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CHAPTER 1

Rescaled Markov Processes and Fluid Limits
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1. Introduction

It is in general quite difficult to have a satisfactory description of an ergodic
Markov process describing a stochastic network. When the dimension of the state
space d is greater than 1, the geometry complicates a lot any investigation : Ana-
lytical tools of Chapter ?? for dimension 1 cannot be easily generalized to higher
dimensions. Note that the natural order on the real line plays an important role for
Wiener-Hopf methods. The example of queueing networks seen in Chapter ?? for
which the stationary distribution has a product form should be seen as an interest-
ing exception, but an exception. In the same way as in Chapter ??, it is possible
nevertheless to get some insight on the behavior of these processes through some
limit theorems. In this chapter, limit results consist in speeding up time and scaling
appropriately the process itself with some parameter. The behavior of such rescaled
stochastic processes is analyzed when the scaling parameter goes to infinity. In the
limit one gets a sort of caricature of the initial stochastic process which is defined
as a fluid limit (see the rigorous definition below). As it will be seen, a fluid limit
keeps the main characteristics of the initial stochastic process while some stochastic
fluctuations of second order vanish with this procedure. In “good cases”, a fluid
limit is a deterministic function, solution of some ordinary differential equation.
As it can be expected, the general situation is somewhat more complicated. These
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4 1. RESCALED MARKOV PROCESSES AND FLUID LIMITS

ideas of rescaling stochastic processes have emerged recently in the analysis of sto-
chastic networks, to study their ergodicity properties in particular. See Rybko and
Stolyar[1] for example. In statistical physics, these methods are quite classical, see
Comets[2].

The chapter is organized as follows: Section 2 gives the basic definitions con-
cerning the scaling of the stochastic process, fluid limits in particular are introduced.
Several examples are presented and discussed. Section 3 introduces a large class of
Markov processes for which general results on the existence of fluid limits hold. Sec-
tion 4 investigates the relation between fluid limits and solutions of some Skorohod
problem (see Annex ??). Section 5 establishes a relation between ergodicity of the
initial stochastic process and stability of fluid limits at 0. An interesting example
of a null-recurrent Markov process having fluid limits converging to 0 concludes the
section. Section 6 studies fluid limits of Markov processes having a subset of their
coordinates at equilibrium.

In the following, (X(x, t)) denotes an irreducible càdlàg Markov jump process
on a countable state space S starting from x ∈ S, i.e. such that X(x, 0) = x ∈ S.
The notation (X(t)) can be used when the dependence on the initial point is not
ambiguous. As before, Nξ(ω, dx), ω ∈ Ω, denotes a Poisson point process on R

with parameter ξ ∈ R+, all Poisson processes used are assumed to be a priori
independent. The topology on the space of probability distributions induced by
the Skorohod topology on the space of càdlàg functions D([0, T ],Rd) is used. The
reading of Annex ?? is recommended, the definition and the main results on this
topology are briefly recalled there.

Note that the assumption of a countable state space forbids to consider queue-
ing networks with general service distributions or general interarrival distributions.
This is not a real restriction since, in general, fluid limits do not really depend on
distributions but on their averages. Hence the assumption that all distributions
considered are exponential is only formally restrictive. As usual, it simplifies much
the description of the underlying Markov process: Forward recurrence times vectors
for interarrival intervals and services can be safely ignored. Note that among clas-
sical models there are some exceptions to this fact: The G/G/1 Processor-Sharing
queue has a fluid limit which depends on the distribution of services; see Jean-Marie
and Robert[3].

Since this topic is quite recent and still evolving (some important questions are
still open, see Section 7 for a quick survey), this chapter is only an introduction
to fluid limits. Generally speaking, the main goal of this chapter is to advertise
the use of scaling methods in the study of complex Markov processes. For this
reason, simple examples are scattered in the text to illustrate some of the problems
encountered.

[1] A.N. Rybko and A.L. Stolyar, On the ergodicity of random processes that describe the func-

tioning of open queueing networks, Problems on Information Transmission 28 (1992), no. 3,
3–26.

[2] Francis Comets, Limites hydrodynamiques, Astérisque (1991), no. 201-203, Exp. No. 735,
167–192 (1992), Séminaire Bourbaki, Vol. 1990/91. MR 93e:60194

[3] Alain Jean-Marie and Philippe Robert, On the transient behavior of some single server

queues, Queueing Systems, Theory and Applications 17 (1994), 129–136.
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A different scaling is presented in Section ?? of Chapter ?? for the simple case
of the M/M/∞ queue, see Hunt and Kurtz[4] for a presentation of the general case.
For this scaling, some of the methods of this chapter can be used (martingale parts
of the associated Markov processes also vanish asymptotically for example).

2. Rescaled Markov Processes

Throughout this chapter, it is assumed that the state space S can be embedded
in a subset of some normed space (Rd for example), ‖ · ‖ denotes the associated
norm.

Definition 1. For x ∈ S, (X(x, t)) denotes the process (X(x, t)) renormalized so
that for t ≥ 0,

X(x, t) =
1

‖x‖X
(
x, ‖x‖t

)
.

As usual, if there is no ambiguity on x, the notation (X(t)) will be used.

The scaling consists in speeding up time by the norm of the initial state and
the space variable by its inverse. The rescaled process starts from x/‖x‖, a state
of norm 1.

Only continuous time Markov processes are considered in this chapter. In
discrete time, if (Xn) is a Markov chain, the corresponding rescaled process can be
also defined by

X(x, t) =
X⌊‖x‖t⌋

‖x‖ ,

if X0 = x ∈ S and t ∈ R+, where ⌊y⌋ is the integer part of y ∈ R. Most of the
results of this chapter are also valid in this case.

2.1. Fluid Limits.

Definition 2. A fluid limit associated with the Markov process (X(t)) is a sto-
chastic process which is one of the limits of the process

(
X(x, t)

)
=

(
X(x, ‖x‖t)

‖x‖

)

when ‖x‖ goes to infinity.

Strictly speaking, if Qx is the distribution of (X(x, t)) on the space of càdlàg

functions D(R+,S), a fluid limit is a probability distribution Q̃ on D(R+,R
d) such

that

Q̃ = lim
n

Qxn

for some sequence (xn) of S whose norm converges to infinity. By choosing an
appropriate probability space, it can be represented as a càdlàg stochastic process

(W (t)) whose distribution is Q̃. A fluid limit is thus an asymptotic description of
sample paths of a Markov process with a large initial state.

2.2. Examples.

[4] P.J. Hunt and T.G Kurtz, Large loss networks, Stochastic Processes and their Applications
53 (1994), 363–378.
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2.2.1. A Random Walk on Z. For λ > 0, Nλ is a Poisson process on R with
intensity λ (as usual Nλ(A) denotes the number of points of Poisson process Nλ in
a Borelian subset A of R). Let (Yi) be an i.i.d. sequence of integer valued random
variables having a finite second moment. For x ∈ Z, the process (X(x, t)) defined
by

X(x, t) = x+

Nλ(]0,t])∑

i=1

Yi

is clearly a Markov process. The associated rescaled process (X(x, t)) is given by

X(x, t) =
1

|x|


x+

Nλ(]0,|x|t])∑

i=1

Yi


 ,

if t ≥ 0 and x ∈ Z. The independence properties of the Poisson process and the
sequence (Yi) give that

(
X(x, t)− x

|x| − λE(Y0)t

)

=


 1

|x|

Nλ(]0,|x|t])∑

i=1

(Yi − E(Y0)) +
E(Y0)

|x| [Nλ(]0, |x|t])− λ|x|t]




is a martingale whose increasing process is
[
1

|x|λt
[
var(Y0) + E(Y0)

2
]]

.

Doob’s Inequality (Theorem ?? page ??) shows that for ε > 0 and t ≥ 0,

P

(
sup

0≤s≤t

∣∣X(x, s) − sgnx− λE(Y0) s
∣∣ ≥ ε

)
≤ 1

|x|ε2 λt
[
var(Y0) + E(Y0)

2
]
,

where sgn z = 1 if z ≥ 0 and −1 otherwise. Therefore, Proposition ?? shows that
the process (X(x, t) − sgnx) converges to (−λE(Y0) t) as |x| goes to infinity. This
process has therefore two fluid limits given by (−1 + λE(Y0) t) and (1 + λE(Y0) t).

Using Donsker’s Theorem, it is easily seen that for a large non-negative x then

X(x, t) =
1

|x|X(x, t|x|) ∼ (1 + λE(Y0) t) +
1√
|x|

σB(t),

where (B(t)) is a standard Brownian motion and σ =
√
λ var(Y0). Scaling the

Markov process has the effect of erasing stochastic (Brownian) fluctuations around
a linear deterministic sample path.

When E(Y0) = 0, the scaling does not give much information since the corre-
sponding fluid limits (1) and (−1) are degenerate as stochastic processes. In this
case the natural scaling is the central limit scaling,

(1.1)

(
1

|x|
(
X
(
x, |x|2t

)
− x
))

which converges in distribution to (
√
λ var(Y0)B(t)). To catch interesting events,

time scale has to be much faster than space scale. In fact, the scalings considered
in this chapter are of first order (functional law of large numbers also called Euler’s
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scaling). On the contrary, Scaling (1.1) is of second order (functional central limit
theorem).

2.2.2. The M/M/1 Queue. The arrival rate is λ and the service rate µ, L(t) is
the number of customers of the queue at time t ≥ 0. The rescaled process is given
by

L(N, t) =
1

N
L(Nt),

when L(0) = N ∈ N. Proposition ?? page ?? of Chapter ?? on the M/M/1 queue
shows the convergence

(
L(N, t)

)
−→

(
(1 + (λ− µ) t)

+
)
,

when N goes to infinity, again by using Proposition ?? page ??. The function
(1 + (λ− µ) t)

+
is therefore the unique fluid limit of this Markov process.

1

1

lN,1(t)/N

lN,2(t)/N

L(xN , t)

0 y

1− y
λ1 − µ1

µ1 − µ2

λ1

µ1

µ2

λ1
µ2

µ1 λ1

Figure 1. Two Queues in Tandem : A Limiting Trajectory

2.2.3. Two Queues in Tandem. The arrival process is Poisson with parameter
λ1, customers are served at rate µ1 in the first queue and rate µ2 in the second
queue. For i = 1 and 2, the quantity li(t) denotes the number of customers in
queue i at time t ≥ 0. The associated Markov process is (L(t)) = (l1(t), l2(t)). It
is assumed that λ1 < µ2 ≤ µ1, these conditions imply in particular the Markov
process (L(t)) is ergodic (Proposition ?? page ??).

The discussion that follows on the corresponding fluid limits is not entirely
rigorous, but it gives a practical point of view on how fluid limits can be identified.
By formulating the problem as a Skorohod problem, it will be rigorously established
in Section 4. Section 6 presents another approach to characterize fluid limits.

The state space is N2 and the norm is defined by ‖z‖ = |z1| + |z2|, for z =
(z1, z2) ∈ R2. Let (xN ) be a sequence of initial states whose norm converges to
infinity. By taking a subsequence, it can be assumed that the sequence (xN/‖xN‖)
converges to some point in the unit sphere of R2

+, hence for N ∈ N,

• xN = (lN,1(0), lN,2(0)) ;
• lN,1(0) + lN,2(0) = N ;
• the sequence (lN,1(0)/N) converges to y ∈ [0, 1], in particular the sequence
of the rescaled initial states (xN/‖xN‖) converges to (y, 1− y).
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The associated rescaled process is defined by

L(xN , t) =

(
lN,1(Nt)

N
,
lN,2(Nt)

N

)
.

The first component of L(xN , t) is simply a rescaled M/M/1 queue, consequently
the convergence (

lN,1(Nt)

N

)
→
(
(y + (λ1 − µ1)t)

+
)
,

holds when N goes to infinity. If τN is the first time when queue number 1 is empty,
then almost surely the variable τN/N converges to t1 = y/(µ1 − λ1) as N tends
to infinity. As long as the first queue is non-empty, the second queue receives a
Poissonian input with rate µ1 therefore, the convergence

(
lN,2(Nt)

N

)
N→+∞−→ (1− y + (µ1 − µ2)t) ,

holds for t < t1.
After time τN , the first queue starts from 0 and reaches equilibrium rapidly

(Proposition ?? page ??), its output process is therefore approximately Poisson.
Because of the fast time scale of the rescaled process, the second queue can therefore
be thought as an M/M/1 queue receiving a Poisson process with rate λ1 and
starting from lN,2(τN ) moreover, almost surely

y1
def.
= lim

N→+∞

lN,2(τN )

N
= 1− y +

µ1 − µ2

µ1 − λ1
y = 1 + (λ1 − µ2)t1.

Consequently, for t > t1,(
lN,2(Nt)

N

)
→ (y1 + (λ1 − µ2)(t− t1))

+

= (1 + (λ1 − µ2)t)
+.

To summarize, when N tends to infinity the convergence

(1.2)
(
L(xN , t)

)
→






[y + (λ1 − µ1)t, 1− y + (µ1 − µ2)t] for t ≤ t1,

[0, (1 + (λ1 − µ2)t)
+] for t ≥ t1,

holds, with t1 = y/(µ1 − λ1).

It is easily checked that the only possible limit for the rescaled process
{
L(x, t) : x ∈ N2

}

are the piecewise linear functions defined by Equation (1.2) for some y in [0, 1].
2.2.4. Non-Uniqueness of Fluid Limits. For the examples investigated up to

now, if the rescaled initial states (xN/‖xN‖) converges to some x as ‖xN‖ goes to
infinity, the sequence (XN (xN , t)) of rescaled processes converges. The correspond-
ing fluid limits depend only on x and not on the particular sequence (xN/‖xN‖) of
initial states converging to x.

An example shows that this is not always the case. One considers a Markov
jump process on S = Z× N whose Q-matrix Q = (qxy) is given by (see Figure 2),

for i ∈ Z, q(i,j)(i,j−1) = α if j ≥ 1, q(i,j)(i,j+1) = β if j ≥ 0,

for j ∈ N, q(i,j)(i+1,j) = λ if i > 0, q(i,j)(i−1,j) = µ if i > 0,

q(i,j)(i−1,j) = λ if i < 0, q(i,j)(i+1,j) = µ if i < 0,

q(0,j)(1,j) = λ/2, q(0,j)(−1,j) = λ/2.
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β − α
λ− µ λ− µ

000

1
XN (t)λ
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α

µ µ
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α
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λ/2 λ/2

Figure 2. Limiting Trajectories for a Markov Process on Z× N

It is assumed that α > β and λ > µ. If (X(t)) = (X1(t), X2(t)) is the as-
sociated Markov process, (X2(t)) can be thought as the number of customers of
a stable M/M/1 queue whose arrival rate is β and service rate α. For t ≥ 0,
define (XN (t)) = (XN,1(t), XN,2(t)) the associated rescaled process. Its second
component clearly converges to ((1 + (α − β)t)+).

The process (|X1(t)|) is clearly the number of customers of an M/M/1 queue
whose arrival rate is λ and service rate µ. According to the assumption λ > µ, it is
transient. Therefore, almost surely, (|X1(t)|) visits 0 only a finite number of times,
thus (X1(t)) has a constant sign after some time.

If X(0) = (⌊
√
N⌋, N) then XN,1(t) is non-negative for any t ≥ 0 with a prob-

ability converging to 1 as N goes to infinity. Indeed, a transient M/M/1 starting

from
√
N does not visit 0 with a probability converging to 1 as N tends to infinity.

Consequently, the sign of the first component of the rescaled process is positive,

lim
N→+∞

XN (0) = (0, 1) and
(
XN (t)

)
→
[
λ− µ)t, (1 + (α− β)t)+

]
.

In the same way if X(0) = (−⌊
√
N⌋, N) then

lim
N→+∞

XN (0) = (0, 1) and
(
XN (t)

)
→
[
−(λ− µ)t, (1 + (α− β)t)+

]
.

The two sequences (⌊
√
N⌋, N) and (−⌊

√
N⌋, N) of initial states have the same limit

(0, 1) for the initial point of the rescaled process but they give rise to two different
fluid limits.

2.2.5. A Non-Deterministic Fluid Limit. The scaling considered in this chapter
removes some of the stochastic fluctuations (it has been seen for the case of random
walks, see Section 3 for a more general picture) Nevertheless, this procedure does
not remove all the randomness of the initial stochastic process as it will be shown.

In the last example, one takes the sequence of initial states (xN ) = (0, N).
By symmetry, the first coordinate converges to +∞ or −∞ with probability 1/2.
Therefore, as N goes to infinity, the first component of the rescaled process con-
verges to ((λ − µ)t) with probability 1/2 and to (−(λ− µ)t) with probability 1/2.
The limit of the rescaled process (XN (t)) is not deterministic in this case since the
scaling does not affect the final sign of the first component.

2.2.6. A Process Without a Fluid Limit: The M/M/∞ Queue. The arrival
and service rates are given respectively by λ and µ, and (L(t)) is the process of the
number of customers of this queue. If the initial state is N , the rescaled process is
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given by

LN (t) =
1

N
L(Nt).

For a ∈ N, Ta denotes the hitting time of a for (L(t)), Propositions ?? and ??

page ?? show that for any ε > 0 and K > 0,

lim
N→+∞

PN

(
T0

N
≥ ε

)
= 0, and lim

N→+∞
P0

(
TεN

N
≤ K

)
= 0.

Thus, for 0 < s ≤ t,

PN

(
sup

s≤u≤t
LN (u) > ε

)
≤ PN (T0/N ≥ s) + PN

(
T0/N ≤ s, sup

s≤u≤t
> ε

)
,

the strong Markov property shows that the second term of the right hand side of
this inequality is bounded by

P0 (TεN/N ≤ t) .

Therefore, the convergence

lim
N→+∞

PN

(
sup

s≤u≤t
LN (u) > ε

)
= 0

holds for ε > 0 and 0 < s ≤ t.
The process (1{0}(t)) is therefore a candidate for a possible limit of the rescaled

process (LN (t)). Indeed, using the notation of Section ?? on Skorohod topology,
the inequality

dT (f, g) ≥ |f(0)− g(0)|
holds for any function f and g of D([0, T ],R) where dT (f, g) is the distance of Sko-
rohod topology. The mapping (z(t)) → z(0) is therefore continuous on D(R+,R).
A fluid limit of this queue is necessarily 1 at t = 0. One concludes that the M/M/∞
queue does not have any fluid limit since the only possible limit is not right con-
tinuous at 0.

If these (quite formal) topological considerations are ignored, the possible “fluid
limit” for this scaling is hardly of any interest to understand the qualitative be-
havior of this queue. The scaling considered in Chapter ?? page ?? is much more
interesting from this point of view.

2.3. Fluid Limits as Dynamical Systems. The state space S is supposed
to be included in a cone H of a normed space (if α ∈ H and λ > 0, then λα ∈ H).
It is assumed that S “approximates” H , i.e. for any α ∈ H−{0}, there exists some
sequence (xN ) of S such that (xN/N) converges to α.

For any α ∈ H such that ‖α‖ = 1, it is assumed that there exists some contin-
uous deterministic process (Tt(α)) such that the convergence of processes

(1.3) lim
‖x‖→+∞
x/‖x‖→α

(
X(x, ‖x‖t)

‖x‖

)
= (Tt(α)) .

holds. This amounts to say that fluid limits of the Markov process (X(x, t)) are
indexed by the unit ball restricted to H . It will be seen that this is the case for
Jackson networks for example.
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The operator Tt is defined, a priori, on the unit ball. It can be extended to
H − {0} in the following way: For α ∈ H − {0} and t ≥ 0, set

Tt(α) = ‖α‖Tt/‖α‖

(
α

‖α‖

)
.

By writing, for N ≥ 1,

X(x,Nt)

N
= ‖α‖X(x,N‖α‖ t/‖α‖)

N‖α‖ ,

it is easily seen that the extension of Tt is a natural generalization of Equation (1.3)
since the convergence

(1.4) lim
‖x‖,N→+∞

x/N→α

(X(x,Nt)/N) = (Tt(α))

holds for α ∈ H − {0}.
Proposition 1.1 (Semi-Group Property). If Convergence (1.3) holds, the opera-
tors (Tt) have the following properties, for s, t ≥ 0,

Ts+t = Tt ◦ Ts.

For u > 0, t ≥ 0 and α ∈ H − {0}
Tut(α) = uTt(α/u).

Proof. A sequence (xN ) of S such that xN/N converges to α ∈ H − {0} is fixed.
By using Skorohod’s representation Theorem ?? page ??, it can be assumed that
(X(xN , Nt)/N) converges almost surely to (Tt(α)) for the Skorohod topology when
N goes to infinity. The identity in distribution, for s, t ≥ 0,

(1.5) X(xN , N(s+ t))
dist.
= X(X(xN , Ns), Nt)

is a consequence of the Markov property. By Proposition 5.2 page 118 of Ethier
and Kurtz [5] and the fact that the function u → Tu(α) is continuous, the sequence
(X(xN , Ns)/N) converges almost surely to Ts(α). By dividing Equation (1.5) by
N and by taking the limit, one gets that Ts+t(α) = Tt(Ts(α)). The semi-group
property is proved. The last identity of the proposition directly follows from Equa-
tion (1.4). �

Under the assumptions of the above theorem, the Markov process is trans-
formed, via the scaling, into a dynamical system (Tt) on H . The discrete structure
of S is thus replaced by the “continuous” manifold H of a normed space. This is
an important aspect of fluid limits since the continuous structure of H may lead to
some classical calculus. A typical situation is when (Tt) is the dynamical system
generated by a deterministic differential equation which is a classical situation in
ergodic theory. See Arnol′d [1].

3. Fluid Limits of a Class of Markov Processes

In this section, general properties of fluid limits of a large class of Markov
processes with values in Nd are investigated. If some other Markov processes do
not fit exactly in this class, the technical arguments used here can be applied in
many situations.
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From now on, dimension d ∈ N is fixed, the L1-norm on Zd is denoted by ‖ · ‖,
i.e. ‖m‖ = |m1|+ · · ·+ |md| if m = (mk) ∈ Rd.

Definition 3. A Markov jump process (X(t)) belongs to the class (C) if its Q-
matrix Q = (qxy ; x, y ∈ S) given by

qx,x+m =
∑

i∈I

1{x∈Ci}λiνi({m}),

for x ∈ Nd, m ∈ Zd and qxy = 0, where I is at most countable and, for i ∈ I,

• Ci is a subset of Rd ;
• νi is a probability distribution on Nd;
• λi ≥ 0;
• ∑i∈I λi

∫
Zd ‖m‖2νi(dm) < +∞.

For i ∈ I, x and m ∈ Nd, when the process is at x is in the set Ci, it jumps from
x to x+m according to a Poisson process with intensity λiνi({m}). The dynamic
of these Markov processes is locally constant: The transition rates do not change
as long as it is inside or outside Ci.

Such a Markov process can also be seen as the solution of the stochastic differ-
ential equation

(1.6) dX(t) =
∑

i∈I

1{X(t−)∈Ci}

∫

Zd

mVi(dt, dm),

where Vi is a Poisson process on R+ × Zd with intensity λi dt ⊗ νi(dm). The
point processes Vi, i ∈ I are assumed to be independent. The integral on Zd

in Equation (1.6) is with respect to the variable m. Note that for a fixed t, the
marked point process Vi(dt, dm) is either the null measure or a Dirac mass (see
Proposition ?? page ??).

Differential Equation (1.6) is vector-valued, if j = 1, . . . , d, for the jth coordi-
nate, it can be written

(1.7) dXj(t) =
∑

i∈I

1{X(t−)∈Ci}

∫

Zd

mj Vi(dt, dm).

Proposition ?? page ?? in Annex ?? establishes existence and uniqueness of the
solutions of such differential equations.

Examples.
The M/M/1 queue. The number of customers (L(t)) can be represented as the

solution of the equation

dL(t) = Nλ(dt)− 1{L(t−) 6=0}Nµ(dt),

if the arrival and service rates are respectively given by λ and µ (see Equation (??)
page ??). Set the point processes V1(dt, dm) = Nλ(dt) ⊗ δ1 and V2(dt, dm) =
Nµ(dt) ⊗ δ−1, with C1 = N and C2 = N − {0} (δx is the Dirac mass in x). This
equation is clearly of type (1.6). More generally, the vector of the number of
customers in a Jackson network has also this property.

Jackson Networks With d Nodes. By using the notations of Section ?? page ??,
P = (pij) is the routing matrix, (λi) and (µi) the vectors of the arrival and service
rates at the nodes of the network. A column and a row is added to the routing
matrix so that pi0 = 1−pi1−· · ·−pid for 1 ≤ i ≤ d, p0i = 0 and p00 = 1, R denotes
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this (d+1)× (d+1) matrix. The vectors ei, i = 1, . . . , d are the unit vectors in Rd

and e0 = 0.
For i, j ≤ d with i > 0, Cij = {n = (nk) : ni > 0} and Vij is a Poisson process

with intensity µipij dt⊗ δej−ei ; C0j = Nd and V0j is Poisson with rate λj dt⊗ δej .
The process Vij represents the arrival process at queue j coming from queue i,
V0i is the external arrivals at node i and Vj0 is associated with the departures of
the network from node j. With the same method used to prove Equations (??)
page ?? and Equation (??) page ??, it is easily checked that the solution (X(t)) of
the stochastic differential equation

dX(t) =
∑

0≤i,j≤d,
(i,j) 6=(0,0)

1{X(t−)∈Cij}

∫

Zd

mVij(dt, dm)

has the same distribution as a Markov process describing a Jackson network with
the parameters defined above.

A Priority Queue. Two classes of customers, class 1 and class 2, arrive at this
queue. For i = 1, 2, customers of class i arrive according to a Poisson process with
parameter λi and are served at rate µi. Class 1 customers have absolute priority
on the class 2 customers, i.e. a customer of class 2 can only be served when no
customer of class 1 is present in the queue.

By taking C−
1 = {n = (n1, n2) : n1 > 0}, C−

2 = {n = (0, n2) : n2 > 0} and for
i = 1, 2, C+

i = N2, V +
i a Poisson process with rate λi dt ⊗ δei and V −

i a Poisson
process with rate µi dt ⊗ δ−ei , the solution L(t) = (L1(t), L2(t)) of the differential
Equation (1.6) has the same distribution as a Markov process describing the priority
queue. In the same way, Markov processes describing networks of priority queues
belong also to class (C).

If X is a Markov process of class (C), for x ∈ Nd,
(
X(x, t)

)
denotes the rescaled

process, for t ≥ 0

X(x, t) =
1

‖x‖X(x, ‖x‖t).

An elementary, but useful, property of these Markov processes is proved in the next
proposition. (See Section 5 page 27.)

Proposition 1.2. If (X(t)) is a Markov process of class (C), for T > 0, the random
variables

{
‖X‖(x, T ) ; x ∈ Nd

}
=

{‖X(x, ‖x‖T )‖
‖x‖ ; x ∈ Nd

}

are uniformly integrable.

Uniform integrability is defined in Annex ?? page ??.

Proof. It is enough to prove that the second moments of these variables are
bounded, i.e.

sup
x∈Nd

E
(
(‖X‖(x, T ))2

)
< +∞.

For i ∈ I, Proposition ?? page ?? shows that the process

(1.8)

(∫

]0,t]×Zd

‖m‖
[
Vi(ds, dm)− λi ds νi(dm)

]
)
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is a martingale with the increasing process
(
λi

∫

Zd

‖m‖2 νi(dm) t

)
.

By independence of the Poisson point processes Vi, i ∈ I), the martingales defined
by Equation (1.8) are independent, with zero mean and therefore orthogonal.

For t ≥ 0, Relationship (1.6) gives the upper bound

‖X(x, t)‖ ≤ ‖x‖+
∑

i∈I

∫

]0,t]×Zd

‖m‖Vi(ds, dm).

The elementary inequality (x1 + x2 + x3)
2 ≤ 9(x2

1 + x2
2 + x2

3) yields

1

3
E

(
(‖X(x, t)‖)2

)
≤ ‖x‖2 +

(
∑

i∈I

λi

∫

Zd

‖m‖ νi(dm) t

)2

+ E

(
∑

i∈I

∫

]0,t]×Zd

‖m‖ [Vi(ds, dm)− λi ds νi(dm)]

)2

.

By independence of the martingales defined by Equation (1.8), the right hand side
of this inequality is

‖x‖2 +
(
∑

i∈I

λi

∫

Zd

‖m‖ νi(dm) t

)2

+
∑

i∈I

λi

∫

Zd

‖m‖2 νi(dm) t,

consequently for T > 0,

E

((‖X(x, ‖x‖T )‖
‖x‖

)2
)

≤ 3

(
1 +

1

‖x‖
∑

i∈I

λi

∫

Zd

‖m‖2 νi(dm)T +

(
λi

∫

Zd

‖m‖ νi(dm)T

)2
)
,

the second moments of the rescaled processes at time T are thus bounded as ‖x‖
tends to infinity. The proposition is proved. �

For 1 ≤ j ≤ d, stochastic differential Equation (1.7) shows that the process

(Mj(x, t)) =

(
Xj(t)−Xj(0)−

∑

i∈I

λi

∫

Zd

mj νi(dm)

∫ t

0

1{X(s)∈Ci} ds

)

=

(
∑

i∈I

∫

]0,t]×Zd

1{X(s−)∈Ci}mj

[
Vi(ds, dm)− λi ds νi(dm)

]
)

(1.9)

is a martingale. In the same way as in the above proof, Proposition ?? page ??

shows that its increasing process is given by

(〈Mj〉 (x, t)) =
(
∑

i∈I

∫

]0,t]×Zd

1{X(s)∈Ci}λi ds m
2
j νi(dm)

)
.

The process
(
M j(x, t)

)
is the martingale (1.9) rescaled, i.e.

Mj(x, t) =
1

‖x‖Mj(x, ‖x‖t).
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The increasing process of this martingale is

〈
M j

〉
(x, t) =

1

‖x‖2
∑

i∈I

∫

]0, ‖x‖t]×Zd

1{X(x,s)∈Ci}λi ds m
2
j νi(dm)

=
1

‖x‖
∑

i∈I

∫

]0,t]×Zd

1{X(x,‖x‖s)∈Ci}λi ds m
2
j νi(dm).

From Doob’s Inequality one gets that for ε > 0 and t ≥ 0,

P

(
sup

0≤s≤t
|M j(x, t)| ≥ ε

)
≤ 1

ε2
E
(
M j(x, t)

2
)
=

1

ε2
E
(〈
M j(x, t)

〉)

≤ t

‖x‖ε2
∑

i∈I

λi

∫

Zd

m2
j νi(dm).

Thus, the martingale (M j(x, t)) converges in probability to 0 uniformly on compact
sets when ‖x‖ tends to infinity. By using Representation (1.9) of (M(t)), this yields

(1.10) Xj(x, t) =
xj

‖x‖ +M j(x, t)

+
∑

i∈I

λi

∫

Zd

mj νi(dm)

∫ t

0

1{X(x,‖x‖s)∈Ci} ds.

For T , δ, η > 0, if wh is the modulus of continuity of a function h on [0, T ],

wh(δ) = sup(|h(t)− h(s)| ; s, t ≤ T, |t− s| ≤ δ),

Equation (1.10) shows that the inequality

(1.11) P

(
wXj(x,·)

(δ) ≥ η
)
≤ P

(
wMj(x,·)

(δ) ≥ η/2
)

+ P

(
sup

s,t≤T,|t−s|≤δ

∑

i∈I

λi

∫

Zd

|mj| νi(dm)

∫ t

s

1{X(x,‖x‖u)∈Ci} du ≥ η/2

)

holds. The second term of the right hand side of the last inequality is zero as soon
as

2δ
∑

i∈I

∫

Zd

|mj | νi(dm) < η.

The inequality

P

(
wMj(x,·)

(δ) ≥ η/2
)
≤ P

(
sup

0≤s≤t
|M j(x, t)| ≥ η/2

)

and the convergence of (M j(x, t)) to 0 show that the first term of the right hand
side of Inequality (1.11) tends to 0 when ‖x‖ goes to infinity. Therefore, there exists
some K > 0 such that if ‖x‖ ≥ K, then

P

(
wMj(x,·)

(δ) ≥ η/2
)
≤ ε.

The hypotheses of Theorem ?? page ?? on the relative compactness of a set of
càdlàg functions are thus verified. Hence, if (xn) is a sequence of initial state
whose norm converges to infinity, the set of rescaled processes (Xj(xn, t)), n ∈ N is
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therefore relatively compact and all its limits are continuous functions. For ε > 0,
there exists a compact subset Kj of D(R+,R) such that

inf
n∈N

P
(
Xj(xn, ·) ∈ Kj

)
≥ 1− ε/d,

hence,

inf
n∈N

P

(
(
Xj(xn, ·

)
; j = 1, . . . , d) ∈

d∏

1

Kj

)
≥ 1− ε.

Since the product of compact sets is also compact, one concludes that the set of
the rescaled processes (Xj(xn, t) ; j = 1, . . . , d), n ∈ N is relatively compact and all
its limits are continuous processes. This result is summarized in the proposition.

Proposition 1.3. If (X(x, t)) is a Markov process of class (C) and (xn) a sequence
of elements of S whose norm converges to infinity, the set of rescaled processes

{(
X(xn, t)

)
; n ∈ N

}
=

{
1

‖xn‖
(X(xn, ‖xn‖t)) ; n ∈ Nd

}

is relatively compact and its limiting points, the fluid limits of (X(x, t)), are con-
tinuous stochastic processes. The process

(1.12)
(
M(x, t)

)

=

(
X(xn, t)−

xn

‖x‖ −
∑

i∈I

λi

∫

Zd

mνi(dm)

∫ t

0

1{X(xn,‖xn‖s)∈Ci} ds

)

is a martingale converging in probability to 0 uniformly on compact sets when n
tends to infinity, i.e. for any T ≥ 0 and ε > 0,

lim
n→+∞

P( sup
0≤s≤T

‖M(xn, s)‖ ≥ ε) = 0.

The next step is to characterize fluid limits of these processes. Since the class
(C) of Markov processes is fairly large, a precise answer in this domain is quite un-
likely. The original process can be, in general, expressed as a solution of a stochastic
differential equation. It may also be true that any fluid limit is a solution of sto-
chastic differential equation and perhaps, in some cases, a deterministic differential
equation if all the stochastic fluctuations disappear after the scaling.

To get interesting results one has to assume that the subsets (Ci) are cones of
Rd, i.e. for i ∈ I, if x ∈ Ci then αx ∈ Ci when α > 0, Identity (1.10) can then be
rewritten as

X(x, t) =
x

‖x‖ +M(x, t) +
∑

i∈I

λi

∫

Zd

mνi(dm)

∫ t

0

1{X(x,s)∈Ci}
ds.(1.13)

By assuming that limits can be taken in the indicator functions and that x/‖x‖ → α
as ‖x‖ tends to infinity, a fluid limit (z(t)) should satisfy the equation

z(t) = α+
∑

i∈I

λi

∫

Zd

mνi(dm)

∫ t

0

1{z(s)∈Ci} ds,
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or, as a differential equation,

dz(t) =
∑

i∈I

λi

∫

Zd

mνi(dm) 1{z(t)∈Ci} dt.

The next proposition shows that such an equation is indeed satisfied when the
fluid limit is not on the set of discontinuities of the differential equation, i.e. when
z(t) is not on the boundary of one of the Ci, i ∈ I.

Proposition 1.4. If (z(t)) is a fluid limit of a Markov process of class (C), when
the sets (Ci ; i ∈ I) are cones of Rd and there exists some time interval [0, t0] such
that with probability 1, for any t ∈ [0, t0], the process (z(t)) is not on the boundary
of any set (Ci), then almost surely,

(1.14) z(t) = z(0) +
∑

i∈I

λi

∫

Zd

mνi(dm)

∫ t

0

1{z(u)∈Ci} du,

holds for all t ∈ [0, t0].

The above proposition can be rephrased as follows: If z0 is not on the boundary
of the cones Ci and z(0) = z0 then the differential equation

dz(t) =
∑

i∈I

(
λi

∫

Zd

mνi(dm)

)
1{z(t)∈Ci} dt

holds for t in a neighborhood of 0.

Proof. There exists a sequence (xn) of N
d such that (‖xn‖) converges to infinity

and the sequence of rescaled processes (X(xn, t)) converges in distribution to (z(t)).
As usual if h is function on R+, and t ≥ 0,

‖h‖∞,t0 = sup{|h(u)| : u ≤ t0}.
By taking an appropriate probability space, Skorohod’s representation Theo-

rem (Theorem ?? page ??) shows that one can assume that (X(xn, t)) converges
almost surely to (z(t)) for Skorohod Topology. Almost surely, there exist continuous
increasing functions (αn) from [0, t0] into [0, t0] such that αn(0) = 0 and αn(t0) = t0
and the inequalities

lim
n→+∞

sup
s, t∈[0,t0] ; s6=t

∣∣∣∣log
αn(s)− αn(t)

s− t

∣∣∣∣ = 0,

lim
n→+∞

sup
s∈[0,t0]

∥∥X(xn, αn(s))− z(s)
∥∥ = 0,(1.15)

hold, in particular,

lim
n→+∞

‖α̇n − 1‖∞,t0 = 0,

by Proposition ?? page ??, where α̇n is some version of the Radon-Nikodym deriv-
ative of the increasing function αn.

For i ∈ I, fi denotes the indicator function of the set Ci. If 0 ≤ t ≤ t0, and
n ∈ N, with a change of variables, one gets that

∫ αn(t)

0

fi
(
X(xn, u)

)
du =

∫ t

0

fi
[
X(xn, αn(u))

]
α̇n(u) du,
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therefore,

Λn(t)
def.
=

∣∣∣∣∣

∫ αn(t)

0

fi
(
X(xn, u)

)
du−

∫ t

0

fi(z(u)) du

∣∣∣∣∣

≤
∣∣∣∣
∫ t

0

(fi
[
X(xn, αn(u))

]
− fi (z(u)) α̇n(u) du

∣∣∣∣

+

∣∣∣∣
∫ t

0

fi
(
z(u)

)
(α̇n(u)− 1) du

∣∣∣∣ ,

hence,

Λn(t) ≤ ‖α̇n‖∞,t0

∫ t0

0

∣∣fi
[
X(xn, αn(u))

]
− fi(z(u))

∣∣ du+ t0‖α̇n − 1‖∞,t0.

The quantity |fi(X [xn, αn(u)])−fi(z(u))| being bounded by 2, from Fatou’s Lemma
one gets

lim sup
n→+∞

∫ t0

0

∣∣fi(X[xn, αn(u)])− fi(z(u))
∣∣ du

≤
∫ t0

0

lim sup
n→+∞

∣∣fi
[
X(xn, αn(u))

]
− fi (z(u))

∣∣ du,

the assumption on z and Inequality (1.15) imply that the expression under the
integral is zero. Therefore, the almost sure convergence

lim
n→+∞

sup
t≤t0

Λn(t) = 0,

holds, and thus the convergence

(∫ t

0

fi
(
X(xn, u)

)
du ; i ∈ I

)
−→

(∫ t

0

fi (z(u)) du ; i ∈ I

)

holds for the Skorohod topology on D([0, t0],R
d). One deduces the convergence of

the corresponding probability distributions on D([0, t0],R
d).

Back on the initial probability space, Identity (1.13) gives for t ≤ t0,

X(xn, t) =
xn

‖xn‖
+M(xn, t) +

∑

i∈I

λi

∫

Zd

mνi(dm)

∫ t

0

fi
(
X(xn, u)

)
du.

The left hand side of this identity converges in distribution to (z(t)). Since the mar-
tingale (M(xn, t)) converges to 0 uniformly on the interval [0, t0] (Proposition 1.12),
Proposition ?? page ?? shows that on this time interval the process on the right
hand side converges in distribution to

(
z(0) +

∑

i∈I

λi

∫

Zd

mνi(dm)

∫ t

0

1{z(u)∈Ci} du

)
.

Note that it has been used that if (X(xn, t)) converges to (z(t)), then the sequence
of random variables (X(xn, 0)) converges in distribution to z(0), (see the discussion
of the example of the M/M/∞ queue page 10). The proposition is proved. �



4. RELATIONS WITH SKOROHOD PROBLEMS 19

The above proposition shows that the real difficulty of the analysis of fluid limits
of a given Markov process concerns mainly the discontinuities of the associated
dynamical system, i.e. when a given fluid limit reaches or leaves the boundaries
of the sets (Ci). Outside these points the rescaled process is only the solution of
some classical ordinary deterministic differential equation (which of course does not
imply that it is easy to handle, but the framework is somewhat more familiar).

This is one of the most important properties of the scaling used in this chapter.
It has the merit of reducing the study of a Markov process to its analysis around
its discontinuities, where the real problems are. These points of discontinuity can
keep a part of the complexity of the original Markov process, like some random
component which has not vanished for example. In general, they can be studied
by analyzing the macroscopic behavior, i.e. before scaling. Up to now, there is no
generic method in this domain. In the case of some queueing networks, Dai[5] gives
a useful set of equations satisfied by the fluid limits for all t ≥ 0. The next section
presents an important tool to study fluid limits of a sub-class of Markov processes.

4. Relations with Skorohod Problems

If (Y (t)) is a càdlàg functions with values in Rd such that Y (0) ≥ 0 and P =
(pij) is a d×d-matrix, a solution to Skorohod Problem associated with (Y (t)) and P
is a couple of functions (X(t)) = (Xi(t) ; 1 ≤ i ≤ d) and (R(t)) = (Ri(t); 1 ≤ i ≤ d)
in D(R+,R

d) such that, for any t ≥ 0,

a) X(t) = Y (t) + (I − tP )R(t) ;
b) for 1 ≤ i ≤ d, Xi(t) ≥ 0, the function t → Ri(t) is non-decreasing and

Ri(0) = 0 ;
c) the reflection condition:

∫ +∞

0

Xi(s) dRi(s) = 0.

The function (Y (t)) is one of the data of the problem, it is the “free” process. The
function (X(t)) is the first component of the solution, it is constrained to live in
the positive orthant of Rd. By Condition a), the function (R(t)) is the pushing
process, it keeps (X(t)) in the positive orthant whenever (Y (t)) wanders too much
outside this domain. Condition c) suggests that this must be done in a minimal
way: The support of the positive measure dRi, the points of increase of t → Ri(t)
is the set of t where Xi(t) is 0. The process (R(t)) can also be interpreted as a local
time of (X(t)). In the one-dimensional case, this problem has been already been
considered for the M/M/1 queue (See Definition ?? page ??). Skorohod Problem
is sometimes also called oblique reflection mapping Problem.

Annex ?? gives some conditions of existence and uniqueness and regularity
properties of the solutions to Skorohod Problem (see Proposition ?? page ??).
When the results of Annex ?? can be used, the method is as follows: The Markov
process (X(x, t)) under study is shown to be the first component of the solution of
Skorohod Problem associated with some free process (Y (t) and matrix P , i.e. for
x ∈ S and t ≥ 0,

X(x, t) = Y (t) +
(
I − tP

)
R(t).

[5] J.G. Dai, On positive Harris recurrence of multiclass queueing networks: a unified approach

via fluid limit models, Annals of Applied Probability 5 (1995), no. 1, 49–77.



20 1. RESCALED MARKOV PROCESSES AND FLUID LIMITS

The next step is to show that the rescaled process (X(x, t)) is also the first com-
ponent of the solution of Skorohod Problem associated with the rescaled process
(Y (x, t))

(1.16) X(x, t) = Y (x, t) +
(
I − tP

)
R(x, t).

If the process (Y (x, t)) converges to some process (y(t)) when ‖x‖ converges to
infinity then Proposition ?? implies that (X(x, t), R(x, t)) converges in distribution
to the solution of the Skorohod Problem associated with (y(t)). The convergence
of the rescaled Markov process is thus proved in this way, furthermore it is shown
that its fluid limit is the solution of some Skorohod Problem. Looking back to
Equation (1.16), one may think that it should have been simpler to prove directly
the convergence of (R(x, t)) as ‖x‖ tends to infinity. This is not true at all, the
process (R(x, t)) (the pushing process) is connected to the instants when the Markov
reaches the boundary of the domain of the Markov process. In practice, it is difficult
to prove directly convergence results for (R(x, t)) (see the examples below). The
process (Y (x, t)) contains martingales which become negligible as ‖x‖ gets large,
so that the convergence of (Y (x, t)) is not a problem in general. The example of
the M/M/1 queue illustrates this method in a simple setting.

4.1. The M/M/1 Queue. Let (L(t)) be the process for the number of cus-
tomers of the M/M/1 queue whose arrival rate is λ and service rate µ. Equation (??
page ??) for this process is, for t ≥ 0,

L(t) = L(0) +Nλ (]0, t])−
∫ t

0

1{L(s−)>0}Nµ(ds)

= L(0) +Nλ(]0, t])−Nµ(]0, t]) +

∫ t

0

1{L(s−)=0}Nµ(ds),

L(t) = Y (t) + µ

∫ t

0

1{L(s−)=0} ds = Y (t) + µ

∫ t

0

1{L(s)=0} ds,(1.17)

with

Y (t) = L(0) + (λ− µ)t+M(t),

and (M(t)) is the martingale defined by

M(t) = [Nλ(]0, t])− λt]− [Nµ(]0, t])− µt] +

∫ t

0

1{L(s−)=0} [Nµ(ds)− µ ds].

Relationship (1.17) shows that the couple
[
(L(t)),

(
µ

∫ t

0

1{L(s)=0} ds

)]

solves Skorohod Problem associated with the free process (Y (t)).
If L(0) = N and W is one of the processes L, Y and M , the quantity WN (t) =

W (Nt)/N denotes the corresponding rescaled process. By Relationship (1.17), the
processes

(SN (t)) =

[(
LN (t)

)
,

(
µ

∫ t

0

1{LN (s)=0} ds

)]

are solutions of Skorohod Problem associated with the free process (Y N (t)). Propo-
sition ?? shows that if the sequence (Y N (t)) converges appropriately to some (y(t)),
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so does the sequence (SN (t)) to the solution of Skorohod Problem associated with
(y(t)). With the same argument as in the proof of Proposition 1.3, it is easy to get
the convergence, for ε > 0,

lim
N→+∞

P

(
sup

0≤s≤T
|MN (s)| ≥ ε

)
= 0.

Consequently, if (y(t))
def.
= 1 + (λ− µ)t, one gets the convergence

lim
N→+∞

P

(
sup

0≤s≤T
|Y N (s)− y(s)| ≥ ε

)
= 0.

Proposition ?? page ?? shows that if (Xy, Ry) is the solution of Skorohod Problem
associated with y, there exists KT > 0 such that

‖LN −Xy‖∞,T ≤ KT ‖Y N − y‖∞,T ,

therefore

lim sup
N→+∞

P

(
sup

0≤s≤T
|LN (s)−Xy(s)| ≥ ε

)

≤ lim sup
N→+∞

P

(
sup

0≤s≤T
|Y N (s)− y(s)| ≥ ε/KT

)
= 0.

It is easily shown that Xy(t) = (1+(λ−µ)t)+ (see the example analyzed page ??).
Therefore, the function ((1 + (λ− µ)t)+) is the fluid limit of (L(t)). This method
can be generalized to the case of Jackson networks.

4.2. Jackson Networks. The use of Theorem ?? page ?? to study fluid lim-
its of Jackson networks is due to Chen and Mandelbaum[6]. The term oblique
reflection mapping is used in this reference instead of Skorohod Problem. The
previous notations for Jackson networks with d nodes are used: The vectors (λi)
and (µi) for arrival and service rates and a Markovian matrix associated to the
routing in the network (pij ; i, j = 0, . . . , d) on {0, . . . , d} such that 0 is the only
absorbing state. The vector of the number of customers at time t is denoted by
X(t) = (Xi(t) ; i = 1, . . . , d). In this case, Equation (1.6) for the process (X(t)) is
the solution of the integral equation, for i = 1, . . . , d,

(1.18) Xi(t) = Xi(0) +Nλi
(]0, t])

+
d∑

j=1

∫

]0,t]

1{Xj(s−) 6=0} Nµjpji
(ds)−

d∑

j=0

∫

]0,t]

1{Xi(s−) 6=0} Nµipij
(ds).

[6] H. Chen and A. Mandelbaum, Discrete flow networks: bottleneck analysis and fluid approx-

imations, Mathematics of Operation Research 16 (1991), no. 2, 408–446.
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By denoting (Mi(t)) the martingale

(1.19) Mi(t) = [Nλi
(]0, t])− λit]

+

d∑

j=1

∫

]0,t]

1{Xj(s−) 6=0}

[
Nµjpji

(ds)− µjpji ds
]

−
d∑

j=0

∫

]0,t]

1{Xi(s−) 6=0}

[
Nµipij

(ds)− µipij ds
]
,

Equation (1.18) can be rewritten as

Xi(t) = Xi(0) +Mi(t) +


λi − µi +

d∑

j=1

µjpji


 t

+

d∑

j=0

∫ t

0

1{Xi(s)=0}µipij ds−
d∑

j=1

∫ t

0

1{Xj(s)=0}µjpji ds.

If 1 ≤ i ≤ d, if

Ri(t) = µi

∫ t

0

1{Xi(s)=0} ds,(1.20)

Yi(t) = Xi(0) +Mi(t) +


λi − µi +

d∑

j=1

µjpji


 t,(1.21)

one gets the identity

Xi(t) = Yi(t) +Ri(t)−
d∑

j=1

Rj(t)pji,

which can be rewritten more compactly as

X(t) = Y (t) +
(
I − tP

)
R(t),

where I is the identity matrix of Rd. By assumption, the routing matrix P =
(pij ; 1 ≤ i, j ≤ d) is sub-Markovian without any recurrent state. For i = 1, . . . , d,
one has Yi(0) ≥ 0 and the functions (Xi(t)) and (Ri(t)) are non-negative and càdlàg.
The function t → Ri(t) is continuous, non-decreasing, zero at 0 and increases only
when Xi is zero. The couple (X,R) is thus the solution to the Skorohod Problem
associated with Y .

Let (xN ) be a sequence of Nd such that ‖xN‖ = N and

lim
N→+∞

xN

N
= α = (αi) ∈ Rd

+,

in particular ‖α‖ = 1. As before, if for x ∈ Nd, (W (x, t)) is a process on Nd, the
notation (WN (t)) = (W (xN , Nt)/N is used.

For N ≥ 1, (YN (t)), (RN (t)) and (MN (t)) are the processes defined by Equa-
tions (1.19), (1.20) and (1.21) with the initial condition X(0) = xN . The associated
rescaled processes are (Y N (t)), (RN (t)) and (MN (t)). In this way (XN , RN ) is the
solution of Skorohod Problem for function Y N , in particular,

XN (t) = Y N (t) +
(
I − tP

)
RN (t).
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It is easily checked that the martingale (MN (t)) is the martingale (M(xN , t)) of
Proposition 1.3, thus it converges in probability to 0 uniformly on compact sets.
Therefore, the process (Y N (t)) converges to the deterministic function (Y ∞(t)) =
(yi(t)) defined by, for 1 ≤ i ≤ d and t ≥ 0,

yi(t) = αi +


λi − µi +

d∑

j=1

µjpji


 t,

i.e., if ε > 0,

lim
N→+∞

P

(
sup

0≤s≤T

∥∥Y N (s)− Y ∞(s)
∥∥ ≥ ε

)
= 0.

If (X∞, R∞) is the solution of Skorohod Problem associated with the matrix P and
the function Y ∞. Proposition ?? page ?? shows that there exists some KT > 0
such that

∥∥XN −X∞

∥∥
∞,T

≤ KT

∥∥Y N − Y ∞

∥∥
∞,T

,
∥∥RN −R∞

∥∥
∞,T

≤ KT

∥∥Y N − Y ∞

∥∥
∞,T

,

therefore

P

(∥∥XN −X∞

∥∥
∞,T

≥ ε
)
≤ P

(∥∥Y N − Y ∞

∥∥
∞,T

≥ ε/KT

)
,

P

(∥∥RN −R∞

∥∥
∞,T

≥ ε
)
≤ P

(∥∥Y N − Y ∞

∥∥
∞,T

≥ ε/KT

)
.

Thus, the sequence (XN (t), RN (t)) converges in probability uniformly on compact
sets to the function (X∞(t), R∞(t)), which is deterministic since (Y ∞(t)) is. Propo-
sition ?? page ?? shows that if the sequence of the rescaled initial states converges,
a Jackson network has only one fluid limit and it is deterministic. The following
proposition has been established.

Proposition 1.5. If (X(x, t)) = ((Xi(x, t) ; i = 1, . . . , d)) is the Markov process
associated with a Jackson network whose routing matrix is P and initial state x ∈
Nd, and (xN ) is a sequence of Nd such that

lim
N→+∞

‖xN‖ = +∞ and lim
N→+∞

xN

‖xN‖ = α = (αi),

if X(xN , t) = X(xn, ‖xN‖t)/‖xN‖, the process
[(
X(xN , t)

)
,

(
µi

∫ t

0

1{Xi(xN ,u)=0} du

)]

converges in distribution uniformly on compact sets to the deterministic function
(Xyα

, Ryα
), solution of Skorohod Problem for the matrix P and the function (yα(t))

defined by

yα(t) = α+
(
λ−

(
I − tP

)
µ
)
t,

λ = (λi) and µ = (µi) being respectively the vectors of arrival and service rate at
the nodes of the network. The set of functions (Xyα

(t)) with α ∈ Rd
+ of norm 1 is

the set of all fluid limits of (X(x, t)).

Remarks.
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1. The description of the Markov process associated with a Jackson network as one
component of the solution of Skorohod Problem gives readily the convergence
of the rescaled processes and also the convergence of

(
µi

∫ t

0

1{Xi(xN ,u)=0} du

)

to the second component of Skorohod Problem. Note that a “bare-hand” proof
of this result is not completely trivial. This is the real benefit of Skorohod
Problem formulation that it is not necessary to prove the convergence of pushing
processes.

2. The Skorohod Problem formulation can also be used not only to get functional
law of large numbers (fluid limits) but also to derive functional central limit
theorems, much in the same way as it is done in this section: If a functional
central limit theorem holds for the free process (Y (t)), it is also true for its
reflected version. See Williams[7] for a survey of these questions.
Two M/M/1 Queues in Tandem. The fluid limits of the network of Exam-

ple 2.2.3 page 7 is analyzed as Skorohod Problem. The parameters of this Jack-
son network are given by λ = (λ1, 0), µ = (µ1, µ2) and the routing matrix P =
((0, 1), (0, 0)). If α = (α1, 1 − α1) ∈ [0, 1]2, the function (yα(t)) = (yα,1(t), yα,2(t))
is defined by

yα,1(t) = α1 + (λ1 − µ1)t,

yα,2(t) = 1− α1 + (µ1 − µ2)t.

The fixed point Equation (??) page ?? satisfied by (R(t)) gives the identities

Xyα,1(t) = (α1 + (λ1 − µ1)t)
+,

Ryα,1(t) = (α1 + (λ1 − µ1)t)
−,

Ryα,2(t) = 0 ∨ sup
0≤s≤t

[Ryα,1(s)− yα,2(s)]

= 0 ∨ sup
0≤s≤t

[
(α1 + (λ1 − µ1)s)

− − (1− α1)− (µ1 − µ2)s
]
,

and the function (Xyα,2(t)) is given by

Xyα,2(t) = yα,2(t) +Ryα,2(t)−Ryα,1(t).

The fluid limit is therefore completely determined. When λ1 < µ2 ≤ µ1, if t1 =
α1/(µ1 − λ1) and t2 = 1/(µ2 − λ1), the above equations yield, for t ≤ t1,

Ryα
(t) = (0, 0), Xyα

(t) = [α1 + (λ1 − µ1)t, 1− α1 + (µ1 − µ2)t],

for t1 ≤ t ≤ t2,

Ryα
(t) = [−α1 − (λ1 − µ1)t, 0], Xyα

(t) = [0, 1 + (λ1 − µ2)t],

and for t ≥ t2,

Ryα
(t) = [−α1 − (λ1 − µ1)t,−1− (λ1 − µ2)t], Xyα

(t) = (0, 0),

Convergence (1.2) page 8 is therefore established rigorously.

[7] R.J. Williams, Semimartingale reflecting Brownian motions in the orthant, Stochastic net-
works (New York) (F.P. Kelly and R.J. Williams, eds.), IMA Volumes in Mathematics and
Its Applications, no. 71, Springer Verlag, 1995.
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Fluid limits presented in Proposition 1.5 are an asymptotic description of the
Markov process associated with a Jackson network. In a second step, it is natural to
investigate how some of the properties of the original Markov process are inherited
by fluid limits and conversely. The next proposition is connected to the stability
properties of a Jackson network. It is shown that if the parameters of the network
are such that the associated Markov process is ergodic (Theorem ?? page ??), then
all its fluid limits are identically 0 after some finite time. It is due to Meyn and
Down. This property and its converse are analyzed in Section 5.

Proposition 1.6. If (λ̄i ; i = 1, . . . , d) is the unique solution of traffic equations

(1.22) λ̄i = λi +

N∑

j=1

λ̄jpji, i = 1, . . . , d,

and if λ̄i < µi for all i = 1, . . . , d,, there exists some constant T such that all fluid
limits are 0 after time T , i.e. Xyα

(t) = 0 for all t ≥ T and any α ∈ Rd
+ such that

‖α‖ = 1.

Proof. By Lemma ?? page ??, for any vector λ = (λi) of R
d
+, there exists a unique

λ̄ = (λ̄i) with non-negative coordinates such that

(1.23)
(
I − tP

)
λ̄ = λ or λ̄ = Aλ,

with A = (I − tP )−1, this is the vectorial expression of Equations (1.22). The
matrix A is a non-negative operator, i.e. the coordinates of Ax are non-negative if
those of x are also non-negative. The inequalities λ̄i < µi, for all i = 1, . . . , d imply
the existence of an invariant probability distribution (Theorem ?? page ??).

Let α ∈ Rd
+ such that ‖α‖ = 1. Coordinates of the function

(yα(t)) = (yα,i(t) ; i = 1, . . . , d)

are clearly Lipschitz, Proposition ?? page ?? shows that the same property is true
for coordinates of the functions

(Xyα
(t)) = (Xyα,i(t) ; i = 1, . . . , d), (Ryα

(t)) = (Ryα,i(t) ; i = 1, . . . , d).

In particular if h is one of these functions, h is absolutely continuous with respect
to Lebesgue’s measure on R (see the proof of Proposition ?? page ??), then

h(t) = h(0) +

∫ t

0

ḣ(s) ds

holds Lebesgue almost everywhere on R+, where ḣ is the Radon-Nikodym derivative
of h. If

Vi(t)
def.
= sup

0≤s<t

Ryα,i(t)−Ryα,i(s)

t− s

and V (t) = (Vi(t)), in particular for i = 1, . . . , d, the inequality

Ṙyα,i(t) ≤ Vi(t)

holds Lebesgue-almost everywhere.
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An Inequality for the Pushing Process. It is proved that, for i = 1, . . . , d, the
relationship

(1.24) Ṙyα,i(t) + λ̄i − µi ≤ 0,

holds Lebesgue-almost everywhere on R+. This can be interpreted as follows: On
each node i the arrival rate is at most λ̄i, thus the local pushing process does not
need to compensate at a rate greater than µi − λ̄i.

By Proposition ??, the function Ryα
satisfies Equations (??) page ??,

Ryα,i(t) = 0 ∨ sup
0≤u≤t




d∑

j=1

pjiRyα,j(u)− yα,i(u)



 ,

for i = 1,. . . , d. By looking at the various cases, it is easily checked that

Ryα,i(t)−Ryα,i(s)

≤ sup
s≤u≤t




d∑

j=1

pji(Ryα,j(u)−Ryα,j(s))− (yα,i(u)− yα,i(s))





≤
d∑

j=1

pji(Ryα,j(t)−Ryα,j(s)) + sup
s≤u≤t

(−(yα,i(u)− yα,i(s))) ,

holds for 0 ≤ s ≤ t. The definition of yα and Relationship (1.23) yield for u and
s ≥ 0,

yα(u)− yα(s) = (u− s)
(
I − tP

)
(λ̄− µ).

The last inequality can thus be rewritten as

Ryα
(t)−Ryα

(s) ≤ (t− s) tPV (t) + sup
s≤u≤t

[
−(u− s)

(
I − tP

)
(λ̄− µ)

]

≤ (t− s)
[
tPV (t)−

(
I − tP

)
(λ̄− µ)

]
,

with the convention that inequalities hold coordinate by coordinate. Since λ̄ ≤ µ,
one gets

V ≤ tPV (t)−
(
I − tP

) (
λ̄− µ

)
, hence

(
I − tP

) (
V (t) + λ̄− µ

)
≤ 0.

Since the matrix A, inverse of (I − tP ), is a non-negative operator, the inequality

V (t) + λ̄− µ ≤ 0 holds, and therefore Inequality (1.24) since Ṙyα
(t) ≤ V (t).

The function (Xyα
(t)) satisfies the reflection condition

Xyα
(t) = yα(t) +

(
I − tP

)
Ryα

(t)

for t ≥ 0. By using A = (I − tP )−1, it follows that

AXyα
(t) = Aα+Aλ t−A

(
I − tP

)
µ t+A

(
I − tP

)
Ryα

(t),

AXyα
(t) = Aα+

(
λ̄− µ

)
t+Ryα

(t),(1.25)

by Relationship (1.23). For x ∈ Rd
+, define

f(x) =
∑

i

(Ax)i,

where (Ax)i is the ith coordinate of Ax. The function g : t → f(Xyα
(t)) is non-

negative (using again that A is a non-negative operator), absolutely continuous
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since it is a linear combination of functions having this property. Identity (1.25)
shows that the identity

ġ(t) =

d∑

i=1

(
λ̄i − µi + Ṙyα,i(t)

)

holds Lebesgue-almost everywhere. Inequality (1.24) implies that this last quan-
tity is non-positive for any t ≥ 0. The function g is thus non-negative and non-
increasing. If t0 is such that g(t0) is non-zero and the functions g and Ryα

are differ-
entiable at t0, there exists some coordinate i0 ∈ {1, . . . , d} such that Xyα,i0(t0) 6= 0.

From Condition c) of Skorohod Problem formulation, one gets Ṙyα,i0(t0) = 0, and
with Inequality (1.24), this gives the relationship

ġ(t0) ≤ λ̄i0 − µi0 .

Thus, the inequality

ġ(t) ≤ −η
def.
= sup

1≤i≤d

(
λ̄i − µi

)
< 0

holds Lebesgue-almost everywhere on the set where g is non-zero. If

T0 = inf{t ≥ 0 : g(t) = 0},
then for t ≤ T0,

g(t) = g(0) +

∫ t

0

ġ(s) ds ≤ g(0)− ηt,

hence T0 is certainly less or equal to g(0)/η. Since g is non-negative and non-
increasing, it must be 0 for t ≥ T0. Coordinates of α being bounded by 1, g(0) is
also bounded with respect to α in the unit ball of Rd

+. The constant T0 can thus
be chosen independently of α. The proposition is proved. �

5. Criteria for Ergodicity Properties

A general Markov process (X(t)) in a countable state space S is considered in
this chapter. The main theme of this section is the relation between the ergodicity
of a Markov chain and the stability of its fluid limits.

5.1. A Criterion for Ergodicity. The following proposition is a combina-
tion of two results, one due to Filonov (Theorem ?? page ??) and the other to
Rybko and Stolyar[1].

Theorem 1.7. If there exists a stopping time τ and positive constants A and ε
such that

lim sup
‖x‖→+∞

Ex (τ)

‖x‖ ≤ A,

lim sup
‖x‖→+∞

Ex

(‖X(τ)‖
‖x‖

)
≤ 1− ε,(1.26)

and if

• the random variable ‖X(a)‖ is integrable for some a > 0,
• for any K ≥ 0 the set FK = {x ∈ S : ‖x‖ ≤ K} is finite,

[1] Op. cit. page 4.
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then the Markov process (X(t)) is ergodic.

For K sufficiently large, if TFK
is the hitting time of FK by (X(t)), the inequal-

ity

(1.27)
Ex(TFK

)

‖x‖ ≤ 4A

ε
,

holds for any x ∈ S such that ‖x‖ > K.

Proof. There exists K ≥ 0 such that, the relationships

Ex (‖X(τ)‖) ≤ (1− ε/2)‖x‖ and Ex (τ) ≤ 2A‖x‖
hold for ‖x‖ ≥ K.

Therefore, if ‖x‖ > K, one gets the inequality

Ex (‖X(τ)‖)− ‖x‖ ≤ −ε

2
‖x‖ ≤ − ε

4A
Ex(τ).

Since the set {x ∈ S : ‖x‖ ≤ K} is finite, Theorem ?? page ?? applied with the
function f(x) = ‖x‖ shows that (X(t)) is an ergodic Markov process. The bound on
the expected value of TFK

is a consequence of Inequality (??) of this theorem. �

Condition (1.26) requires that after some time τ , of the order of ‖x‖, the
function t → ‖X(x, t)‖/‖x‖ is strictly less than 1, the norm of the initial state.

Corollary 1.8. If, for any K ≥ 0, the set

FK = {x ∈ S : ‖x‖ ≤ K}
is finite and there exists some constant T such that

lim sup
‖x‖→+∞

Ex

( ∥∥X(T )
∥∥) = lim sup

‖x‖→+∞

Ex

(∥∥X(‖x‖T )
∥∥)

‖x‖ = 0,

then the Markov process (X(t)) is ergodic.

Proof. It is sufficient to remark that τ = ‖X(0)‖T is a stopping time such that
Ex(τ)/‖x‖ = T and to apply the above theorem. �

The criterion of Chapter ??, Theorem ?? page ??, for the ergodicity of Markov
processes requires an appropriate Lyapunov function. In practice it is not always
easy to exhibit such a function. Despite that Theorem 1.7 is a straight application
of Theorem ??, it turns out that it is easier, in general, to show that the fluid limits
converge to 0 rather than trying to find some good energy function for the Markov
process. Indeed, quite often, fluid limits can be described (partially) through some
set of ordinary differential equations allowing then such a study.

A typical situation to apply this corollary is as follows: The Markov process
(X(t)) is ergodic if

(1) the state space S is included in Rd for d ∈ N and the assumptions on the
FK ’s are defined in the corollary.

(2) There exists some T ∈ R+ such that z(T ) = 0 for any fluid limit (z(t)).

It should be kept in mind that this is not a general situation. There are some cases
where the Markov process is ergodic but there does not exist a deterministic time
at which all fluid limits are at 0. (See Section 5.3.)
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Example : Jackson Networks. Proposition 1.6 shows that if the solution λ̄ =
(λ̄i) of traffic Equations (1.22) page 25 is such that λ̄i < µi holds for i = 1, . . . ,
d, then all the fluid limits are deterministic and 0 after some fixed instant. By
using the uniform integrability result of Proposition 1.2 (for the L1-convergence of
the rescaled processes to the fluid limits), one gets the ergodicity of the Markov
process describing the Jackson network. This result has been already obtained in
Chapter ?? because this Markov process has a product invariant measure (which
has a finite mass under the above conditions). If the distributions of services,
or inter-arrivals are not anymore exponential but general with the same expected
values, invariant distributions are not known in this case. It is not difficult to show
that, nevertheless, the corresponding fluid limits do not change for this network
and therefore the (Harris) ergodicity can also be proved in that case too (by adding
forward recurrence times and using some general technical results in this domain).
Other examples are presented in Section 6.

5.1.1. More Complex Phenomena: Multi-class FIFO Networks. The state space
of the Markov processes encountered up to now were embedded into some finite
dimensional vector space. The following infinite dimensional example (already con-
sidered in Section ?? page ??) shows that the geometry of the state space is a very
important factor. For J ∈ N, J ≥ 2 and j = 1,. . . J , λj and µj are positive real
numbers. It is assumed that J Poissonian arrivals flows arrive at a single server
queue with rate λj for j = 1,. . . , J and customers from the jth flow require an ex-
ponentially distributed service with parameter µj . All the arrival flows are assumed
to be independent. The service discipline is FIFO.

A natural way to describe this process is to take the state space of the finite
strings with values in the set {1, . . . , J}, i.e. S = ∪n≥0{1, . . . , J}n, with the con-
vention that {1, . . . , J}0 is the set of the null string. See Section ?? page ?? for
a similar representation of the M/G/1 queue with the LIFO discipline. See also
Serfozo [8]. If n ≥ 1 and x = (x1, . . . , xn) ∈ S is the state of the queue at some
moment, the customer at the kth position of the queue comes from the flow with
index xk, for k = 1, . . . , n.

The length of a string x ∈ S is defined by ‖x‖. Note that ‖ · ‖ is not, strictly
speaking, a norm. For n ≥ 1 there are Jn vectors of length n; the state space has
therefore an exponential growth with respect to that function. Hence, if the string
valued Markov process (X(t)) describing the queue is transient then certainly the
length ‖X(t)‖ converges to infinity as t gets large. Because of the large number of
strings with a fixed length, the process (X(t)) itself has, a priori, infinitely many
ways to go to infinity.

In the finite-dimensional state space, the growth of the volume of the ball of
radius n is only polynomial with respect to n. When the dynamic is locally homo-
geneous as for Markov processes of class (C), there is a finite number of categories
of large states: If a state is large then some of its coordinates are large. In practice,
the fluid limits are obtained by letting the norm of the initial state go to infinity,
hence one has to consider all the subsets of the coordinates that may converge to in-
finity and study the corresponding fluid limits. This approach is not possible when
strings are considered. Note that this does not mean that the finite dimensional
case is easy since dynamical systems in Rd can be, in general, quite complicated.
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To conclude, fluid limits are a very important ingredient to prove the ergodicity
of Markov processes but other methods may be required to describe correctly the
dynamic of Markov process.

In the case of a single server queue, all these questions are quite formal since the
workload of the queue at time t ≥ 0 (the sum of services of customers in the queue)
is a simple one dimensional Markov process. The situation is entirely different when
a network of two such queues is considered. Bramson[8] has shown that complicated
phenomena could indeed occur.

5.2. Absorption at 0 of Fluid Limits. The examples of ergodic Markov
processes seen before have the same property: Their fluid limits reach and stay
at 0 after some finite time. (See also the discussion at the end of the proof of
Proposition ?? page ?? for the M/M/1 queue.)

There is an intuitive explanation to this phenomenon: The Markov process
(X(x, t)) reaches a fixed finite set in a duration of time asymptotically linear with
respect to ‖x‖. Then, after some finite time (negligible for the fluid time scale),
the process is at equilibrium and therefore essentially stays in the neighborhood of
this finite set, consequently ‖X‖(x, t) = ‖X(x, ‖x‖ t))‖/‖x‖ tends to 0 as ‖x‖ gets
large.

The next proposition shows that under the assumptions of Proposition 1.8 and
a mild hypothesis of relative compactness this general explanation is true.

Proposition 1.9. If the conditions

a) for K ≥ 0, the set {x ∈ S : ‖x‖ ≤ K} is finite,
b) there exist some T > 0 such that

lim sup
‖x‖→+∞

Ex

(
‖X(‖x‖T )‖

)

‖x‖ = 0,

c) the set of càdlàg random processes
{(‖X(y, ‖x‖ t)‖

‖x‖

)
; x, y ∈ S, ‖y‖ ≤ ‖x‖

}

is relatively compact,

are satisfied, then for any fluid limit (W (t)), there exists some random variable τ ,
P-almost surely finite such that

(1.28) P

(
sup
t>τ

W (t) = 0

)
= 1.

Conditions a) and b) are the conditions for ergodicity of the process of Corol-
lary 1.8. Condition c) is apparently stronger. Nevertheless, in practice, the exis-
tence of fluid limits is usually obtained by showing that the set

{(
X(x, t)

)
; x ∈ S

}
=

{(
X(x, ‖x‖ t)

‖x‖

)
; x ∈ S

}

is relatively compact. In general this property implies Condition c) of the proposi-
tion. See Section 3.

[8] Maury Bramson, Instability of FIFO queueing networks, Annals of Applied Probability 4

(1994), no. 2, 414–431.
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Proof. Corollary 1.8 shows that (X(t)) is an ergodic Markov process. Let K >
0 be such that the set F = {x ∈ S : ‖x‖ ≤ K} is non-empty. If TF is the
hitting time of F by the process (X(t)), the variable TF is almost surely finite and
Inequality (1.27) of Proposition 1.8 gives the existence of a constant C such that

Ex(TF ) ≤ C‖x‖
when ‖x‖ > K. Consequently, if τF is the rescaled hitting time of F

τF (x) = inf{t > 0 : ‖X(x, ‖x‖ t)‖ ≤ K},
or equivalently, τF (x) = TF /‖x‖. One gets the inequality

sup
x:‖x‖>K

Ex(τF (x)) ≤ C,

the set of random variables τF (x), x ∈ S is relatively compact. By definition of
a fluid limit, there exists a sequence (xN ) of S such that (X(xN , t)) converges (as
a process) in distribution to (W (t)) when N goes to infinity. This sequence of
processes is in particular relatively compact, the sequence

{(
(X(xN , t)), τF (xN )

)
; N ≥ 1

}

is therefore also relatively compact in the space of probability distributions on
D(R+,R)×R+ (the product of two compacts is compact for the product topology).
By taking a sub-sequence, it can be assumed that the above sequence converges in
distribution to ((W (t)), τ). In particular, for ε > 0 and 0 < a ≤ b,

(1.29) lim inf
N→+∞

P

(
sup

a≤t≤b

∥∥X(xN , t)
∥∥ > ε, τF (xN ) < a

)

≥ P

(
sup

a≤t≤b
W (t) > ε, τ < a

)
,

indeed, if O is an open set of D(R+,R)× R+, then

lim inf
N→+∞

P
( [(∥∥X(xN , t)

∥∥) , τF (xN )
]
∈ O

)
≥ P

(
[(W (t)), τ ] ∈ O

)
,

by Theorem 1.4 of Billingsley [2]. The strong Markov property of (X(t)) for the
stopping time

TF = ‖X(0)‖τF (X(0))

gives the relationship

P

(
sup

a≤t≤b

∥∥X(xN , t)
∥∥ > ε, τF (xN ) < a

)
=

ExN

[
1{τF (xN )<a}PX(TF )

(
sup

a≤t≤b

‖X(t− τF (xN ))‖xN‖)‖
‖xN‖ > ε

)]

≤
∑

y∈F

Py

(
sup

0<t≤b

‖X(‖xN‖ t)‖
‖xN‖ > ε

)
.

If each of the terms of the last sum tends to 0 as N goes to infinity, the set F
being finite, Relationship (1.29) will give the identity, for 0 ≤ a ≤ b,

P

(
sup

a≤t≤b
W (t) > ε, τ < a

)
= 0, hence P

(
sup
t≥a

W (t) > ε, τ < a

)
= 0,



32 1. RESCALED MARKOV PROCESSES AND FLUID LIMITS

by letting b go to infinity. The almost-sure right-continuity property of (W (t)) at
any point yields the relationship

P

(
sup
t>τ

W (t) > ε

)
= P



⋃

a∈Q

{
sup
t≥a

W (t) > ε, τ < a

}


≤
∑

a∈Q

P

(
sup
t≥a

W (t) > ε, τ < a

)
.

Relationship (1.28) is proved.
Thus, it remains to prove that for y ∈ S the quantity

Py

(
sup

0<t≤b

‖X(‖xN‖ t)‖
‖xN‖ > ε

)
= P

(
sup

0<t≤b

‖X(y, ‖xN‖ t)‖
‖xN‖ > ε

)

tends to 0 when N goes to infinity.
Since the Markov process (X(t)) is ergodic, the random variable X(y, t) con-

verges in distribution as t tends to infinity. The same is true for ‖X(y, t)‖ thus, for
ε > 0, there exist K and t0 > 0 such that if t ≥ t0, then P(‖X(y, t)‖ ≥ K) ≤ ε. The
variable sup0≤s≤t0 ‖X(y, s)‖ being almost everywhere finite (remember that X is
càdlàg, hence P-a.s. bounded on any finite interval), K can thus be chosen so that
the inequality

P

(
sup

0≤s≤t0

‖X(y, s)‖ ≥ K

)
≤ ε, hence sup

t≥0
P(‖X(y, t)‖ ≥ K) ≤ ε

holds. If p ≥ 1, 0 ≤ t1 ≤ · · · ≤ tp and δ > 0, the inequality

P

(
sup

1≤i≤p

‖X(y, ‖xN‖ti)‖
‖xN‖ ≥ δ

)
≤ pε

is thus true as soon as ‖xN‖ ≥ K/δ. One concludes that the finite marginal
distributions of the process (‖X(y, ‖xN‖ t)‖/‖xN‖) converge in distribution to the
corresponding marginal of the process identically equal to 0. By Condition d), the
sequence of processes (‖X(y, ‖xN‖ t)‖

‖xN‖

)

is relatively compact. Proposition ?? page ?? shows that any limiting point of this
sequence is necessarily the trivial process equal to 0. The sequence of processes is
therefore converging to 0. For T > 0, the very definition of Skorohod Topology on
D([0, T ],R) implies the continuity of the mapping

(z(t)) → sup
0<t≤T

z(t)

on this space, one concludes that the identity

lim
N→+∞

P

(
sup

0<t≤b

‖X(y, ‖xN‖ t)‖
‖xN‖ > ε

)
= 0,

holds for any b > 0. The proposition is proved. �

Under some conditions, Proposition 1.9 shows that for any fluid limit of the
Markov process, there exists some random time after which this fluid limit is iden-
tically 0. In the case of an ergodic Jackson network, a stronger property is true
(Proposition 1.5): There exists some deterministic time after which all fluid limits
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are zero. The next section gives an example where the variable τ cannot be chosen
to be deterministic. Proposition 1.9 cannot thus be improved in that direction, the
variable τ is indeed random in general.

5.3. An Interesting Example. In this section, an example of a non-ergodic
Markov process with fluid limits converging to 0 is given. At the same time, jus-
tifying this detailed development, an interesting multiplicative phenomenon is pre-
sented.

A Markov process (X(t)) is defined on the state space S = Z×N. The Q-matrix
Q = (qab : a, b ∈ S) is as follows: In the interior of S, for x ≥ 1 and y ≥ 1,

q(x,y),(x,y−1) = 1, q(−x,y),(−x,y−1) = 1,

q(x,y),(x+1,y) = β, q(−x,y),(−x−1,y) = α,

on the vertical axis denoted by ∆,

q(0,y),(1,y) = q(0,y),(−1,y) = 1,

and on the horizontal axis, for x ≥ 0,

q(x,0),(0,x+1) = q(−x,0),(0,x+1) = 1.

When the Markov process is on the vertical axis ∆, it jumps into the left or right
orthant with equal probability. Inside an orthant its vertical component decreases
at rate one and its horizontal coordinate grows at rate α or β until the horizontal
axis is reached. From the horizontal axis, the Markov process goes to the vertical
axis at rate 1 by exchanging the coordinates (and adding 1). The last step is
formal: The two half-axes {(0, 0), (−1, 0), (−2, 0), . . .} and {(1, 0), (2, 0), . . .} could
be identified with the vertical axis {(0, 1), (0, 2), . . .}, and the state space S should
be seen as the union of two cones sticked along a vertical axis.

∆

1 1

α β

1 1

0

Figure 3. Fluid Limits: A Multiplicative Example

For ξ > 0, Nξ denotes a Poisson process on R+ with rate ξ, when different
Poisson process are used, they are assumed implicitly to be independent (an upper
index is added to have Poisson processes with the same rate). The quantity Nξ(I)
is the number of points of Nξ in the interval I.
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5.3.1. The Embedded Markov Chain on ∆. Starting from the vertical axis ∆
at level M0 = x, the Markov process jumps into an orthant. Since the vertical
component decreases at rate 1, the time to reach the horizontal axis as the same
distribution as

(1.30) t1 = E1 + · · ·+ EM0 ,

where (Ei) is an i.i.d. sequence of exponentially distributed random variables with
parameter 1. At that time, the absolute value of the first coordinate has the same
distribution as NA1([0, t1]), where A1 is some random variable such that P(A1 =
α) = P(A1 = β) = 1/2, A1 is determined by the orthant where the Markov process
has jumped. Then, the Markov process returns to the vertical axis at level

M1 = NA1([0, t1]) + 1.

A cycle of the process (X(t)) has thus been described. For n ≥ 1, Mn is defined as
the second component of the process at the nth passage of (X(t)) on the vertical
axis ∆.

Lemma 1.10. The sequence (Mn) is an irreducible Markov chain on the state space
N−{0}. If E(logA1) = (logα+log β)/2 < 0, it is ergodic. If, in addition, E(A1) =
(α + β)/2 > 1, then the first moment of the invariant probability distribution is
infinite.

Proof. Markov property as well as irreducibility property are clear. Ergodic The-
orem for i.i.d. sequences and Poisson processes shows that the convergence

(1.31)
M1

x
=

1

x
NA1 ([0, E1 + · · ·+ Ex[) → A1,

holds almost surely and in L1 as x tends to infinity. For η > 1/e, y > 0 and a > 0,
Chebishov’s Inequality gives the relationship

P
[
ay −Na([0, y[) ≥ ηay

]

≤ e−ηyE
[
exp (ay −Na([0, y[))

]
= exp(−ay(η − 1/e)).

This shows that the probability of the event {Na([0, y[)/y ≤ a(1− η)} is exponen-
tially small with y (the ratio Na([0, y[)/y is mostly away from 0). This implies that
the convergence

1

y
logNa([0, y[) → log a

holds in L1 as y goes to infinity. A similar argument with partial sums of the
sequence (Ei) gives finally that log(M1/x) converges to logA1 in L1(Px) as x goes
to infinity, thus

lim
x→+∞

E (log (M1/x)) = E(logA1).

Therefore, if the inequality E(logA1) < 0 is true, for ε = −E(logA1)/2, there exists
some x0 such that if x ≥ x0, then

Ex(logM1)− log x ≤ E(logA1) + ε = E(logA1)/2 < 0.

Corollary ?? can then be used with the function f(x) = log x to conclude that the
Markov chain (Mn) is ergodic.



5. CRITERIA FOR ERGODICITY PROPERTIES 35

Assume now that E(A1) > 1 and E(logA1) < 0 and that the distribution of M0

is the invariant distribution of the Markov chain. If E(M0) is finite, by invariance

E(M0) = E(M1) = E [NA1 ([0, E1 + · · ·+ EM0 [)] + 1

= E(A1)E(M0) + 1 > E(M0),

contradiction. Therefore E(M0) = +∞. The lemma is proved. �

Equation (1.31) suggests that when the quantity M0 is large, the next step
is at M1 ∼ A1M0. The transitions of this embedded Markov chain of (X(t)) are
basically multiplicative. If the condition E(logA1) < 0 implies ergodicity, the tail
distribution of the invariant distribution of (Mn) does not have necessarily an ex-
ponential decay since its first moment is infinite when E(A1) > 1. This situation is
quite unconventional compared to the case of Markov chains with additive transi-
tions (like random walks) where the property of exponential decay of the invariant
distribution holds in general. See Section ?? of Chapter ?? for example. Kesten [9]

analyzes the tail distributions of some related multi-dimensional Markov chains,
see also Bougerol and Lacroix [3].

This property of the invariant distribution of (Mn) is crucial to prove another
unconventional feature: The set of parameters α and β for which the Markov process
(X(t)) is null-recurrent has a non-empty interior. See Proposition 1.13.

5.3.2. Fluid Limits. The fluid limits between two visits to the vertical axis are
first considered. Let (mN ) = (0, bN) be a sequence of initial states for (X(t)) such
that the sequence (bN/N) converges to some b > 0. In particular

lim
N→+∞

X(mN , 0)/N = (0, b).

Between time 0 and time t1 to return to the axis ∆ (t1 is the sum of bN i.i.d. ex-
ponential random variables with parameter 1), the norm of the process (X(mN , t))
is given by

‖X(mN , t)‖ = NA1([0, t[) +
∣∣bN −N1([0, t[)

∣∣ .
It is easily seen that, that, PmN

-almost surely,

lim
N→+∞

t1/N
def.
= τ1 = b, and lim

N→+∞
X(mN , t1)/N = A1b.

As N tends to infinity, with the same arguments as for the example of a random
walk on Z (page 6), the convergence in distribution of processes

[
‖X(mN , Nt)‖/N ; 0 ≤ t < τ1

]
→
[
b+ (A1 − 1)t ; 0 ≤ t < τ1

]

holds. The fluid limit between two visits to the vertical axis has been described.
Fluid limits of the process can now be expressed explicitly.

A sequence of arbitrary initial states (xN ) = (uN , vN ) whose norm is N is now
considered. By taking a subsequence, it can be assumed that there exists some
v ∈ [0, 1[ such that the sequence (vN/N) converges to v (the case v = 1 is similar
to the case which has just been investigated). One defines γN as β if uN is non-
negative and α otherwise. Note that, since v < 1, γN is constant after some finite
rank, γ denotes the limit of the sequence (γN ). The first visit to the axis ∆ occurs
at time

t1 = E1 + · · ·+ EvN ∼ vN,

[9] Harry Kesten, Random difference equations and renewal theory for products of random ma-

trices, Acta Mathematica 131 (1973), 207–248.
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and, at that time, its second coordinate renormalized by N is such that
[
|uN |+NγN

([0, E1 + · · ·+ EvN ]) + 1
]
/n ∼ b

def.
= γv + 1− v.

If the three half-axes are identified, with the same methods as in Proposition 1.3,
it is not difficult to show that there is only one fluid limit (x(t)) corresponding to
the sequence of initial states (xN ) and that this fluid limit (x(t)) is almost surely
continuous.

The fluid limit (x(t)) can be defined as follows. Take (An) an i.i.d sequence of
random variables with the same distribution as A1, and (τn) is defined by τ0 = v
and

(1.32) τn+1 = τn + b

n∏

i=1

Ai =

n∑

k=1

b

k∏

i=1

Ai.

If tn is the instant of the nth visit to ∆, the variable τn is just the limit of tn/N as
N gets large. Furthermore, for t ∈ [τn, τn+1[,

‖x(t)‖
b

=

n∏

1

Ai + (An+1 − 1)(t− τn),

in particular

‖x(t)‖
b

≤
n∏

1

Ai +
n+1∏

1

Ai, t ∈ [τn, τn+1[.(1.33)

Assume that E(logA1) < 0. By the Law of large numbers, P-almost surely,

lim
k→+∞

1

k

k∑

i=1

logAi = E(logA1) < 0,

hence for ε = −E(logA1)/2, there exists some (random) k0 ∈ N such that the
general term of the sum (1.32) is bounded by exp(−εk) when k ≥ k0. Therefore,
the sequence (τn) is almost surely converging to a finite limit T given by

T (x)
def.
= τ0 + b

+∞∑

k=0

k∏

i=1

Ai.

Inequality (1.33) and the continuity property of (x(t)) give that x(T ) = 0. By using
the same method as in the proof of Proposition ?? page ??) for the fluid limits of
the M/M/1 queue, it is not difficult to show that x(t) = 0 for t ≥ T (x). In fact,
the norm of the original process (X(t)), outside the three half-axes, can be seen as
an M/M/1 queue whose arrival rate is either α or β. Note that if T (x) is almost
surely finite, it is not necessarily integrable since E(A1) may be greater than 1.
The variable T (x) depends on the sequence of initial states (xN ) only through the
variables τ0 = v and b = γv + (1 − v), it is therefore stochastically dominated by
the variable

S
def.
= 1 + [1 + max(α, β)]

+∞∑

k=0

k∏

i=1

Ai

which does not depend on the sequence of initial states. The following proposition
has thus been proved.
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Proposition 1.11. Under the condition logα+logβ < 0, for any fluid limit (x(t))
of (X(t)), there exists some random variable T (x) such that, x(t) = 0 for t ≥ T (x).
The variables T (x), with x varying in the set of fluid limits, are stochastically
dominated by a variable S which is integrable if α+ β < 2.

Note that, as in Section 2.2.5 page 9, the fluid limits are not deterministic
processes. For this model, this property turns to be out quite important. As it will
be seen, the above proposition does not imply that the Markov process (X(t)) is
ergodic as soon as E(logA1) < 0.

5.3.3. Recurrence Properties. Since, outside the half-axes, the Markov process
grows at rate λE(A1)− 1, then clearly condition α+ β < 2 should imply ergodicity
of the Markov process (X(t)). This is indeed the case as next proposition shows.

Proposition 1.12. Under the condition α + β < 2, the Markov process (X(t)) is
ergodic.

Proof. Theorem 1.7 is used. For n ≥ 1, with the same notations as in the proof
of Proposition 1.11, if tn is the instant of the nth visit to ∆, then

lim sup
‖x‖→+∞

Ex(tn)

‖x‖ = sup
x

E (τn) ≤ sup
x

E(T (x)) ≤ E(S) < +∞,

where the supremum is taken over all fluid limits.
Inequality (1.33) shows that

lim sup
‖x‖→+∞

X(x, tn)/‖x‖ ≤ sup
x

E (‖x(τn)‖)

≤
(
1 + α+ β

)
E

[
n∏

1

Ai +

n+1∏

1

Ai

]

=
(
1 + α+ β

)
[1 + E(A1)]E(A1)

n.

Hence, there exists some n0 such that

lim sup
‖x‖→+∞

X(x, tn0)

‖x‖ ≤ 1/2.

Since tn0 is a stopping time, the assumptions of Theorem 1.7 are satisfied, one
concludes that (X(t)) is ergodic. �

The next result is the main motivation of this section. It shows that if all fluid
limits are constant and equal to 0 after some random time, this does not imply the
ergodicity of the Markov process, even if the random time can be stochastically
bounded independently of the fluid limit.

Proposition 1.13. If the conditions logα+ log β < 0 and α+ β > 2 are satisfied,
the Markov process (X(t)) is null-recurrent.

The fact that all fluid limits converge to 0 is not enough to ensure ergodicity
of a Markov process. (See the remark below Corollary 1.8.)

Proof. The invariant distribution of the Markov chain (Mn) is denoted by π. The
sequence ((0,Mn)) is the set of points of the vertical axis ∆ successively visited by
(X(t)) and

T = inf{t > 0 : X(t−) 6∈ ∆, X(t) ∈ ∆},
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is the hitting time of ∆. If the process is initially on ∆, then T has the same distri-
bution as the sum of the variable t1 defined by Equation (1.30) and an independent
exponential random variable F1 with parameter 1 (F1 is the time necessary to jump
from the horizontal axis to ∆).

The measure µ on Z× N is defined by
∫

Z×N

f(z)µ(dz) = Eπ̃

(∫ T

0

f(X(t)) dt

)
,

for a non-negative function f on Z×N. As usual, Eπ̃(·) denotes the expected valued
with the initial distribution π̃ = δ0 ⊗ π on N× N for (X(t)).

With the same arguments as in the proof of Proposition ?? page ??, it is easily
seen that µ is an invariant measure of the Markov process (X(t)). To prove null-
recurrence, it is enough to show that there is invariant measure µ with an infinite
mass, i.e. that µ(Z×N) = +∞ holds. This is a direct consequence of Lemma 1.10
since

µ(Z× N) = Eπ̃(T ) = 1 + Eπ̃(t1) = 1 + Eπ(M0) = +∞.

The proposition is proved. �

To conclude, this example shows that if a Markov is ergodic, there does not exist
necessarily a deterministic time at which all fluid limits are zero. And conversely
if all fluid limits are zero after some time, this does not imply ergodicity of the
Markov process

6. Local Equilibrium of a Rescaled Markov Process

The purpose of this section is to present a quite frequent phenomenon occurring
in the analysis of fluid limits. It is related to the fact that, quite often, invariant
distributions of some Markov chains have to be derived to get closed form expression
of fluid limits. Despite this phenomenon is quite well known, it does not seem that
there is some satisfactory result of practical use in a large set of examples. For this
reason, an informal discussion introduces the phenomenon to give some insight on
this problem. An example is then presented and completely analyzed.

Fluid limits of a Markov process (X(t)) are limiting points of the rescaled
process. When the state space is of dimension greater than 1, some coordinates
of the initial state x, indexed by a subset J , may be negligible with respect to
‖x‖, for example xj = 0 for j ∈ J . In some cases, the vector consisting only of
these coordinates can reach quickly some equilibrium which is defined as a local
equilibrium. At the “fluid” time scale, from the point of view of the “large” coor-
dinates (Xj(t); j 6∈ J), the vector (Xj(t); j ∈ J) is at equilibrium (in particular the
coordinates in J of the fluid limit are 0).

• For example, take a network of two M/M/1 queues in tandem with arrival
rate λ and service rates µ1 and µ2 with λ < µ1. Starting from the initial
state (0, N), at the fluid scale, the first queue is at equilibrium hence the
arrival process at the second queue is Poisson with rate λ, hence the fluid
limit is in this case (0, (1 + (λ − µ2)t)

+).

This local equilibrium remains as long as all the components of the vector (Xj(t); j 6∈
J) are “large”, i.e. far away from the sets where the dynamic changes. As soon as
one of the coordinates indexed by J of the fluid limit is 0, the set J will be enlarged
with one coordinate i0. Note that this does not imply that the set J grows since
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the corresponding vector (Xj(t); j ∈ J ∪{i0}) may not reach some equilibrium, and
perhaps some of its component may grow without bounds.

To be more specific, the simple case of anM/M/1 queue governed by an ergodic
Markov process is investigated.

An M/M/1 Queue in a Markovian Environment. In this section, (Z(t))
is an ergodic Markov process with values in a countable state space S, its Q-matrix
is Q = (qxy) and π is its invariant probability distribution. If (λx) and (µx) are
two sequences of positive numbers, the Poisson processes (Nλx

,Nµx
; x ∈ S) are

defined on the same probability space, are independent, and independent of (Z(t)).
A Markov process with values in S × N is analyzed, its Q-matrix is given by

R = (r(x,i),(y,j) ; x, y ∈ S, i, j ∈ N) where, for x, y ∈ S and i ∈ N,

r(x,i),(y,i) = qxy,

r(x,i),(x,i+1) = λx and r(x,i),(x,i−1) = µx if i 6= 0

and r(x,i),(y,j) is 0 for all the other coordinates. The terms of the sequences (λx)
and (µx) are assumed to be positive. The first component (Z(t)) of this Markov
process has also the Markov property and its Q-matrix is given by Q. Conditionally
on the event {Z(t) = x}, the second component (X(t)) jumps as a birth and death
process with parameters λx and µx.

Clearly, (X(t)) has the same distribution as the solution of the stochastic
differential equation dX(t) = NλZ(t−)

(dt) − 1{X(t−) 6=0} NµZ(t−)
(dt). The couple

(Z(t), X(t)) is a Markov process whose Q-matrix is R.

Proposition 1.14. If (Z(t)) is a Markov process on S with an invariant probability
distribution π such that Z(0) = x ∈ S, for N ∈ N, the process (XN (t)) is defined
as the solution of the stochastic differential equation

(1.34) dX(t) = NλZ(t−)
(dt)− 1{X(t−) 6=0}NµZ(t−)

(dt),

with Z(0) = N . If

vπ =
∑

x∈S

(λx − µx)π(x),

then, under the condition supx∈S(λx + µx) < +∞, the process (XN (Nt)/N) con-
verges in distribution to ((1 + vπt)

+) as N tends to infinity.

The quantity vπ is the mean drift of the birth and death process when the
first component (Z(t)) is at equilibrium. The proposition shows that this quantity
determines the behavior of the fluid limit of the second component (X(t)) when
the initial condition of (Z(t)) is small compared to XN (0) = N .

Proof. By Equation (1.34), XN satisfies the relationship

XN (Nt) = N +MN (Nt) +

∫ Nt

0

λZ(s) ds−
∫ Nt

0

1{XN (s) 6=0}µZ(s) ds,(1.35)

for t ≥ 0, with

MN (t) =

∫

]0,t]

(
NλZ(s−)

(ds)− λZ(s) ds
)

(1.36)

−
∫

]0,t]

1{XN (s−) 6=0}

(
NµZ(s−)

(ds)− µZ(s) ds
)
.
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For t ≥ 0, define Ft the σ-field generated by the variables (Z(s); s ≤ t) and the
Poisson processes (Nλx

,Nµx
; x ∈ S) restricted to the interval [0, t], then (MN (t))

is a local martingale with respect to the filtration (Ft) and

MN(t) =
∑

x∈S

(∫

]0,t]

1{Z(s−)=x} (Nλx
(ds)− λx ds)

+

∫

]0,t]

1{XN (s−) 6=0,Z(s−)=x} (Nµx
(ds)− µx ds)

)
.

Propositions ?? and ?? page ?? show that each term of the previous sum is a mar-
tingale. With the same method as in the proof of Proposition ?? (via Proposition ??

page ??), it can be shown that the increasing process (<MN>(t)) of (MN (t)) at t
is (∫ t

0

λZ(s) ds+

∫ t

0

1{XN (s) 6=0}µZ(s) ds

)
.

In particular, E((MN (t))2) ≤ supx∈S(λx + µx) t < +∞, (MN (t)) is a square inte-
grable martingale. Doob’s Inequality gives the relationship

P

(
sup

0≤s≤t

|MN (Ns)|
N

≥ ε

)
≤ 1

N2ε2
E
(
MN(Nt)2

)

≤ 1

Nε2
E

(
1

N

∫ Nt

0

(λZ(s) + µZ(s)) ds

)
≤ 1

Nε2
sup
x∈S

(λx + µx) t,

consequently,

lim
N→+∞

P

(
sup

0≤s≤t

|MN (Ns)|
N

≥ ε

)
= 0.

Equation (1.35) can be rewritten as

XN (Nt)

N
= YN (t) +

1

N

∫ Nt

0

1{XN (s)=0}µZ(s) ds

with

YN (t) = 1 +
MN(Nt)

N
+

1

N

∫ Nt

0

(
λZ(s) − µZ(s)

)
ds.

The couple

(1.37)

(
XN(Nt)

N
,
1

N

∫ Nt

0

1{XN (s)=0}µZ(s) ds

)

is the solution of the Skorohod Problem associated with the function (YN (t)).
By using the tightness criterion of Theorem ?? page ?? and the boundedness of

the sequences (λx) and (µx), it is easily seen that the sequence of the distributions
of the continuous processes

(UN (t)) =

(
1

N

∫ Nt

0

(
λZ(s) − µZ(s)

)
ds

)
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is tight. ith If p ≤ 1 and 0 ≤ t1 ≤ t2 ≤ · · · ≤ tp, the ergodic Theorem for the
Markov process (Z(t)) shows that P-almost surely

lim
N→+∞

1

N

∫ Nti

0

(
λZ(s) − µZ(s)

)
ds = vπti,

for i = 1, . . . , p. The finite marginal distributions of any limiting point of the
sequence are the same as those of the process (vπt). Therefore, the sequence (UN (t))
converges in distribution to (vπt) (the space C(R+,R) being endowed with the
topology of uniform convergence on compact sets), the sequence (YN (t)) converges
in the same way to (1 + vπt).

Inequalities (??) and (??) of Proposition ?? page ?? imply that the cou-
ple (1.37) converges in distribution to the solution of Skorohod associated with
the function (1 + vπt). In particular (XN (Nt)/N) converges in distribution to
((1 + vπt)

+). The proposition is proved. �

Examples.
Tandem Queues. The example of Section 2.2.3 page 7 with the sequence of

initial states xN = (0, N) is considered. The first component (l1(t)), the number
of customers of an M/M/1 queue with parameters λ1 and µ1 such that λ1 < µ1, is
ergodic and its invariant distribution π is a geometric distribution with parameter
λ1/µ1. The component (l2(t)) is a birth and death process whose death rate is
µ2 outside 0 and the birth rate is µ1 when l1(t) > 0 and 0 otherwise. The last
proposition shows that (l2(Nt)/N) converges to ((1 + vπt)

+) with

vπ = (1− π(0))µ1 − µ2 =
λ1

µ1
µ1 − µ2 = λ1 − µ2,

hence Convergence (1.2) page 8 is rigorously established when y = 0.
Fluid Limits of a Jump Process in N2. The Markov (X(t), Y (t)) on N2 consid-

ered here has a Q-matrix Q = (qmn ; m,n ∈ N2) given by (see Figure 4):
if i > 0 and j ≥ 0,

q(i,j)(i+1,j) = λ1, q(i,j)(i,j+1) = λ2, q(0,j)(0,j+1) = λv, q(j,0)(j+1,0) = λh;

if i ≥ 0 and j > 0,

q(i,j),(i−1,j) = µ1, q(i,j),(i,j−1) = µ2, q(0,j)(0,j−1) = µv, q(j,0)(j−1,0) = µh,

with the additional boundary conditions q(0,0),(0,1) = λ0, q(0,0),(1,0) = λ0, and
the other components outside the diagonal are 0. It is easily checked the process
(X(t), Y (t)) belongs to the class (C) of Markov processes defined in Section 3.

For N ≥ 1, if (XN (t)) = (XN,1(t), XN,2(t)) the Markov process with Q-matrix
Q and whose initial state is given by xN = (⌊αN⌋, ⌊(1 − α)N⌋) for α ∈ [0, 1]; in
particular,

lim
N→+∞

‖xN‖
N

= 1 and lim
N→+∞

xN

N
= (α, 1− α).

In the interior of N2 the coordinates of the Markov process are independent
and behave like two M/M/1 queues. The scaling properties of the M/M/1 queue
show the process (XN (Nt)/N ; t < t0) converges in distribution to the function
(α+ (λ1 − µ1) t, 1− α+ (λ2 − µ2) t ; t < t0) with

t0 =
α

(µ1 − λ1)+
∧ 1− α

(µ2 − λ2)+
.
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λv

µv

λ1
λ1

λ2

µ1

µ2

λ1−µ1

λ2−µ2

vπ

λhµh

λ2

0 λ0

−λ0

Figure 4. Fluid Limit of a Jump Process in N2

If t0 = +∞, or equivalently when λ1 > µ1 and λ2 > µ2, the analysis of the
rescaled process is finished.

If t0 < +∞, it can be assumed that, for example, t0 = (1 − α)/(µ2 − λ2), in
particular λ2 < µ2. The time when the second coordinate of the rescaled process
is 0 converges almost surely to t0 and, by the strong Markov property, the study is
reduced to the case where the initial states (xN ) = (xN,1, 0) satisfy

lim
N→+∞

xN,1

N
= 1 > 0.

The equilibrium distribution π of the second component is a geometric distribution
with parameter λ2/µ2. The drift of the first component is either λ1 − µ1 or λh −
µh depending on the value of second component. Proposition 1.14 shows that
(XN,2(Nt)/N) converges in distribution to the deterministic function (0, (1+vπt)

+)
with

vπ = (λ1 − µ1)
λ2

µ2
+ (λh − µh)

(
1− λ2

µ2

)
.

In particular, if vπ < 0 (as it is the case in Figure 4), the fluid limit is 0 after some
finite time.

The next result has been shown by Malyshev [6] by pasting together linear Lya-
punov functions. The fluid limit approach has the advantage of giving immediately
the ergodicity conditions.

Proposition 1.15. If one of the conditions above is satisfied, the Markov process
with Q-matrix Q is ergodic :

a) λ1 < µ1, λ2 > µ2 and

(1.38) (λ2 − µ2)
λ1

µ1
+ (λv − µv)

(
1− λ1

µ1

)
< 0;

b) λ2 < µ2, λ1 > µ1 and

(1.39) (λ1 − µ1)
λ2

µ2
+ (λh − µh)

(
1− λ2

µ2

)
< 0;

c) λ1 < µ1, λ2 < µ2 and Relationships (1.38) and (1.39).
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Proof. Conditions a), b) and c) imply that the fluid limits reach 0. Under condi-
tion c), depending on the initial state, the fluid limit may reach the horizontal axis
or the vertical axis which explains the two conditions (1.38) and (1.39).

If the initial point of the fluid limit is (α, 1 − α) with α ∈ [0, 1], under each of
the conditions of the above proposition, it is easily checked that the associated fluid
limits are 0 after some time T independent of α. By Proposition 1.2 on the uniform
integrability property, the proposition is then a consequence of Corollary 1.8. �

The fluid limit of the process has been built, via strong Markov property, by
pasting together pieces of trajectories. This method is quite natural and it gives
an explicit expression of the fluid limit. This intuitive aspect is less obvious if
one considers that the fluid limit as the solution of some Skorohod Problem. In
practice, when the Skorohod Problem formulation holds, the combination of these
two points of view is useful: A possible fluid limit can be identified by decomposing
the trajectory into pieces, it can then be shown that this is indeed the fluid limit
by showing that it solves the corresponding Skorohod problem.

7. Bibliographical Notes

The purpose of this section is to give some pointers to the literature. By no
means, it is intended to be exhaustive.

Some puzzling examples of unstable queueing networks by Rybko and Stolyar[1],
Bramson[8] and others have given a renewed interest in scaling methods in the
analysis of stochastic networks. See also Chen and Yao [4] and Whitt [9].

Scaling ideas have also been used to study ergodicity properties of some random
walks, see Malyshev[10] or of some reflected diffusion processes, see Dupuis and
Williams[11]. It is quite difficult to trace these ideas back since they have been
already used repeatedly in various domains. A typical example is the analysis of
a deterministic process perturbated by some small stochastic noise. (See Freidlin
and Wentzell [7].)

Quite often in the literature, the term “fluid limits” is attached to a set of
deterministic equations (See Equations (1.14)). If these equations are important
and useful in the analysis of some stochastic networks, they cover only some aspects
of the scaling ideas.

• They do not capture the fact that fluid limits may be random functions in-
stead of deterministic solutions of some ordinary differential equation. See
the examples of Section 2.2.5 and Section 5.3. This is an important point
since this asymptotic randomness occur precisely at the discontinuities of
the dynamic of the Markov process.

• They may have multiple solutions among which, some can be irrelevant
to the original problem. Note that this also happens in statistical mathe-
matics, see Comets[2].

[1] Op. cit. page 4.

[8] Op. cit. page 30.

[10] V.A. Malyshev, Networks and dynamical systems, Advances in Applied Probability 25

(1993), no. 1, 140–175.

[11] P. Dupuis and R.J. Williams, Lyapounov functions for semimartingale reflecting Brownian

motions, Annals of Applied Probability 22 (1994), no. 2, 680–702.

[2] Op. cit. page 4.
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Example of Section 5.3 page 33. In Ignatyuk and Malyshev [12], the multiplica-
tive phenomena have been investigated in the case of random walks in Z4

+. It is also

sketched in Malyshev [10]. A discrete time version of a related multi-dimensional
Markov process has been analyzed in Fayolle et al. [13]. The methods of these papers
use Lyapunov functions.

[12] I.A. Ignatyuk and V.A. Malyshev, Classification of random walks in Z4
+, Selecta Mathematica

12 (1993), no. 2, 129–194.

[10] Op. cit. page 43.

[13] G. Fayolle, I.A. Ignatyuk, V.A. Malyshev, and M.V. Men’shikov, Random walks in two-

dimensional complexes, Queueing Systems, Theory and Applications 9 (1991), no. 3, 269–
300.
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