Molecular Modeling of Matter

Keith E. Gubbins
Lecture 1: Introduction to
Statistical Mechanics and
Molecular Simulation

Common Assumptions
• Can treat kinetic energy of molecular motion
and potential energy due to intermolecular
interactions classically
• We shall often treat small molecules as rigid,
and neglect any effects of the electronic or
vibrational state of the molecules on their
intermolecular force field
• We shall often assume that the N-body
intermolecular potential energy can be written
as a sum of isolated two-body (pair) interactions
(neglect 3-body and higher n-body interactions)

OUTLINE
• Ensembles
• Derive distribution law, Pn(En) for
canonical variables (‘canonical ensemble’)
• Derive relationships for thermodynamic
functions in terms of the partition function
• Discuss entropy and randomness, entropy
as T!0 K
• Dividing Q into qu and class parts

Ensembles
• We must first choose a set of independent variables
(ensemble), and then derive the distribution law for the
probability the system is in a certain (quantum or classical)
state. The most commonly used ensembles are:
•
•
•
•
•

N,V,E Microcanonical ensemble [used in MD simulations]
N,V,T Canonical ensemble [often used in MC simulns.]
µ,V,T Grand canonical ensemble [used in adsorption]
µ1,N2,V,T Semi-Grand ensemble [asymmetric mixtures]
N,P,T Isothermal-isobaric ensemble [constant pressure
applications]

• Here N=number of particles, V=volume, T=temperature,
E=total energy, P=pressure, µ=chemical potential. Initially
we shall work in the canonical ensemble

Time vs. Ensemble Averages: the Ergodic
Hypothesis
• Experimental observations are time averages over
system behavior as it fluctuates between many
quantum states, e.g. for the energy U
• Alternatively, imagine a very large number, M, of
replicas of the system, all at the same N, V and T,
then at some instant average over all of them to get
the average energy
The ergodic hypothesis states that these two kinds
of average give the same result for U. This is the
First Postulate of statistical mechanics.

The Ergodic Hypothesis
First Postulate.
The observed time average (
) of a
property of the system is equal to the
ensemble average of the property, in the
limit
.

Distribution Law for Canonical Ensemble
• A system at fixed N,V,T can exist in many possible
quantum states, 1,2,….n,… with energies E1,E2,…En,…
The probability of observing the system in a particular
state n is given by the Boltzmann distribution law,

where !=1/kT and k=R/NA=1.38066x10-23 JK-1 is the
Boltzmann constant. Q is the canonical partition function,

Canonical Distribution Law: Proof
• Second Postulate. For a closed system (constant
number of molecules, N) at fixed volume V and
temperature T, the only dynamical variable that Pn
depends on is the energy of the state n, En, i.e. Pn=f(En)
• There are several equivalent proofs of

:

Lagrange undetermined multiplier method [most
chemistry texts]
Method of steepest descents [R. Tolman, “Principles
of Statistical Mechanics”]
Sole function method [K.G. Denbigh, “Principles of
Chemical Equilibrium”]

Derivation of Boltzmann Distribution Law:
Sole Function Method
• Consider a body A (the system) at (N,V) immersed in a large heat
bath at temperature T. Quantum states 1,2,…n,..are available to
the body and

• Our objective is to determine the function . Suppose a second
body, B, with (N’,V’) is immersed in the same heat bath, and has
possible quantum states 1’,2’, ….k, …, so that

• If Pnk is the probability that body 1 is in state n and body 2 is in
state k, then

Sole Function Method
2 Systems, A and B, at the same temperature
T, in a constant temperature bath

Constant Temperature, T

N,V

N’,V’

System A
System B

Derivation of Boltzmann Distribution Law
• If the heat bath is large enough the 2 bodies will behave
independently. The time body 1 spends in a particular
quantum state will be unaffected by the state of body 2,
so
• From (9)-(12) we have

• The only function for which this relation is obeyed is an
exponential one, i.e.

Proof of Eq. (8) – Sole Function Method
(8)

" must be the same constant in Pn and Pk for (5) to hold
Proof that function must be of exponential form: Take
the partial differential of Eq. 5 with respect to Ek’
(9)

Similarly by differentiating partially with respect to En

Proof of Eq. (5) – Sole Function Method
Between these two equations we obtain
Or

However, En and Ek’ are independent variables. Therefore the left hand side of
this equation does not depend on Ek’ and the right hand side does not depend on
En. Thus each side must be independent of both En and Ek’ , and therefore must
be equal to a constant for this to always hold.

Derivation of Boltzmann Distribution Law
• Since the probabilities are normalized,
from (14)

, we have

• Note that CA and CB are different for the two bodies since in
general their volumes and number of molecules will be
different. However, ! must be the same for the two bodies
for eqn. (7) to hold. Since they are in the same heat bath
this suggests that ! is related to temperature; ! must be
positive, otherwise Pn would become infinite when En
approaches infinity. For proof !=1/kT see later or see e.g.
Denbigh, Sec. 11.11.

Expressions for Thermodynamic Properties
• With the distribution law known, it is straightforward to
derive relations for the thermo properties in terms of Q.
• Internal Energy, U
U is simply the average energy of the system,

Using !=1/kT, this can be rewritten as

Thermodynamic Properties
• Helmholtz Free Energy,A
• A=U-TS is related to U via the Helmholtz eqn.,

so that from (17) and (18) we have

here C is an integration constant that must be
independent of T, and we can prove that C is
independent of V (see App E of GG); it is only if C is
independent of V that (13) yields the correct ideal gas
limit, i.e. PV=NkT.

Thermodynamic Properties
• Entropy
• Since A=U-TS we have S=(U-A)/T, and from
(17) and (19)

Thermodynamic Properties
• Entropy and the Probability Distribution
• From the distribution law, (9),

,we have

Multiplying throughout by Pn and summing over all n
gives

Comparison with eqn. (14) shows that

Thus, entropy is directly related to the probability
distribution

Absolute Entropy
• We define absolute entropy by choosing C=0; this is
convenient and logical since then:
• (a) S is positive (since 0!Pn!1)
• (b) S is independent of the energy zero used
• (c) it yields a simple expression for S as T!0
• With C=0

Absolute Entropy & ‘Randomness’
• Eq. (21a) shows the connection between entropy and probability,
or ‘randomness’. For example, if the system can only occupy a
small number of quantum states, then there will be a few Pn values
which are large, lnPn will be small and negative, S will be small. If
many states are possible there will be many terms lnPn in the sum
that will be large in magnitude and negative. An alternate
viewpoint is in terms of information theory; if we have a lot of
information about which state the system is likely to be in, entropy
will be small, and vice versa.
• In the limit when only one state is occupied (complete information,
zero randomness),

then

Absolute Entropy & ‘Randomness’
To convince ourselves that entropy measures ‘randomness’
do a quick calculation of S for cases where all available
states are equally probable, but the number of states varies:
No. of States
1
2
106
109

Pn
1
0.5
0.000001
10-9

Entropy, S
0
0.693k
13.8x106k
20.7x109k

where k=R/NA=1.38066x10-23 JK-1 is the Boltzmann
constant

Second Law & the Thermodynamic Potential
• If
is the number of states with
energy Ej, it is possible to prove (see below and
microcanonical ensemble later) that in a
spontaneous, irreversible, process in which the
energy, volume and number of molecules are
kept constant, the number of states with energy
Ej increases, and reaches a maximum at
equilibrium, i.e.
(16)

Second Law & the Thermodynamic Potential
(16)
To see eqn. (26), consider an equilibrium system with constant N, V and E. This
system has
possible quantum states. At some instant we partition the
system into a part A with NA molecules, volume VA and energy EA, and a part B with
(NB,VB,EB). The overall system, A+B, still has the same total number of molecules,
volume and energy, i.e.
.
. Suppose that
when partitioning occurs, the density "A is somewhat greater than "B in part B.

Second Law & the Thermodynamic Potential
For the partitioned combined A+B system suppose the number of
possible states is
. This set of states must be a
subset of the states available to the original, unpartitioned system. Thus it
follows that:
(17)
If we now remove the partition from the A+B system, the molecules will
spontaneously rearrange themselves, the density will become uniform
throughout, and we will regain our original system having (N,V,E), with
states. Thus this spontaneous process following partition
removal will always lead to an increase in the number of states available to
the system (and to an increase in entropy – see later when we cover the
microcanonical ensemble).
The above argument can easily be extended to any spontaneous
process (e.g. mixing of two different fluids, chemical reactions, diffusion,
etc.). The number of possible quantum states will always increase in a
spontaneous process occurring at constant N, V and E. This is a
statement of the Second Law of Thermodynamics.

Second Law & the Thermodynamic Potential
From the argument just given, and from eqn. (13), it
follows that during a spontaneous process the partition
function Q will increase, and hence from eqn. (4a) the
Helmholtz energy will decrease, i.e.
(18)

Thus, during a spontaneous process the Helmholtz
energy will continue to decrease until it reaches its
minimum value when the system reaches equilibrium.

Semi-Classical Approximation
• In the semi-classical approximation, we assume that the translational and
(extended) motions can be treated classically. This should be realistic for
most fluids
• Exceptions would be light molecules (H2, He, HF, etc.) at low temperatures
• When quantum effects are significant, but not very large, they can be
accounted for by the Wigner-Kirkwood expansion (Gray and Gubbins,
App. 3D).
• In this approximation, the Hamiltonian operator can be written as:

H = H cl + H qu
where H cl corresponds to coordinates that can be treated classically
(translation, rotation), and H qu to those that must be treated quantally
(electronic, vibration)

Semi-Classical Approximation
• We further assume that there are two independent set of quantum states,
corresponding to H cl and H qu, respectively.
# this implies neglect of interaction between vibrations, translations and
rotations
# we will generalize to flexible molecules later
• We can now write

and

, where

Semi-Classical Approximation
• Because the intermolecular forces are assumed to have no effect on the
quantum states, Enqu is just a sum of single-molecule quantum energies,
which are themselves mutually independent:

and

, where

molecular partition function

• Therefore, Qqu is independent of density: it is the same for a liquid, solid
or ideal gas.

Classical Probability Distribution
• In classical statistical mechanics, the probability distribution

is replaced by a continuous probability density

for the classical states in phase space. Here:
locations of centers of molecules 1, 2, … N
translational momenta conjugate to
orientations of molecules 1, 2, … N
orientational momenta conjugate to

Lagrange’s Equations & Conjugate Momenta
• The Lagrange function is L=K-U, where K and U are kinetic and
potential energy, respectively.
We can use generalized position coordinates, q1,q2,… and momenta
coordinates, p1,p2,… Then L depends on q1,q2,… and on the
velocities
The generalized momenta are defined by

and the generalized forces by

qi and pi are called conjugate variables.

Classical Probability Distribution
• As a result,

is the probability

that, simultaneously, molecule 1 is in the element
around the point

, molecule 2 is in the element
around the point

, and so on

up to molecule N
• Therefore (and more briefly),
density of finding the configuration
, the Euler angles (non-linear)
, the Euler (polar) angles (linear)
, as opposed to

is the probability
Here:

Classical Probability Distribution
•

is given by
(19)
where
(20)
= phase integral
and H is the Hamiltonian function,
(21)

Classical Probability Distribution
(22)

• In the previous equation,
translational kinetic energy

rotational kinetic energy
with

"" component of the moment of inertia tensor (at the
vibrational equilibrium configuration of the molecule),
where " is one of the principal axes that diagonalize
the moment of inertia tensor#
the component of the angular momentum referred to the
body-fixed principal axis " for molecule i #

(23)

(24)

Classical Probability Distribution
• Equations (26) – (30) express P and Z in terms of the Ji rather than the
independent canonical variables ($i, p$i)
• To get Kr, H, Z and P in terms of the p$i, we use the relations between
the Ji and p$i (Appendix 3A of GG):

(25)

• We note that

is normalized to unity

The Canonical Momenta

Classical Probability Distribution
• Moment of Inertia:
- Linear molecules:
- Spherical top molecules (CH4, CF4, CCl4, etc.):
- Symmetric top molecules (CH3Cl, CHCl3, NH3, C6H6, etc.):
- Asymmetric top molecules (H2O, C2H4, etc.):

Classical Partition Function

• f = number of classical degrees of freedom per molecule
= 6 for non-linear molecules
= 5 for linear molecules
• The factor (N !)-1 arises because molecules are indistinguishable
• The factor h-Nf corrects for the fact that the phase coordinates cannot be
precisely defined (uncertainty principle, see Appendix 3D GG)

The Microcanonical Ensemble
Importance of the Microcanonical Ensemble
1. The microcanonical ensemble (where N,V and E
are fixed) is the natural choice of variables for
Molecular Dynamics simulations. We solve the
equations of motion for the molecules at
constant energy and volume. However, this
ensemble is almost never used in Monte Carlo
simulations.
2. This ensemble is important pedagogically. The
Second Law appears in a natural way that is
easy to understand. Also the meaning of
entropy is particularly transparent in this
ensemble from Boltzmann’s equation, S=kln$.

MD: Newton’s equations
– Newton’s equations of motion for the N-particle system:
(26)
– where:

– Total energy

– In MD these equations are solved numerically by finite difference
methods to obtain the time evolution of the system under the given
potential.

Molecular Dynamics: Evaporation from a Cluster
• Unlike MC, the motion of the particles in a MD simulation
is realistic.

The Microcanonical Ensemble
Consider an isolated system of constant volume, i.e. one
in which N(N1,N2,… in the case of mixtures), V and E are
kept fixed. Thus the system is a closed, adiabatic one.
We consider a microcanonical ensemble of such
systems, all with the same N,V,E but in general in
different states. The microcanonical ensemble can be
thought of as a subset of the canonical ensemble, i.e.
those members of the canonical ensemble having the
same energy E (hence the name microcanonical). Since
E is the same for all members of the ensemble, it follows
from the Second Postulate that all quantum states are
equally probable, so that
(27)

The Microcanonical Ensemble and
Ensemble Averaging

A microcanonical ensemble is a collection of replicas of the system of
interest, with all replicas having the same number of molecules, N,
energy E, and volume V. Although each replica is in the same
thermodynamic state as the system of interest, at any instant in time the
various members of the ensemble will occupy many different quantum
states (e.g. states i and j for two of the ensemble members shown).

The Microcanonical Ensemble
(27)

where $ is the degeneracy or number of quantum states with
energy E (we called this g earlier), and
.
Thermodynamic Properties
Entropy & Its Physical Meaning. In the canonical ensemble
we showed that
(28)

From eqns. (1) and (2):
(29)

The Microcanonical Ensemble
(29)

• This is Boltzmann’s entropy formula, the most famous
equation in statistical mechanics, and it provides a direct
link between the macroscopic quantity, S, and its
underlying microscopic interpretation as a measure of
the number of possible states available to the system.
The larger is $, the less information we have about the
state the system is in at any given time, the smaller are
the Pn,and the larger is the entropy. By contrast, the
smaller is $, the more information we have about the
state the system is in, and the smaller is the entropy.
For a perfect crystal at T=0 K, $=1 and so S=0. We
have complete Information – we know everything about
the system! This is the third law of thermodynamics.

The Microcanonical Ensemble
• Other Thermodynamic Properties
The first law of thermodynamics is:

(30)

We can now obtain expressions for thermo
properties using eqns. (29) and (30):

The Microcanonical Ensemble
(31)

(32)

(33)

From eqn. (31), since T is always positive, it follows that the number of states,
$, must always increase as E increases at fixed N and V.
Finally, we note that the canonical partition function can be written as a sum
over energy levels, j (as opposed to a sum over states):.
(34)

The Microcanonical Ensemble
Second Law of Thermodynamics:
The Second Law follows directly from the Boltzmann
entropy equation, (3). Suppose that, at some instant, the
system with constant N,V,E is partitioned into 2
compartments A and B, having NA,VA and EA and
NB,VB,EB respectively. Suppose that at the instant of
partitioning the density "A=NA/VA is greater than the
density "B=NB/VB. The system A+B still has the same
overall N,V,E (i.e. N=NA+NB, V=VA+VB, E=EA+EB), but
the number of states for the partitioned system, $(N,V,E;
partitioned) will be a subset of the $(N,V,E) states for the
system without partitioning, i.e.
(35)

The Microcanonical Ensemble

Division of the system with N, V, E into partitions A and B

The Microcanonical Ensemble
Thus from eqn. (3) and (9):
(36)

If the partition is now removed there will be spontaneous
rearrangement of the molecules, and the system will again
have available $(N,V,E) states, and a time average of the
regions A and B will show a uniform density, "=N/V. The
entropy will always increase in such a spontaneous process in
a closed adiabatic system at constant (N,V,E), and will reach
a maximum when the system reaches equilibrium. Thus, at
equilibrium the system will have the maximum number of
states available, and the maximum disorder or randomness.

The Microcanonical Ensemble
Spontaneous Processes at Fixed (N,V,E)
The above argument can be applied to any spontaneous
process at constant N,V and E. For example:
(a) The partition in the figure separates oxygen in
compartment A and nitrogen in compartment B. On
removing the partition a uniform mixture is formed.
(b) The partition separates NO in A from O2 in B. Removal of
the partition results in mixing and reaction to produce NO2.
In both of these examples the number of states would
increase on removal of the partition and reach a maximum
at equilibrium.

The Grand Canonical Ensemble
In this ensemble the system is at fixed volume V,
temperature T and chemical potential µ (for mixtures the
chemical potential of every component is fixed). The
system is open and can exchange both molecules and
heat energy with the surroundings. Thus the number of
molecules N can fluctuate. Such open systems are of
widespread interest, and the GCE is widely used to study
them. Examples include: (a) a liquid phase in equilibrium
with a gas or solid phase; (b) a drop or bubble in
equilibrium with a gas phase; (c) a confined phase (gas
or liquid) within a porous solid, which is in equilibrium
with a bulk gas phase; (d) micelles in a surfactant
solution. In these examples there are inhomogeneous
regions, and molecules are free to move across phases
or other boundaries. Despite inhomogeneities in the
density, the chemical potentials are constant throughout.

MC in the Grand Canonical (µVT) Ensemble
• Example:

Snapshot of GCMC simulations of LJ nitrogen at 77 K
in a model activated carbon (CS1000) at a bulk pressure
of P/P0=1. The rods and the spheres represent C-C
bonds and nitrogen molecules, respectively. The model
activated carbon was obtained from constrained Reverse
Monte Carlo simulations

figures taken from Jorge Pikunic et al.,
Langmuir 19, 8565 (2003)

The Grand Canonical Ensemble
The number of molecules, N, varies among
ensemble members. Since the quantum states and
their corresponding energies depend on N, we must
imagine an extremely large collection of systems, so
that for every possible value of N the possible
quantum states are properly sampled, and the
fraction of ensemble members with a particular
number of molecules, N, and in a particular quantum
state, j, is the true probability of observing the
system with N molecules in state j. We can think of
the Grand Caronical Ensemble as a large collection
of Canonical Ensembles having various N values.

The Grand Canonical Ensemble
The Distribution Law
We need to determine the expression for the probability
law, P(N,En), giving the probability of finding the system
with N molecules in state n. We imagine the system
connected to a very large molecule bath, with which it
can freely exchange molecules and energy. The
compound system, consisting of the system plus
molecule bath, has a fixed volume and fixed number of
molecules, Ncomp=Nsys+Nbath. Thus the compound
system is a canonical one, with fixed volume,
temperature and number of molecules, so that
(37)

where Ecomp,i is the energy of the compound system in
state i, and Qcomp is its canonical partition function.

The Grand Canonical Ensemble

In the GCE each ensemble member of fixed volume V is in contact with a
very large particle bath having fixed temperature T and chemical potential µ.
The system can freely exchange molecules and energy with the bath.

The Grand Canonical Ensemble
Suppose that at some instant the system has Nsys molecules and
energy Esys, and the bath has energy Ebath, so that Ecomp=Esys+Ebath.
Then eqn. (37) becomes:
(38)

We want to find P(Nsys,Esys), the probability that the system has Nsys
molecules and has energy Esys. This will be proportional to the sum
of those terms in eqn. (38) for the compound system for which the
system of interest has Nsys molecules and energy Esys, regardless of
the state of the bath:
(39)

where the sum is over all energy states of the bath. This sum is just
the canonical partition function of the bath

The Grand Canonical Ensemble
(40)
This can be written as

Suppose that the bath is extremely large compared to the system, i..e.
Nbath>>Nsys. Then the various terms
in the above equation
will be the same, within negligible error, and
(41)
The chemical potential is given in the canonical ensemble (see previous lecture)
by
(42)

The Grand Canonical Ensemble
(42)

where the second form of the eqn. follows because N is
very large. From (41) and (42) we have
(43)

The sum of this probability function over all Nsys and Esys
must equal unity, so that (we omit the subscript sys from
now on as we are no longer concerned with the bath)
(44)

where % is the grand partition function, given by
(45)

The Grand Canonical Ensemble
The sums in (45) are over all possible values of N and over
all quantum states, n. The grand partition function can also
be written in terms of a sum over energy levels, j:
(46)

These eqns. are readily extended to mixtures:
(47)

(48)

where
, i.e. the summation is over all of
the numbers of molecules of all species, and Q{N} is the
canonical partition function for the fixed values {N}.

Thermodynamic Properties in the GCE
Expressions for the Thermodynamic Properties
Average Number of Molecules. The thermo properties can
be expressed in terms of the grand partion function. The
average number of molecules of species i is:

(49)

From eqns. (48) and (49) we see that
(50)

where
, that is, chemical potentials
of all components except for component i, are held fixed.

Thermodynamic Properties in the GCE
Grand Potential (Free Energy): The appropriate potential
function for the GCE variables (V,T,µ1,µ2,..) is the grand
potential, GP, given by
(51)

where A is the Helmholtz energy. The last term on the
right of this eqn. is the Gibbs energy, G, so that for a bulk
phase (no interfaces) GP=-pV. Changes in the grand
potential are related to changes in V,T,µ1,µ2,… by the
thermodynamic identity

(52)

Thermodynamic Properties in the GCE
(52)

The right hand form of this eqn. follows from the Gibbs-Duhem
eqn.,
. From (52) and (50)
(53)

and on integration
(54)

where C must be independent of the chemical potential of
component i.

Thermodynamic Properties in the GCE
Pressure. From eqns. (52) and (54) the pressure is given by:
(55)

It is possible to show (see Gray & Gubbins for proof) that
must vanish in order that (55) give the known virial
equation of state. Thus C itself must vanish in order that
eqns. (54) and (55) are consistent, so that we have
(56)
(57)

Thermodynamic Properties in the GCE
Entropy. From eqns. (26) and (30), the entropy is:
(58)

As for the canonical ensemble, it is possible to relate the
entropy to the probabilities. Using (47), and assuming a
pure substance for simplicity of notation

(59)

From (48) we see that the first term on the right is related
to the temperature derivative of the grand partition
function:

Thermodynamic Properties in the GCE
(60)

where U is internal energy. From (58), (59) and (60)

(
(61)

Internal Energy. Finally, the internal energy from eqns. (50)
and (60) as
(62)

The Second Law and the Grand Potential
In a system at fixed (V,T,µ) the grand potential GP must
decrease in a spontaneous change, and reach a
minimum at thermodynamic equilibrium. This can be
seen from eqns. (56), (46) and (35). Thus
(63)

where GP’ and GP are the grand potential before and
after the spontaneous change, respectively. The
inequality corresponds to the spontaneous change, the
equality to a small change at thermodynamic equilibrium.
Thus, at fixed (V,T,µ) the system will seek its minimum
value of the grand potential, at which point it will be in
thermodynamic equilibrium.

The Microcanonical Ensemble

Division of the system with N, V, E into partitions A and B

The Second Law and the Grand Potential
In the microcanonical ensemble we showed that
(35)

The grand potential is
(56)

where
(46)

From these 3 equations it follows that GP’ must be greater
than (spontaneous change) or equal to (equilibrium
change) GP.

Grand Canonical Ensemble: Thermo Properties
Example: Ideal Gas Equation of State
For ideal gas:
From (22):

where we used eq. (30) and

Also from (24)

from above eqn.
Thus

or

The Classical Distribution Function
The semi-classical approximation gives the N-body
configurational distribution function for spherical
molecules in the GCE as:
(64)

where
(65)

(66)

and

. Integrations in (66) are from 0 to V.

The Classical Distribution Function
For the case of rigid non-spherical molecules, eqns. (64) and
(66) are replaced by:
(67)

(68)

where

is given by
(69)

where qqu is the quantal part of the molecular partition function,
$=&d'=4( or 8(2 for linear or non-linear molecules,
respectively.

The Classical Distribution Function
)t and )r

in (69) are the translational kinetic energy
and rotational energy parts of the partition function and
are given by
(70)

(71)

where I# is the ** component of the moment of inertia
tensor.

APPENDIX: EVALUATION OF +
We consider reversible changes d" and dV in " and V, keeping N fixed.
The corresponding change in lnQ is:

(A.1)

Here dEn is the change in the energy of level n due to the volume change
and <dE> is the ensemble average change in total energy due to the
change in volume. This last term is the reversible work done on the system,
,wrev, due to the volume change. Further,
(A.2)

APPENDIX: EVALUATION OF +
From (A.1) and (A.2):
(A.3)

The first law for a closed system is:
(A.4)

so that (A.3) becomes:
(A.5)

where qrev is the reversible heat flow. The left side of eqn. (A.5) is
the differential of a state function, (lnQ+U"), whereas qrev is a path
function. Thus the multiplying factor, +, converts the path function
qrev to a state function, + qrev. The second law of thermodynamics
tells us that (1/T) is the only factor that can convert the reversible
heat flow to a state function. Thus + must be given by:
(A.6)

Mechanical vs. Non-Mechanical (Statistical)
Properties
• ‘Mechanical’ properties are ones whose values
are determined by the particular quantum state
the system is in at any instant. Examples:
number of molecules, energy, pressure, volume
• ‘Statistical’ properties depend on all of the
possible quantum states, and are some average
over these. Examples: temperature (average KE
of molecules), entropy (average of lnPn), free
energy (proportional to lnQ in canonical
ensemble)

Thermodynamic Properties in Canonical
Ensemble
• Pressure, P
(22)
• Chemical potential, µ#
(23)
• Heat capacity, Cv
(24)
• Enthalpy, H
(25)

Entropy at Absolute Zero
• As T decreases, the lower energy states are more and more heavily
occupied
• As T ! 0, only the states with the lowest energy can be occupied
• It is convenient to rewrite Pn as

sum over
quantum states

• Therefore,

sum over
energy levels

gj = degeneracy of level j =
= number of quantum states
with energy Ej , e.g.
j
2 n = 4 5 6 7 8 g2 = 5
1 n=123
g1 = 3

Entropy at Absolute Zero
• From eqn. (21a),
, or

sum over states in level E1

• For a “perfect crystal”, g1 = 1 and S0 = 0

Third Law of Thermodynamics

• Thus, choosing C = 0 is consistent with the Third Law
• More detailed discussions of the statistical mechanical basis of the Third
Law are given in:
- T. L. Hill, “Introd. to Stat. Thermo.”, Addison-Wesley (1960)
- K. G. Denbigh, “Chemical Equilibrium”, Cambridge U. P.
- H. B. Callen, in “Modern Developments in Thermodynamics”,
ed. B. Gal-Or, p. 201, Wiley (1974)

