	  

Number	  of	  MD	  steps,	  
NMD	  

Increase	  in	  rejec=on	  rate	  
	  

Reduc=on	  in	  sampling	  
efficiency	  

Angle,	  ϕ	   Increase	  in	  rejec=on	  rate	  	   Reduc=on	  in	  sampling	  
efficiency	  

ΔtH
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Performance of GSHMC 
•  LZM protein: GSHMC outperforms 

HMC by at least a factor of order of 
(Number of Atoms)¼ for small time 
steps. For large steps it still 
demonstrates a stable high 
acceptance rate whereas HMC fails 
to converge 

•  Peptide toxin / bilayer system: 
GSHMC offers ~10x increase in 
sampling  efficiency (from analysis 
of ACFs) compared to conventional 
MD simulation 
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Simulation model: 
•  The toxin is initially placed at a wrong location. 

•  The rate of drift of the toxin to the preferred  
interfacial location is measured.  

•  Simulation techniques: Coarse Grained (CG) MD,  
GSHMC. 

Results: GSHMC is a factor of 10 more efficient than MD. 

Application of GSHMC to peptide toxin/bilayer system [12] 

New Hybrid Monte Carlo Methods for 
Efficient Sampling: 

!"#$%&'()*+)%,#%-*#.#/(%012%3,0,*),*+)

BCAM 2010

Elena Akhmatskaya
Fujitsu Laboratories of Europe, UK / 
Basque Center for Applied Mathematics, Spain  



Large scale simulation of Aluminum-Serum transferrin complexes [13] 
 

Objective: to study the mechanism of binding and  
release of Aluminum by serum Transferrin (sTf) 
Simulation Model:  
•  Measured distance between the COMs of two 

subdomains forming sTf using MD and GSHMC  
•  Both methods, MD and GSHMC, reproduced 

unfolding 
•  Analysis of autocorrelation functions suggests: 

GSHMC reaches the unfolded phase up to 7 
times faster than MD 

Close Open 
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GSHmMC 
•  Generalized shadow Hamiltonian Monte Carlo  (GSHmMC) has been suggested  by 

Akhmatskaya & Reich [9] for solving statistical inference problems in the same manners 
as the hybrid Monte Carlo (HMC) method. 

•  The method samples the posterior distribution  
where f - probabilistic model connecting data y  with unknown parameters x, 
 π0  -   the prior distribution in x (which is often assumed to be Gaussian) and  

•  GSHmMC has the same formulation as GSHMC but ‘position’, ‘momentum’ , positive-
defined ‘mass’ matrix and the guide Hamiltonian                                                             
have no physical interpretation.   
The associated Hamiltonian equations are: 

Advantages:  
•  Makes efficient use of gradient information to reduce random walk behavior. 
•  Moves across the sample space in large steps: less correlated and converges to the 

posterior target distribution more rapidly. 
•  Largely eliminates the dependence of the acceptance rate on the system size. 

Applications:    risk assessment, data assimilation. 

V( x )=!log f ( y| x )!log!0( x ).

!(x)! f(y | x)!0 (x)" exp(-V(x)),

H( p, x ) = 1
2
pTM !1 p+V( x )

dp
dt

= !"xV x( ) , dx
dt

=M !1 p.
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GSHMC: Pros & Cons 

û  Momentum flips might degrade 
performance for some 
combinations of parameters 

û  Lack of an intelligent procedure 
for tuning the parameters of the 
method   
  

Pros 

ü  Outperforms HMC, GHMC, MD in 
sampling efficiency  

ü Accurately reproduce dynamical 
properties of the simulated systems   

Cons 
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Conclusions 

•  Some useful variations of Monte Carlo have been introduced. 
•  The ways of constructing new Monte Carlo based algorithms were 

suggested. 
•  The performance and performance evaluation of Monte Carlo algorithms 

was discussed.  
•  Many other useful types of Monte Carlo algorithms are beyond the scope of 

this short introductory course, e.g. Reversible Jump MCMC, Metropolis-
Hastings, Adaptive MCMC, Kinetic/Dynamic Monte Carlo, Umbrella 
Sampling….. 

•  Also, we did not discuss many important application areas such as 
Genetics, Astrophysics, Statistical Ecology, Epidemiology, Education as well 
as the specially designed MC algorithms for those problems. 

•  To fill the gap, we would refer you to Handbook of Markov Chain Monte 
Carlo, Edited by Steve Brooks , Andrew Gelman , Galin L . Jones and Xiao-
Li Meng, Chapman and Hall/CRC, 2011. 


