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Outline

• Lattice Monte Carlo: Interaction potentials, 
moves,discretization

• Langevin’s equation, fluctuation-
dissipation theorem

• Brownian dynamics

• Dissipative particle dynamics



NC STATE UNIVERSITY

Lattice Monte Carlo
• Why use Lattice Monte Carlo?

• Can be used to simulate large systems up to 
about 1000 nm; e.g. surfactants, polymers, 
proteins etc. Off lattice simulations cannot go 
much beyond 40-50 nm. 

• Can be used to probe equilibrium properties for 
processes that require long time scales; e.g. 
micelle formation, polymer phase separation, 
coil-globule transitions for polymers, protein 
folding. Off lattice MD simulations with large 
systems cannot go much beyond ~100 ns. 

• Can be discretized to improve accuracy.
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• Difficult to implement directional contribution to 
intermolecular potentials, such as H bonding.

• In the usual implementation of lattice MC cannot 
include long range forces (e.g. Coulomb).

• Has restrictions on bond angles and lengths. 
Only discrete values of bond angles & lengths 
are allowed.

• Quantitative comparison with experimental 
results is difficult.

Limitations
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Polymer chainSingle 
molecule

• Molecules occupy discrete  positions 
inside a lattice.

• A molecule can occupy a single lattice 
site, or it can occupy several lattice 
sites, as in a polymer chain. 

• Each molecule attracts or repels a neighboring molecule 
depending on the potential energy between them. 

• We usually use a square well potential extending to the 
nearest and next nearest neighbors, but long range potentials 
can be used also.

Introduction
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Introduction
• Interaction potentials

CC BB AA

DD EE
eED

eEAeEB

eEC

There are five different types of molecules in 
this lattice, A, B, C, D and E.

The potentials between E and 
the neighboring atoms are eEA, 
eEB, eEC, eED.
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Z = 4 Z = 8

Introduction
Coordination number, Z

In a 2D lattice, E can interact with a maximum of 8 molecules. 
Therefore, the coordination number is 8. In a 3D lattice, the 
maximum coordination number is 8+9+9=26.

Z = 6 Z = 26

2D - Lattice

3D - Lattice
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Introduction

Off lattice simulation: Continuous potential

Lattice simulation: Discontinuous potential
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• Effective interaction parameter
A lattice system containing several types of molecules 
with different interaction potentials can be represented by 
a single effective interaction parameter.

Imagine a  system in the NVT ensemble containing two 
different types of particles, A and B.
The number of A particles: NA, number of B particles: NB

Therefore,                                                  (1)

Let the number of A-A contacts be NAA, number of B-B 
contacts, NBB and number of A-B contacts, NAB

NNN BA 

Introduction
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• Effective interaction parameter
E is the total energy of the system for a given configuration.

(2)

For a change to a new configuration, the change in E is ∆E.

(3)             

Let the coordination number be z, so that                       

and                     (4) 

For a change to a new configuration, zNA and zNB remain fixed, 
so                            

and (5)             

2A AA ABzN N N 

1
2AA ABN N   

ABABBBBBAAAA eNeNeNE 

ABABBBBBAAAA eNeNeNE 

2B BB ABzN N N 

1
2BB ABN N   

Introduction
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• Effective interaction parameter
Substituting (5) in (3), we get

(6)
1 1( )
2 2AB AB AA BBE N e e e    

WAB

WAB is called the effective interaction parameter.

When the system assumes a new configuration, the change in 
energy ∆E and hence the probability of occurrence of the new 
configuration is dependent on WAB, not the individual 
potentials.

Introduction
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Simulation scheme
1. A molecule (chain / solvent) is chosen 

randomly.
2. The molecule is moved to a new position.
3. The energy of the new configuration is 

calculated.
4. The move is accepted according to the 

canonical acceptance probability,

T: temperature, k: Boltzmann factor

min exp ,1acc
EP

kT
        

new oldE E E  
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Moves
Moves are employed to change the positions 
of the molecules during simulation.

Single molecules can be moved using
1. Switch
Polymer chains can be moved using
1. Reptation
2. Twist
3. Regrowth using Configurational Bias
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Switch
Two solvent molecules exchange positions
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Reptation
Each segment of a chain is moved through 
one lattice unit, in a snake-like motion. 
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Twist
A single segment is moved through one 
lattice unit keeping the rest of the chain fixed.
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Chain regrowth: Configurational bias
The entire chain or a part of the chain is 
grown in a different part of the box.
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Configurational Bias

J.I. Siepmann, “A Method for the Direct Calculation of Chemical Potentials for Dense 
Chain Systems”, Molecular Physics, 70, 1145 (1990); J.I. Siepmann and D. 
Frenkel, Mol. Phys., 75, 59 (1992).

Attempting to make a Monte Carlo move of a chain of n mers is not feasible 
using standard MC moves.  For a liquid-like density, the probability of 
acceptance of an insertion attempt for a single mer is about 0.5%, i.e. 1 
out of 200 attempted moves is accepted.  If you try to insert n mers, the 
probability of acceptance is only 1 in 200n.  So for a 8 member chain this 
is only 1 successful insertion for every 1018.  Clearly this is not practical.  

The configurational bias method dramatically improves the odds of 
acceptance of each mer by ‘growing’ the chain molecule through adding 
mers in a preferentially directed (i.e. biased) way that is more likely to 
lead to successful insertion.  The method can be applied to both lattice 
MC and off-lattice MC simulations. 
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1. Insert the first segment randomly
2. Compute 

z: coordination no.,  u1(n): energy of the 
first segment (here n = new config.).

3. In turn, insert the second segment in all z
positions adjacent to the first atom. 
Calculate 

u2(j): energy of second segment in jth position 

 1 1( ) exp ( ) /w n z u n kT  

2
2

1

( )( ) exp
z

j

u jw n
kT

    


Chain regrowth: Configurational bias algorithm 
(See Appendix)

Ref: Frenkel & Smit, “Understanding Molecular Simulation”, Ch. 13; Leach, Sec. 
8.11: Appendix to these slides
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4. Insert the second atom in one of the z 
positions according to prob. P2(n) 

5. Repeat for all the atoms.
6. Calculate Rosenbluth Factor W(n) of the 

new configuration

l: chain length (no. of chain segments)

 2
2

2

exp ( ) /
( )

( )
u n kT

P n
w n




1

( ) ( )
l

i
i

W n w n




Chain regrowth: Configurational bias
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7. Calculate Rosenbluth Factor W(o) of the 
old configuration.

8. Accept the trial move with a probability

( )min ,1
( )acc

W nP
W o
 

  
 

Chain regrowth: Configurational bias
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Lattice Discretization

Discretized lattice Normal lattice

• Qualitative comparisons 
possible

• Quantitative comparisons 
possible

A. Z. Panagiotopoulos, J. Chem Phys, 112(16), 7132 (2000)
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Discretization

Lattice Discretization parameter:  

    

size Lattice
diameter Particle
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Discretization
Comparison of discretized lattice with off-lattice simulations1:









Off-lattice 
simulation

Gas-Liquid Phase Coexistence of 
Lennard-Jones particles

+

x



line

Ref: 1) A. Z. Panagiotopoulos, J. Chem Phys, 112(16), 7132 (2000)

Increasing
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Applications

• Surfactant solutions
 Surfactant / water
 Surfactant / Water /oil

• Supercritical fluids

• MCM, MCF materials

• Polymers

• Proteins

Lattice MC has various applications in simulations of  
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Applications

Larson’s model :

• Simple cubic lattice

• Fully occupied

• Coordination number, Z = 26

• Site interacts equally with all its neighbors

• Single energy parameter  22111212 2
1  w
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Binary system – Water/Surfactant

Simulation1 Experiment2

Ref: 1) R. G.Larson, J. Chem. Phys, 96(11), 7904 (1992)
2) P. Kekicheff, G. J. T. Tiddy, J. Phys. Chem, 93, 2520 (1989)

H4T4 surfactant in Water Lithium perfluorooctanoate in water

Applications: Larson’s model

• Simulation and experiment are qualitatively similar
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Applications: Surfactant Solutions

Some interesting results in surfactant solutions 
using Lattice MC :

• A drop in free monomer concentration with increasing total 
surfactant concentration above CMC in contrast to equilibrium 
theories1 

• Characterization of size and shape distributions of micelles1,2

• Thermodynamic properties of micelles3,4

• Spontaneous vesicle formation5

Ref: 1) A.D. Mackie and A.Z. Panagiotopoulos, Langmuir 13, 5022 (1997). 
2) P.H. Nelson, G.C. Rutledge and T.A. Hatton, J Chem Phys 107, 10777 (1997)
3) M.A. Floriano and E. Caponetti, Langmuir 15, 3143 (1999)
4) C.M. Care and T. Dalby, Europhys Lett 45, 38 (1999)
5) A.T. Bernardes, Langmuir 12, 5763 (1996)
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Applications: Supercritical Fluids

Surfactant in supercritical CO2

Surfactant

CO2

Vacancy

Surfactants Micelles

Surfactant 
Conc. 

(> CMC)

Supercritical Fluids:
Model

Vacancies to account for CO2 compressibility
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Applications: Supercritical Fluids
Qualitative comparison with experiment: Surfactants in supercritical CO2

Simulation1 Experiment2

Ref: 1) Lauriane F. Scanu, Keith E. Gubbins, and Carol K. Hall, Langmuir, 20 (2), 514-523 (2004) 
2) E. Buhler, A. V. Dobrynin, J. M. Desimone, and M. Rubinstein, Macromolecules, 31, 7347 (1998)

H5T4 surfactant in scCO2 PVAC-b-PTAN surfactant in scCO2
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Confined H12T12 copolymer  

• Similar structures found in experiments and simulations
• Simulation also predicts other structures depending on Pattern spacing LS

Applications: Confined polymers

Simulation1 Experiment2

Confined PS-b-PMMA 
copolymer

Ref: 1) Q. Wang, Q. Yan, P. F. Nealey, and J. J. de Pablo, Macromolecules, 33, 4512 (2000)
2) L. Rockford, Y. Liu, P. Mansky, T. P. Russell, M. Yoon and S. G. J. Mochrie, Phys. Rev. Lett. 82, 2602(1999)

Diblock Copolymer confined between heterogeneous substrates
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Langevin Dynamics
Brownian Dynamics



NC STATE UNIVERSITY

OUTLINE

• Introduction: Brownian motion, diffusion
• Langevin’s equation for motion of large 

particles
• Fluctuation-dissipation theorem
• Coarse graining: examples
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Introduction
• Soft matter often consists of large, massive particles 

in a sea of small, light solvent particles, e.g.
Polymer solutions
Colloidal solutions
Surfactant solutions
Protein solutions

• In such systems the time scales involved for the 
large and small particles are very different.  
Depending on the properties of interest, we may be 
able to remove the fast modes of the small particles 
by coarse-graining, i.e. integrating out the fast 
modes.  Examples are ordering of colloid particles, 
protein folding, micellization, polymer aggregation.
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Can we Simulate Milk?

diluted milk in water, showing
Brownian motion of fat droplets

fat drops  ~1m

water molecules are 
about 3000 times smaller
than the fat droplets

total time ~10 seconds →
huge differences in time
scales

http://www.microscopy-uk.org.uk/amateurs/movigifs.html

Our earlier time estimates are close to reality!
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Motivation

kT
m

tv 3)( 2 

Can we simulate milk? water molecule: kg 103.0 25

kg 105.0 15fat droplet (             ):m 1d
kg 105.0 18casein micelles (                    ):m 1.0 d

In a system with a well defined temperature
the kinetic energy is distributed following the
equipartition theorem:

⇒ ratio of the squared velocities 
for water and fat droplets O(1010)

⇒ ratio of  the squared velocities 
for water and casein micelles O(107)

From this we can estimate the
ratios of the average velocities

)10(ratio 5O

)10(ratio 4O

So, is a Molecular Dynamics simulation of milk feasible?
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Review:  Atomistic Molecular Dynamics (MD)

Integration of Newton’s equation of motion

Total length of an MD simulation on the physical time scale is
given by the slowest mode. 

Total computation time

The time step,      is determined by the fastest mode.t

)fs(Ot 

(s)total O  fat droplets in milk

CPU 15 CPU(10 )
total

t O t
t


   



water molecules
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Robert Brown (1773-1858)

Brownian Motion:  Historical Background

http://www.anbg.gov.au/biography/brown.robert.biog.html

renowned Scottish botanist

studied medicine in Edinburgh,
but never finished his degree!

1827: studied (~5 micron) granules from
pollen of Clarkia pulchella in water

Brown did not discover the Brownian 
motion but he is the first who intensively
studied it.

Brown’s microscope

http://www.sciences.demon.co.uk/
wbbrownb.htm
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Brownian Motion:  Paul Langevin’s Theory

http://scienceworld.wolfram.com/
biography/Langevin.html

Paul Langevin (1872-1946) 

Langevin’s theory is in some sense a synthesis of 
Smoluchowski’s and Einstein’s earlier theories

Force on a Brownian particle can be expressed as
sum of the average force and fluctuations about it.

Langevin treats the average force dynamically and 
the fluctuating part probabilistically.  He assumes that 
Brownian particles are very dilute, so there are no interactions
between them. 
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Langevin equation

Ref.: Robert Zwanzig, “Nonequilibrium Statistical Mechanics”, Oxford University Press, New York 2001

)(total tFvm Although the motion of a Brownian particle is quite
random, it must follow Newton’s second law

If a Brownian particle would just experience
friction with the surrounding medium

vvm  γ friction 
coefficient

solution of this linear first-order
differential equation is m

t

evtv



 )0()(

Velocity decays to zero in
long times limit

This cannot possibly be true, because 
of the equipartition theorem 

2 3( ) kTv t
m

=

Our earlier observations justify the
introduction of a random force.  This
gives the LANGEVIN EQUATION

)(tvvm  


)(t Gaussian
random
variable
noise
amplitude

In the following we concentrate on one, say the x-component, of the vectorial velocity.
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Langevin equation & Fluctuation-Dissipation Theorem

Langevin equation is a first-order linear differential equation.

can be solved after multiplication by an integrating factor: 

( )
total

F mv v t    

It’s normal form 

)(1)(1)( t
m

tv
mdt

tdv  

m
t

e


m
t

m
t

et
m

tve
dt
d 

 )(1)( 
The left side is obtained by using the product rule
in reverse direction

Integrating from t=0 to t=t gives

 















  t

m
tt

m
t

et
m

tdvetv
0
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)(1)0()(




(1)

(2)
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Langevin equation & Fluctuation-Dissipation Theorem

The noise term of the Langevin equation was introduced to obey the equipartition theorem
at long times. Consequently, there must be a relationship between the friction (dissipation) 
and the noise (fluctuation).  This relation is the fluctuation-dissipation theorem.

To find this relationship we calculate the mean squared velocity and set it equal to the 
equipartition result.

 















  t
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m
t
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m

tdvetv
0
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)(1)0()(




First term:      exponential decay of velocity due to friction (dissipation)

Second term: speedup due to random noise (fluctuation)
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Langevin equation & Fluctuation-Dissipation Theorem
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Now we take the average over many initial starting configurations of the heat bath, 
i.e. of the small particles. 
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To solve this equation we must specify the stochastic properties of the noise,       :)(t

0)( t )()()( tttt  

no time/time correlations of the noise. 
The Fourier transform of the time autocorrelation fn. is a constant (equal to 1) → white noise.

  1)( 2  t

The second term in the squared velocity vanishes.
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Langevin equation & Fluctuation-Dissipation Theorem

Because of the Dirac function in the third term one integration is removed,
thus it simplifies to 
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This gives the mean squared velocities as:
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2 1
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)0()(

At long times the exponentials drop out.
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m

tv
2

)(
2

2 From Langevin equation we obtain:

Fluctuation-Dissipation Theorem  

2

6kT
 =

2 3( ) kTv t
m

=The equipartition theorem requires:

Combining both we obtain the fluctuation-dissipation theorem:

The important result of the fluctuation-dissipation theorem is that noise and friction
are not independent.  Other forms of the F-D theorem exist depending on how we write the 
dissipative and random force expressions (e.g. see DPD).

Ref.: Robert Zwanzig, “Nonequilibrium Statistical Mechanics”, Oxford University Press, New York 2001
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Conclusion

If there are large differences in time scales governing the molecular 
motion of different components of the system, e.g.

• polymer solution
• solution of colloids

and fast modes are irrelevant for the quantities of interest, e.g.
• ordering of colloidal particles

then fast modes can be removed, e.g.

• water from aqueous solution of colloids
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Coarse Graining: Modified Langevin Approach

So far we have assumed that there are no forces between the Brownian particles, A.  This is
only valid at near infinite dilution of A. 
In most systems of interest all particles big (A) and small (B) interact with each other.

This causes additional (conservative) forces between the Brownian particles. 

Some of them are direct interactions and some of them are mediated by the solvent

This has two major consequences:

1.) We must include the direct (AA) conservative forces in the Langevin equation

2.) We must find a way to effectively add the solvent-mediated interactions (AB          
and BB) to the interactions between Brownian particles, since the Langevin 
equation does not contain any explicit solvent particles (their presence is 
implicitly taken into account through the friction and fluctuation terms).
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Coarse Graining & Mesoscale: United Atom 
Approach. Example, C12E5

CR2CR1 CR2 EO EO EO EO EO OH

CR1: CH3CH2CH2CH2-

CR2: -CH2CH2CH2-

EO: -CH2CH2O-

OH: -CH2CH2OH

Each beads ‘center’ is 
defined as the center 
of mass of it’s 
respective atoms

Beads consisting of 
the same atoms are 
treated the same



NC STATE UNIVERSITY

The Mesoscale: Two Dynamical Approaches

Direct MD

Here i and j are the coarse grained beads, and c indicates that the force is 
conservative.

Gives good results for equilibrium properties, but poor for dynamical 
properties (molecules are too ‘smooth’)

Modified Langevin: Brownian Dynamics

Here v is velocity,     is the friction coefficient, ζ(t) is a Gaussian random 
variable, and σ is the amplitude of the Brownian noise.  The fluctuation-
dissipation theorem gives a relation between the friction coefficient γ & σ.

( ) 1, 2,...v C
i i i ij

j i
m t i N



  F F

( ) ( )C
i i i ij i i

j i
m t t 



   F F ςv v BD
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Vapor-Liquid Equilibrium of Alkanes: Direct MD
Simulation data from S.K. Nath, 
F.A. Esocbedo and J.J. de Pablo, J 
Chem Phys, 108, 9905 (1998) and 
B.Chen and J.I. Siepmann, J Chem
PhysB, 103, 5370 (1999).

CH2 treated as ‘beads’. 
Open symbols are 
simulation, closed 
symbols are experiment.  
Lines and crosses (critical 
points) are experiment.  
For C24 and above 
experimental data is 
unavailable as these 
alkanes decompose at 
such high temperatures.
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Coarse-Graining Techniques and Fc

1.  ‘Rigorous’ coarse graining:

Advantage: Reproduces all the structural and thermodynamic 
properties; the Hamiltonian for the effective system is mapped onto that 
for the atomistic system
Disadvantage : Only worked out for spherical molecules.  Difficult for 
complex systems – not yet developed.  Does not reproduce the dynamic 
properties correctly.  At present not clear how serious these errors are.

2. Coarse graining by matching a specific property:

Advantage: Reproduces the property of interest
Disadvantage : May not reproduce other properties

Matches the partition functions for the atomistic and coarse grained (mesoscale)
Systems.

E.g. Matching correlation functions or forces
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Coarse-graining: By matching g(R)

Method: Find a ueff such that

g(R)atomistic= g(R)coarse-grained
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1. Potential of mean force

2. Integral equations

3.   Iterative Boltzmann inversion

How to find ueff ?

ueff =?

3 approaches to find ueff from g(R)atomistic
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8 wt% 70 wt%

Atomistic 
Meso-scale
with PMF

Conclusion:  Good g(R) match at low concentration 
Deviation at higher concentrations

Atomistic 
Meso-scale

1.  Potential of Mean Force (PMF):

46 wt%

Atomistic 
Meso-scale

g(R) g(R) g(R)

ueff = - kTln g(R)atomistic

Ethanol / H2O:
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3)  Iterative Boltzmann Inversion:*

1
meso-scale

atomistic

g(R)  + kT
g(R)  

eff eff
i iu u ln

i


 
 
 
 

Iteration is repeated until   max |g(R)| < 0.02

ueff is iteratively corrected ...

0
effu  Potential of mean force [-kT ln g(R)atomistic]

* A. K. Soper, Chem. Phys., 1996
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3)  Iterative Boltzmann Inversion:

70 wt%46 wt%

Conclusion: Good g(r) match for all concentrations studied

Atomistic 
Meso-scale

g(R)

Atomistic 
Meso-scale

Ethanol/H2O:

•J.R. Silbermann, S.H.L. Klapp, M. Schoen, N. Chennamsetty, H. Bock, and K.E. Gubbins, “Mesoscale Modeling of Complex
Binary Fluid Mixtures.  Towards an Atomistic Foundation of Effective Potentials”, Journal of Chemical Physics, 124, 074105 (2006).
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Conclusions

• Potential of mean force ............ works at ..... low concentrations

• Integral equations with HNC .... works until ..... moderate concentrations

• Iterative Boltzmann inversion ... works for ....... all concentrations studied

In coarse-graining ethanol/H2O system
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BD & DPDBrownian Dynamics (BD)

Starting point:   Langevin equation

( ) ( )C
i i ij i i

j i
m t t 



   F F ςv v

Method: BD is just the solution of the Langevin equation with the conservative 
forces included. Integrating the Langevin equation generates the 
system’s trajectory in phase space.  From this trajectory all properties 
of interest can be calculated as time averages.

The equilibrium solution of this eq. is the canonical distribution. That means that the
equilibrium properties of a Brownian Dynamics simulation are those of the canonical 
ensemble.

Introduction of the BD method: D.L. Ermak, J. Chem. Phys. 62(10), 4189 (1975)

Here        is the conservative force between the (large) particles i and j.  The 
‘large’ particles may be colloid particles, the coarse grained beads, etc.

C
ijF
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Bead-Bead  RDF

Bead-Bead  Bond Length 
Distributions

Dimyristoylphosphatidylcholine (DMPC) Lipid

Lyubartsev, A.P., Eur. Biophys. J., 35, 53-61 (2005)

•The inter- and intra- molecular correlation 
functions found from a dilute aqeuous
atomistic MD simulation

•The corresponding CG potentials are found 
using the iterative Boltzmann inversion 
method

Coarse graining by matching a specific property:
Coarse-graining by Matching g(R)
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Dimyristoylphosphatidylcholine (DMPC) Lipid

•The potentials found are state 
dependent!!

•However, if the same 
potentials are used for a high 
concentration system self-
assembly of the lipids into 
bicells occurs

Lyubartsev, A.P., Eur. Biophys. J., 35, 53-61 (2005)

Coarse graining by matching a specific property:
Coarse-graining by Matching g(R)
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BD & DPDBD  Conclusions

For systems with large differences in the time scales of the 
molecular motion BD has advantages compared to MD because: 

• Removal of many particles → less computation per time step

• dissipation stabilizes the equation → increase of the time step
by a factor 2-3

• time step is now determined by the slow modes →
increases time step by a factor of several hundreds.

The available observation time still depends on system size
but is               fold longer, at the cost of atomistic detail, 
however.

)10( 4O
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BD & DPDBD  Conclusions

Problems:

1. Because the random force is random, it does not reflect any system 
structure

2. Length scales must be well separated (solvent much smaller than 
solute)

3. Impact of the solvent on the structure must be included in the 
effective interactions (excluded volume)

4. Doesn’t give correct hydrodynamics  
- no momentum conservation (because of the 

random forces)
- solvent mediated velocity coupling due only to the

conservative forces between the Brownian particles
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BD & DPDBD   Example 1      S. Glotzer

How to assemble nanoparticles? Thanks to Prof. Sharon Glotzer for 
providing the material!

The application of nanotechnology to photonics, molecular electronics, chemical and 
biological sensors, energy storage and catalysis requires manipulation of nano-objects 
into functional arrays and structures.

How do we organize thousands or billions of these building blocks 
into predictable ordered structures for materials or devices with 
useful properties and behavior?

Challenge:

Taken from lecture by Sharon Glotzer.
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How to assemble nanoparticles?

• How do we organize thousands or billions 
of these building blocks into predictable 
ordered structures for materials or devices 
with useful properties and behavior?

• Add tethers to the nanoparticles (short 
chains); the nanoparticle + chain becomes 
a surfactant, and this enable us to control 
self-assembly through suitable use of 
solvents.
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BD & DPDBD   Example 1       S. Glotzer

Taken from lecture by Sharon Glotzer.
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BD & DPDBD   Example 1       S. Glotzer

Taken from lecture by Sharon Glotzer.
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BD & DPDBD   Example 1       S. Glotzer

Taken from lecture by Sharon Glotzer.
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BD & DPDDissipative Particle Dynamics (DPD)

RDCDPD
ijijijij FFFF 

In DPD the force between particles i and j is given by the sum:
C

ijF conservative force
D

ijF dissipative force
R

ijF random force

 



ij

ijijiji t RDC)( FFFF

Instantaneous force acting on particle i:

We assume pairwise additivity for all three types of force.  This is the 
main difference between DPD and BD 
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BD & DPDDissipative Particle Dynamics (DPD)

 



ij

ijijijii t RDC)( FFFFp

The equation of motion is given by the Langevin equation:

Since all forces are pair-interactions, Newton’s third law is obeyed, 
and momentum is conserved! (This is not the case in BD.)   As a result, 
DPD looks like MD.

⇒ Integration of the equation of motion as in MD possible, but 
some methods are more efficient than others.
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BD & DPDDPD  Differences to BD

Without specifying the force contributions some differences
to BD are apparent:

• In BD the dissipative force describes only friction with the small
particles, but in DPD the friction generates a drag on neighboring  
DPD particles, mediated by the small particles. 

• Since all interactions are pair-interactions, momentum is conserved.

Conservation of mass and momentum ⇒ Macroscopic behavior
is (Navier-Stokes) hydrodynamics. (BD is diffusive, and does not give 
correct hydrodynamic behavior.)

Couplings through dissipative force causes long range velocity
correlations ⇒ hydrodynamics (with much less particles than in MD).
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BD & DPDDPD  The problems

A more realistic choice of the parameters, which is identical to relating the dynamics
of the coarse grained system to that of the full system, is non-trivial and an
unsolved problem. (Attempts have been made but with little practical use).

The second problem is the physical time scale of DPD. Since the random and the
dissipative force do not have a well defined physical origin, the physical time scale
is ambiguous.

• In some cases the dynamics of the simulation can be related to the dynamics
of an experimental system, which gives a physical time scale.
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BD & DPDDPD  The advantages

DPD shows hydrodynamic behavior (velocity correlations) with far less particles
than MD. 

If equilibrium properties in the canonical ensemble are desired, than DPD:

• is much easier to program than MC (no complex moves for long chains)

• can be applied to systems of arbitrary complexity with little or no modification 

• is faster than MC (for soft potentials) 

As BD, DPD is orders of magnitude faster than MD if only mesoscopic properties are
of interest. This is because the number of interacting particles is significantly reduced
and the potentials are soft and we can use a much larger time step.
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BD & DPDDPD  Example 1

http://www.lce.hut.fi/research/polymer/
softsimu2002/groot.shtml

R.D. Groot and T.J. Madden, J. Chem. Phys. 108(20), 8713 (1998)

Time evolution of A3B7 diblock copolymer melt 

less symmetric,
rods start to reorient

4000 time units2000 time units
Gyroid like structure,
mean-field predicts this 
structure to be unstable

rods are completely
aligned with some side-
ward connections

6000 time units 8000 time units
hexagonal phase
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BD & DPDDPD  Example 2

R.D. Groot, T. J. Madden, and D.J. Tildesley, J. Chem. Phys. 110 (19), 9739 (1999) 

Time evolution of A3B7 diblock copolymer melt: DPD or BD?

DPD

BD

1500         7500       15000
time units

A3B7
A1B3

In DPD haxagonal ordering is quickly reached,
whereas BD does not “find” this state.

BD

BD finds hexagonal ordering
locally, but hexagonal domains
don’t grow over the domain of 
the box.
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BD & DPDDPD  Example 2

R.D. Groot, T. J. Madden, and D.J. Tildesley, J. Chem. Phys. 110 (19), 9739 (1999) 

Time evolution of A3B7 diblock copolymer melt: DPD or BD?

hexagonal: DPD  → fast
BD   → never

lamellar: DPD & BD identical

hexagonal → nucleation and growth

lamellar → spinodal decomposition

mixture is unstable

mixture is metastable

initial growth of the nucleus is diffusive

second growth regime is viscous
hydrodynamic
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BD & DPDDPD  Example 3

Formation of a liposome 86000 DPD particles

http://www.lce.hut.fi/research/polymer/dpd.shtml

full object

from the group of:
Mikko Karttunen
Biophysics & Statistical 
Physics Group,
Laboratory of Computational 
Engineering,
Helsinki University of Technology

~80000 water particles are removed for clarity
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Acceptance Criteria: Derivation
Detailed balance:

(7)

P0
, Pn

: probability of old, new configuration,

(8)

Uo(Box energy)=Uch(o)(Chain)+Urest(Rest of box)

( ) ( )o acc nP P o n P P P n o     

exp( / ) exp( ( ) / ) exp( / )o ch rest
o

U kT U o kT U kTP
Q Q

   
 

Appendix A: Configurational Bias Method
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Probability of change from old to new:

(9)

Similarly,                                                   (10)

and                                                           (11)

 

1 2

2
1

2

( ) ( ) ( ) ......... ( )

exp( ( ) / )exp( ( ) / )
( )

exp( ( ) / )...........
( )

exp( ( ) / )
( )

l

l

l

ch

P o n P n P n P n

u n kTz u n kT
w n

u n kT
w n

U n kTz
W n

   

 
     

 
 

  
 


 

exp( ( ) / )( )
( )

chU o kTP n o z
W o


  

exp( ( ) / ) exp( / )ch rest
n

U n kT U kTP
Q

  


Chain regrowth: Configurational bias
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Substituting (8), (9), (10) and (11) in 
(7), we get

( )min ,1
( )acc

W nP
W o
 

  
 

Chain regrowth: Configurational bias
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APPENDIX B

BD and DPD
Some Technical Details



NC STATE UNIVERSITY

BD  Technical Details

How to choose    ?

The determination of the friction coefficient is non-trivial.

Remember, the equilibrium properties don’t depend on the 
friction coefficient!

If we are considering a solution, say a colloidal solution, the friction 
coefficient can be derived/approximated from bulk properties:

• Stokes’ law:

• Einstein’s relation:

vvF a 6D 

m
kTD 

FD drag force

η viscosity of the solvent

a  diameter of the 
spherical Brownian. particle

D diffusion coefficient
of a Brownian particle in solvent



NC STATE UNIVERSITY

BD  Implementation

M.P. Allen and D.J. Tildesley, “Computer Simulations of Liquids”,
Oxford University Press, New York 1987

A good starting point is:

The goal is to find an efficient method to integrate the Langevin equation:





ij

ii
C

ijii tttttm )()()()()( ςvFFv 

We replace the integral by a discrete sum, leading to a finite time step      .t

As in atomistic MD, we integrate the Langevin equation over one time step. 
This is, however, possible only if we make some assumptions about the time 
dependence of the conservative force (e.g. we take            to be constant 
over Δt) .

C
ijF
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BD & DPDBD  Implementation

Simplest method: assume that the conservative force is constant during      .t

The integration of the velocity part is analogous to our earlier calculations 
for the Langevin equation.  For one component:

C
im

t
m

tv
mdt

tdv F1)(1)(1)(
  




ij

C
ij

C
i

C
i tt )()( FFF

m
t

C
i

m
t

eFt
m

tve
dt
d 

 ))((1)( 

m
t

e


multiplying by         and using the product rule gives



NC STATE UNIVERSITY

BD & DPDBD  Implementation
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rearranging terms and executing the integration over the time-independent
force gives

This equation tells us how to update the velocities in our algorithm.
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BD & DPDBD  Implementation


 











tt

t

m
ttt
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We define a new stochastic variable v

The reason for introducing this variable is that 
the inverse of the collision frequency is much
smaller than the time step.

It can be shown that if         is Gaussian then       is Gaussian too. v)(t

Since we now know how to update the velocities it remains to derive an 
equation for the updated positions.





tt

t

tvtdtxttx )()()(
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BD & DPDBD  Implementation

We have already derived an equation for the velocities. A variable
transformation is necessary. The integration is then straight forward.

ttt 

v
C

iFctvcttv  10 )()(

The algorithm is then:

x
C

iFmcttmvctxttx 
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BD & DPDBD  Implementation

It is obvious that     and       are not independent since they are integrals 
involving the same random process. They are sampled from a bivariate
Gaussian distribution. For details see: 

M.P. Allen and D.J. Tildesley, “Computer Simulations of Liquids”,
Oxford University Press, New York 1987

The algorithm we have developed here is a simple predictor algorithm. 
If we would have assumed the force to be linear in time, then we would 
have obtained a Verlet-type of algorithm, which is more efficient.

x v
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BD & DPDDPD  The conservative force

ijijij rf eF ˆ)(Cmax
C 

i

j
ijr

ijijr r

ij

ij
ij r

r
e ˆ unit vector

from j to i

force on i engendered by j

becomes more complicated for chains of DPD particles due 
to bond length, angle and torsion.

C
ijF

maxf

)(C ijr

force parameter (max. force)

weight function

describes how      decays with C
ijF ijr

People have often used:
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0

1

2

3

-20 -10 0 10 20

BD & DPDDPD  The conservative force

ijr

maxf

C

  if  1( )
  else0

ij c
ij

ij
c

r
r r r

r
ìï <ï -ï=íïïïî

For very large molecules, traditionally:

Mexican hat function

ijijij rf eF ˆ)(Cmax
C 

)(Cmax ijrf 

• very soft

• no hard core!

• purely repulsive

max10 2.5cr f 
Last two points imply a large
time step, if consistent with 
dissipative and random force.
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BD & DPDDPD  The conservative force

Even in the traditional case it remains to determine        . This can
be done by a fit of experimental or other simulation results.

maxf

The smaller the structural (atomistic) unit assigned to a DPD
particle is, the “harder” the potential becomes.

If the description of the system is obtained from coarse graining,
then       is defined by the coarse graining procedure.C

ijF
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BD & DPDDPD  The dissipative (frictional) force

 ijijijijij r eveF ˆ)ˆ()(D
D  

 friction coefficient

)(D ijr weight function

ijv relative speed

i

j
ijr

component of the relative speed 
of i with respect to j in the direction
of     :ijr

(positive definite)

The dissipative force always damps relative movement along the con-
nection vector. This generates a direct drag, thus, cooperative motion.

positive (move apart) ⇒ force towards j
negative (move closer) ⇒ force away from j

and             are yet to be defined! )(D ijr



NC STATE UNIVERSITY

BD & DPDDPD  The random force

ijijijij r eF ˆ)(R
R   noise amplitude

)(R ijr weight function

ij Gaussian noise variable

ijStochastic properties of the noise,    :

jiij  Symmetry: (necessary to obey Newton’s third law                   
thus, momentum conservation)

RR
jiij FF 

0)( tij

  )()()( tttt ijjijjiijiij   

The time autocorrelation function of the noise states that the noise is entirely
uncorrelated. The Fourier transform of the time autocorrelation function is a
constant (1) → white noise.

  1)( 2  tij
(variance)(time autocorrelation function)

and             are yet to be defined! )(R ijr
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BD & DPDDPD  The Fluctuation-Dissipation Theorem

 2RD )()( ijij rr  

The first equation is the fluctuation-dissipation theorem, identical to the 
one in BD.  See

TkB

2

2
 

Results:

The canonical ensemble (NVT) is the stationary solution of the 
conservative part of the DPD equation. → If we run a simulation 
without the dissipative and the random forces                   we generate a 
canonical distribution.

( )0 = =

If we wish the canonical distribution to be the stationary (equilibrium) 
solution with dissipative and random forces present, we must satisfy:

Espanol and Warren, Europhys. Lett. 30(4), 191 (1995)

and
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If we choose                               and satisfy the fluctuation-dissipation theorem 
then the equilibrium solution of our simulation is the canonical ensemble at 
temperature, T, independent of the specific choice of       (   ) and 
(           ). 

BD & DPDDPD

Reduction of the number of unknown parameters 

Consequences:

 2RD )()( ijij rr  

 )(R ijr
)(D ijr

The dynamics does depend on the specific form of the dissipative and the 
random force.
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BD & DPDDPD  The random and dissipative forces

How to chose the parameters for the dissipative and the random force?

2

2

D R

  if  1( ) ( )
 otherwise

0

ij c
ij ij

ij
c

r
r r r

r r 
        



As long as only equilibrium properties are concerned the parameters and weight 
functions can be chosen arbitrarily. 

83 

Using a Verlet-type algorithm the simulation is found to be stable and efficient if: 

Groot and Warren, J. Chem. Phys. 107(11), 4423 (1997)

A more realistic choice of the parameters, which is identical to relating the dynamics of
the coarse grained system to that of the full system, is non-trivial. 
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BD & DPDDPD  Implementation

Since the dissipative force depends on the velocities the equilibrium temperature
has been found to depend on the time step.

More stable algorithms:

1.)    modified velocity-Verlet algorithm

2.)    iterative Leap-Frog algorithm

Groot and Warren, J. Chem. Phys. 107(11), 4423 (1997)

Frenkel and Smit, “Understanding Molecular Simulation” 2nd edition, 
Academic Press, San Diego 2002   


