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THE 1-D CONTROL PROBLEM

The 1-d wave equation, with Dirichlet boundary conditions, describing
the vibrations of a flexible string, with control one one end:

ytt − yxx = 0, 0 < x < 1, 0 < t < T
y(0, t) = 0; y(1, t) =v(t), 0 < t < T

y(x,0) = y0(x), yt(x,0) = y1(x), 0 < x < 1

y = y(x, t) is the state and v = v(t) is the control.

The goal is to stop the vibrations, i.e. to drive the solution to equi-
librium in a given time T : Given initial data {y0(x), y1(x)} to find a
control v = v(t) such that

y(x, T ) = yt(x, T ) = 0, 0 < x < 1.



THE 1-D OBSERVATION PROBLEM

The control problem above is equivalent to the following one, on the
adjoint wave equation:

ϕtt − ϕxx = 0, 0 < x < 1, 0 < t < T
ϕ(0, t) = ϕ(1, t) = 0, 0 < t < T

ϕ(x,0) = ϕ0(x), ϕt(x,0) = ϕ1(x), 0 < x < 1.

The energy of solutions is conserved in time, i.e.

E(t) =
1

2

∫ 1

0

[
|ϕx(x, t)|2 + |ϕt(x, t)|2

]
dx = E(0), ∀0 ≤ t ≤ T.

The question is then reduced to analyze whether the folllowing in-
equality is true. This is the so called observability inequality:

E(0) ≤ C(T )
∫ T

0
|ϕx(1, t)|2 dt.



The answer to this question is easy to gues: The observability in-
equality holds if and only if T ≥ 2.

Wave localized at t = 0 near the extreme x = 1 that propagates with
velocity one to the left, bounces on the boundary point x = 0 and
reaches the point of observation x = 1 in a time of the order of 2.



This observability inequality is easy to prove by several means.

• Use D’Alambert’s formula

ϕ = f(x+ t) + g(x− t)
indicating that information propagates along rays with velocity

one, and bounces on the boundary points.

• Use the Fourier representation of solutions in which it is clearly
seen that solutions are periodic with time-period 2.

• Multipliers: Multiply the equation by xϕx, ϕt and ϕ and integrate
by parts....



CONSTRUCTION OF THE CONTROL:

Once the observability inequality is known the control is easy to char-
acterize. Following J.L. Lions’ HUM (Hilbert Uniqueness Method),
the control is

v(t) = ϕx(1, t),

where u is the solution of the adjoint system corresponding to initial
data (ϕ0, ϕ1) ∈ H1

0(0,1)× L2(0,1) minimizing the functional

J(ϕ0, ϕ1) =
1

2

∫ T
0
|ϕx(1, t)|2dt+

∫ 1

0
y0ϕ1dx− < y1, ϕ0 >H−1×H1

0
,

in the space H1
0(0,1)× L2(0,1).

Note that J is convex. The continuity of J in H1
0(0,1) × L2(0,1) is

guaranteed by the fact that ϕx(1, t) ∈ L2(0, T ) (hidden regularity).



Moreover,

COERCIVITY OF J = OBSERVABILITY INEQUALITY.

CONCLUSION:

The 1-d wave equation is controllable from one end, in time 2, twice

the length of the interval.

Similar results are true in several space dimensions. The region in

which the observation/control applies needs to be large enough to

capture all rays of Geometric Optics. According to the terminology

coined in the paper by Bardos - Lebeau - Rauch, this is the so-called

Geometric Control Condition (GCC).



• Explicit D’Alembert’s formula:

ϕ(x, t) = f(x+ t) + g(x− t);



• Fourier series:

Ingham’s Theorem. (1936) Let {µk}k∈Z be a sequence of real

numbers such that

µk+1 − µk ≥ γ > 0, ∀k ∈ Z.

Then, for any T > 2π/γ there exists C(T, γ) > 0 such that

1

C(T, γ)

∑
k∈Z
| ak |2≤

∫ T
0

∣∣∣∣∣∣
∑
k∈Z

ake
iµkt

∣∣∣∣∣∣
2

dt ≤ C(T, γ)
∑
k∈Z
| ak |2

for all sequences of complex numbers {ak} ∈ `2



ϕ(x, t) =
∑
k∈Z

ake
ikπt sin(kπx).

ϕx(1, t) =
∑
k∈Z

(−1)kkake
ikπt

Furthermore, if T > 2,∫ T
0

∣∣∣∣ ∑
k∈Z

(−1)kkake
ikπt

∣∣∣∣2dt ∼ ∑
k∈Z

k2|ak|2.

On the other hand,

E0 ∼
∑
k∈Z

k2|ak|2.

In fact, in this case, using the orthogonality properties of trigonomet-
ric polynomials we can prove that the same holds if T = 2.



• Sidewise energy propagation:

[ϕtt − ϕxx = 0] ≡ [ϕxx − ϕtt = 0.]



But, except for this case

Proving this kind of inequalities is rarely an easy matter.

In fact, our intuition fails for rough coefficients. These results fail to
hold when coefficients do not have one derivative (say BV -coefficients).
In particular one can build C0,α coefficients for which the above in-
equalities fail because of the existence of localized waves.

ρ(x)ϕtt − (a(x)ϕx)x = 0.



• F. Colombini & S. Spagnolo, Ann. Sci. ENS, 1989

• M. Avellaneda, C. Bardos & J. Rauch, Asymptotic Analysis, 1992.

• C. Castro & E. Z. Archive Rational Mechanics and Analysis, 2002.

As we shall see, similar difficulties appear when dealing with numerical

schemes (discrete media∼ irregular media) and, as we shall see, also

for graphs and/or networks.



Pointwise measurements in the interior Take x0 ∈ (0,1). How

much energy we can recover from measurements done on x0?

ϕ(x0, t) =
∑
k∈Z

ake
ikπtsin(kπx0).

Furthermore, if T > 2,∫ T
0

∣∣∣∣∑ ake
ikπtsin(kπx0)

∣∣∣∣2dt ∼∑ sin2(kπx0)|ak|2.

Obviously, two cases:

• The case x0 /∈: sin2(kπx0) 6= 0 for all k and the quantity under

consideration is a norm, i.e. it provides information on all the

Fourier components of the solutions.



• The case: x0 ∈, some of the weights sin2(kπx0) vanish an the

quadratic term is not a norm.

But, even if, sin2(kπx0) 6= 0 for all k, the norm under consideration

is not the L2-one we expect!!!!



Can we explain this in terms of rays, and the propagation of

waves (and antiwaves)?



If x0 is rational we can build a finite number of rays and anti-rays

that always intersect in x0 for the time interval (0,2) of periodicity

of solutions.



Can we explain this in terms of rays, and the propagation of

waves (and antiwaves)?



If x0 is rational we can build a finite number of rays and anti-rays

that always intersect in x0 for the time interval (0,2) of periodicity

of solutions.



Can we explain this in terms of rays, and the propagation of

waves (and antiwaves)?



If x0 is rational we can build a finite number of rays and anti-rays

that always intersect in x0 for the time interval (0,2) of periodicity

of solutions.



Can we explain this in terms of rays, and the propagation of

waves (and antiwaves)?



If x0 is rational we can build a finite number of rays and anti-rays that

always intersect in x0 for the time interval (0,2) of periodicity of solu-

tions. Can we explain this in terms of rays, and the propagation

of waves (and antiwaves)?



If x0 is rational we can build a finite number of rays and anti-rays

that always intersect in x0 for the time interval (0,2) of periodicity

of solutions.



Can we explain this in terms of rays, and the propagation of

waves (and antiwaves)?



If x0 is rational we can build a finite number of rays and anti-rays

that always intersect in x0 for the time interval (0,2) of periodicity

of solutions.



The case x0 irrational.

Can we expect that ∣∣∣∣ sin(kπx0)
∣∣∣∣ ≥ α > 0, ∀k?

This is impossible!!!!

Indeed, this would mean that∣∣∣∣kπx0 −mπ| ≥ β

for all k,m ∈ Z. And this is obviously false.



For suitable irrational numbers x0 we can get∣∣∣∣kπx0 −mπ| ≥ β/k.

And this is the best we can get.

In this case we get an observation inequality but with a loss of one

derivative.

For some other irrational numbers (Liouville ones, for instance) the

degeneracy may be arbitrary fast.



Conclusion: Making measurements in the interior of the domain is
a much less robust process than doing it on the boundary (actually,
one boundary measurement=two measurements in the interior since
the boundary condition adds one). In some cases we fail to capture
all the Fourier components and, even if we are able to do it, this does
not happen in the energy space, but there is a loss of at least one
derivative.

Ex0 ≤ C
∫ T

0
|ϕ(x0, t)|2dt.

Note that, in this case, the answer does not come only by an anal-
ysis of the propagation of characteristics but that the diophantine
approximation theory enters.



Note that the time needed for this to hold is T = 2 and not the

characteristic time one could expect: 2 max(x0,1− x0). All rays need

to pass through the observation point twice!

Observe finally that the ray + anti-ray argument above can be used

to show the optimality of these results.



The same issue can be addressed using D’Alembert’s formula.

Then, the problem reads as follows:

ψ(t+ `1)− ψ(t− `1) = f(t) ∈ L2
t ; ψ(t+ `2)− ψ(t− `2) = g(t) ∈ L2

t .

Can we get an estimate of the form

||ψ||∗ ≤ C
[
||f ||L2

t
+ ||g||L2

t

]
????

Again, the answer depends on whether `1/`2 is rational or not,

and the class of irrationality to which it belongs.



THE PROBLEM:

EFFICIENTLY COMPUTE NUMERICALLY THE CONTROL!

WARNING ! TWO DIFFERENT ISSUES:

When a continuous model, written in PDE terms, is control-

lable, two important issues arise in the context of Numerical

Simulation:

• Efficiently compute numerically the control.



• To control a discrete model, a numerical discretized version

of the continuous model.

Both problems are relevant, but they may provide different re-

sults.

Both approaches are often mixed in the literature (leading to

uncertain results....)



A FACT

THE PROCESSES OF CONTROL AND NUMERICS DO

NOT COMMUTE

CONTROL+NUMERICS 6= NUMERICS+CONTROL

FROM FINITE TO INFINITE DIMENSIONS IN PURELY CON-

SERVATIVE SYSTEMS.....

THE SEMI-DISCRETE PROBLEM: 1−D.



Set h = 1/(N + 1) > 0 and consider the mesh

x0 = 0 < x1 < ... < xj = jh < xN = 1− h < xN+1 = 1,

which divides [0,1] into N + 1 subintervals Ij = [xj, xj+1], j =

0, ..., N.

Finite difference semi-discrete approximation of the wave equa-

tion:
u′′j −

1
h2

[
uj+1 + uj−1 − 2uj

]
= 0, 0 < t < T, j = 1, . . . , N

uj(t) = 0, j = 0, N + 1, 0 < t < T

uj(0) = u0
j , u

′
j(0) = u1

j , j = 1, . . . , N.





The energy of the semi-discrete system (obviuosly a discrete

version of the continuous one)

Eh(t) =
h

2

N∑
j=0

[
| u′j |

2 +
∣∣∣∣uj+1 − uj

h

∣∣∣∣2
]
.

It is constant in time.

Is the following observability inequality true?

Eh(0) ≤ Ch(T )
∫ T

0

∣∣∣∣∣uN(t)

h

∣∣∣∣∣
2

dt

(
−
uN(t)

h
=
uN+1 − uN(t)

h
∼ ux(1, t).

)
YES! It is true for all h > 0 and for all time T .



BUT, FOR ALL T > 0 (!!!!!)

Ch(T )→∞, h→ 0.

THE FOLLOWING “INTUITIVE” CONJECTURE IS COM-

PLETELY FALSE:

* The constant Ch(T ) blows-up for T < 2 as h → 0 since the

inequality fails for the wave equation.

* The constant Ch(T ) remains bounded for T ≥ 2 as h → 0 and

one recovers in the limit the observability inequality for the wave

equation.



CONCLUSION

The classical convergence (consistency+stability) does not guar-

antee continuous dependence for the observation problem with

respect to the discretization parameter.

WHY?

Convergent numerical schemes do reproduce all continuous waves

but, when doing that, they create a lot of spurious (non-

realistic, purely numerical) high frequency solutions. This spu-

rious solutions distroy the observation properties and are an

obstacle for the controls to converge as the mesh-size gets

finer and finer.



SPECTRAL ANALYSIS

Eigenvalue problem

− 1
h2

[
wj+1 + wj−1 − 2wj

]
= λwj, j = 1, . . . , N

w0 = wN+1 = 0.

The eigenvalues 0 < λ1(h) < λ2(h) < · · · < λN(h) are

λhk =
4

h2
sin2

(
kπh

2

)
and the eigenvectors

whk =
(
wk,1, . . . , wk,N

)T
: wk,j = sin(kπjh), k, j = 1, . . . , N.

It follows that

λhk → λk = k2π2, as h→ 0



and the eigenvectors coincide with those of the wave equation.

Then, the solutions of the semi-discrete system may be written
in Fourier series as follows:

~u =
N∑
k=1

ak cos
(√

λhkt

)
+

bk√
λhk

sin
(√

λhkt

) ~whk .

Compare with the Fourier representation of solutions of the
continuous wave equation:

u =
∞∑
k=1

(
ak cos(kπt) +

bk
kπ

sin(kπt)
)

sin(kπx)

The only relevant difference is that the time-frequencies do not
quite coincide, but they converge as h→ 0.



DISPERSION DIAGRAM: LACK OF GAP.

Graph of the square roots of the eigenvalues both in the continuous

and in the discrete case. The gap is clearly independent of k in the

continuous case while it is of the order of h for large k in the discrete

one.



SPURIOUS NUMERICAL SOLUTION

~u = exp
(
i
√
λN(h) t

)
~wN − exp

(
i
√
λN−1(h) t

)
~wN−1.

Spurious semi-discrete wave combining the last two eigenfre-

quencies with very little gap:√
λN(h)−

√
λN−1(h) ∼ h.



h = 1/61, (N = 60), 0 ≤ t ≤ 120. The solution exhibits a time-
periodicity property with period τ of the order of τ ∼ 50 which con-
tradicts the time-periodicity of period 2 of the wave equation. High
frequency wave packets travel at a group velocity ∼ h.





GAP

=

GROUP VELOCITY

=

VELOCITY OF PROPAGATION OF HIGH

FREQUENCY WAVE PACKETS.



WHAT IS THE REMEDY?

To filter the high frequencies, i.e. keep only the components
of the solution corresponding to indexes: k ≤ δ/h with 0 < δ < 1.

Filtering restablishes the gap condition, then waves propagate
with a speed which is uniform with respect to h and the observ-
ability inequality becomes uniform too.



√
λhk −

√
λhk−1 ≥ π cos

(
πδ

2

)
> 0, for k ≤ δh−1.

This can be done rigorously with the aid of

Ingham’s Theorem. (1936) Let {µk}k∈Z be a sequence of real
numbers such that

µk+1 − µk ≥ γ > 0, ∀k ∈ Z.

Then, for any T > 2π/γ there exists C(T, γ) > 0 such that

1

C(T, γ)

∑
k∈Z
| ak |2≤

∫ T
0

∣∣∣∣∣∣
∑
k∈Z

ake
iµkt

∣∣∣∣∣∣
2

dt ≤ C(T, γ)
∑
k∈Z
| ak |2

for all sequences of complex numbers {ak} ∈ `2.



CONCLUSION.

Given any T > 2, choose 0 < δ < 1 such that

T > 2/ cos
(
πδ

2

)
or δ >

2

π
arccos(2/T ).

The choice of 0 < δ < 1 is obviously possible since 2/T < 1.

Then, we can control UNIFORMLY ON h the solution PAR-
TIALLY:

πδ(y(T ), yt(T )) = 0

and

the numerical controls vh → v, the control of the wave equation.



Plot of the initial datum to be controlled for the string occu-
pying the space interval 0 < x < 1.

Plot of the time evolution of the exact control for the wave
equation in time T = 4.



Without filtering, the control diverges as h→ 0.



With appropriate filtering the control converges as h→ 0.



ULTIMATE GOAL

To develop a class of numerical schemes (new or not) for which
the convergence of controls might be guaranteed a priori with
minimal computational cost.

The most natural approaches (finite differences and FINITE
ELEMENTS) do not work and they have to be complemented
with other strategies:

* filtering of high frequencies, * mixed finite elements,

* multi-grid algorithms, * wavelets,

* numerical viscosity,...



MIXED FINITE ELEMENTS

Square roots of the eigenvalues both in the continuous and in the

discrete case with mixed finite elements. The gap of the discrete

problem is uniform with respect to j and h and, in fact, tends to

infinity for the highest frequencies as h→ 0.



TWO-GRID ALGORITHM (R. Glowinski, M. Asch-G. Lebeau,
M. Negreanu,...)

High frequencies producing lack of gap and spurious numerical
soluctions correspond to large eigenvalues√

λhN ∼ 2/h.

When refining the mesh

h→ h/2,

√
λ
h/2
2N ∼ 4/h.

All solutions on the coarse mesh when projected to the fine one
are no longer pathological.

TWO GRIDS ∼ FILTERING WITH PARAMETER δ = 1/2.



THE CONTROL PROBLEM IN SEVERAL SPACE DIMEN-

SIONS

The same problems arise in several space dimensions:

Let Ω be a bounded domain of Rn, n ≥ 1, with boundary Γ of

class C2. Let Γ0 be an open and non-empty subset of Γ and

T > 0. 
ytt −∆y = 0 in Q = Ω× (0, T )
y =v(x, t)1Γ0

on Σ = Γ× (0, T )
(x,0) = y0(x), yt(x,0) = y1(x) in Ω.

The problem of controllability, generally speaking, is as follows:

Given (y0, y1) ∈ L2(Ω) × H−1(Ω), find v ∈ L2(Γ0 × (0, T )) such that



the solution of system (3.1) satisfies

y(T ) ≡ yt(T ) ≡ 0.



The answer is by now well known (Bardos-Lebeau-Rauch, Burq-

Gérard, Ralston,....):

The wave equation is controllable from Γ0 in time T if all rays

of Geometric Optics intersect Γ0 in a time less than T at a

non-difractive point.

This statement is an extension of the one above on the 1-d

wave equation. But this time the proof requires much more

sophisticated tools: Microlocal analysis, the propagation of mi-

crolocal deffect measures,...



Rays propagating inside the domain Ω following straight lines that are

reflected on the boundary according to the laws of Geometric Optics.

The control region is the red subset of the boundary. The GCC is

satisfied in this case.



The Geometric Control Condition is not satisfied, whatever T > 0 is,
in the square domain when the control is located on a subset of two
consecutive sides of the boundary, leaving a subsegment uncontrolled.
There is an horizontal a ray that bounces back and forth for all time
perpendicularly on two points of the vertical boundaries where the
control does not act.



In all cases the control is equivalent to an observation problem

for the adjoint wave equation:
utt −∆u = 0 in Q = Ω× (0, T )
u = 0 on Σ = Γ××(0, T )
u(x,0) = u0(x), ut(x,0) = u1(x) in Ω.

Is it true that:

E0 ≤ C(Γ0, T )
∫

Γ0

∫ T
0

∣∣∣∣∂u∂n
∣∣∣∣2dσdt ?

And a sharp discussion of this inequality requires of Microlocal

analysis. Partial results may be obtained by means of multipli-

ers: x · ∇u, ut, u,...



THE 5-POINT FINITE-DIFFERENCE SCHEME

u′′j,k −
1

h2

[
uj+1,k + uj−1,k − 4uj,k + uj,k+1 + uj,k−1

]
= 0.

The energy of solutions is constant in time:

Eh(t) =
h2

2

N∑
j=0

N∑
k=0

| u′jk(t) |2 +

∣∣∣∣∣uj+1,k(t)− uj,k(t)

h

∣∣∣∣∣
2

+

∣∣∣∣∣uj,k+1(t)− uj,k(t)

h

∣∣∣∣∣
2
 .

Without filtering observability inequalities fail in this case too.



Understanding how filtering should be used requires of a mi-

crolocal Analysis of the propagation of numerical waves. F.

Macià (Ph. D. Thesis, Madrid, 2002) combining von Neumann

analysis and Wigner measures developments (P. Gérard, P. L.

Lions & Th. Paul, G. Lebeau, ...). Most of the results that

this analysis yields were previously predicted by N. Trefethen.



The von Neumann analysis

Symbol of the semi-discrete system for solutions of wavelength

h

ph(ξ, τ) = τ2 − 4
(
sin2(ξ1/2) + sin2(ξ2/2)

)
.

Compare with the symbol of the continuous wave equation:

p(ξ, τ) = τ2 − [|ξ1|2 + |ξ2|2].

Both symbols coincide for (ξ1, ξ2) ∼ (0,0).



The bicharacteristic rays for the semi-discrete system are as
follows:

x′j(s) = −2sin(ξj/2)cos(ξj/2) = −sin(ξj), j = 1,2

t′(s) = τ
ξ′j(s) = 0, j = 1,2

τ ′(s) = 0.

The projection into the physical space is:

xj(t) = −
sin(ξj)

τ
t+ xj,0.

Compare with

xj(t) = −
ξj

τ
t+ xj,0.

BOTH ARE STRAIGHT LINES. BUT!



For the continous wave equation all rays propagate with velocity

identically equation one.

Indeed, the velocity of propagation of the ray is independent of

direction:

xj(t) = −
ξj

τ
t+ xj,0, |x′(t)| ≡ 1.

Indeed,[∣∣∣∣ξ1

τ

∣∣∣∣2 +
∣∣∣∣ξ2

τ

∣∣∣∣2
]1/2

= 1 ⇐⇒ τ2 − |ξ|2 = 0 ⇐⇒ p(ξ, τ) = 0.

This is equivalent to the fact that (τ, ξ) lies in the characteristic

manifold.



But for the semi-discrete system the velocity is

|x′(t)| ≡

∣∣∣∣∣sin(ξ1)

τ

∣∣∣∣∣
2

+

∣∣∣∣∣sin(ξ2)

τ

∣∣∣∣∣
2
1/2

THE VELOCITY OF PROPAGATION VANISHES !!!!!!! in the

following eight points

ξ1 = 0,±π, ξ2 = 0,±π, (ξ1, ξ2) 6= (0,0).

Therefore, in order to guarantee a uniform velolicity of prop-

agation of waves of wavelength h one has to filter or cut-off

all the Fourier components on neighborhoods of those critical

points.



The red areas stand for those that need to be filtered out in order

to guarantee a uniform velocity of propagation in the semi-discrete

models.



Once this is done, one guarantees a uniform velocity of propa-

gation of numerical waves but, in order to achieve observability

or controllability properties one still needs to impose a Geomet-

ric Control Condition.

As filtering becomes stronger, the time of control of the numer-

ical scheme will get closer and closer to that of the continuous

wave equation.

Once this is understood the 1-d results can be extended. One

can then prove that, under filtering, for a suitable choice of the

time interval, numerical controls converge to the real control!



DISPERSION AND VISCOSITY MAY HELP

• The Schrödinger or beam and plate equations

iut = ∆u Schrödinger; utt = ∆2u plate/beam

Its semi-discrete version:

iut = ∆hu; utt = ∆2
hu.

Here ∆h denotes the finite-difference approximation of the

Laplacian.

In these models there is INFINITE SPEED OF PROPAGA-

TION.



The Fourier representation reads now as follows:

~u =
N∑
k=1

ak cos
(
λhkt

)
+

bk√
λhk

sin
(
λhkt

) ~whk .

u =
∞∑
k=1

(
ak cos(k2π2t) +

bk
kπ

sin(k2π2t)
)

sin(kπx)

This time

λN(h)− λN−1(h) =

= (
√
λN(h)−

√
λN−1(h))(

√
λN(h) +

√
λN−1(h)) ∼ h.

1

h
∼ 1.



The gap being uniform, we can apply Ingham’s inequality.

The controllability properties are this time independent of

h.



• The heat equation

ut = ∆u heat equation.

Its semi-discrete version:

ut = ∆hu. ~u =
N∑
k=1

ake
−λhkt ~whk .

Spurious high frequency solutions are this time:

~u = e−λ
h
N t ~whN .

They are exponentially damped out.

Once again, the controls are bounded and converge, as h→
0, to the controls of the limiting heat equation.



DISPERSION AND DIFFUSION SUFFICE, BUT ONLY IN

1−D.

IN SEVERAL SPACE DIMENSIONS GEOMETRY ENTERS

AGAIN!



OPEN PROBLEMS

• Unique continuation for the discrete Laplacian.

The eigenvector for the 5−point finite-difference scheme for the
Laplacian in the square, with eigenvalue λ = 4/h2, taking values
±1 along a diagonal, alternating sign and vanishing everywhere
else in the domain.



Ah~ϕ = λ~ϕ

ϕj = 0, ∀j ∈ ωh

⇒ ϕ ≡ 0?

The problem arises in a much more general context: general
geometries, finite elements, heat and wave equations,....

Generally speaking: What is the tool needed to analyze
whether the fact that a solution of a discrete or semi-
discrete system vanishes in a certain number of nodes, im-
plies that the solution vanishes everywhere?

What is the discrete counterpart of Holmgren’s Uniqueness
Theorem or of Carleman’s inequalities?



• Numerical viscosity.

Are there numerical schemes, dissipating conveniently the

high frequency spurious oscillations, for which the observ-

ability inequalities become uniform on the discrete parame-

ter h?

~u′′h +Ah~uh + hαAh~u
′
h = 0.

Compare with

utt −∆u− ε∆ut = 0.



• Initial data with a finite number of Fourier components.

It is also known that, in 1 − d, when the initial data has

only a finite number of Fourier components the controls do

converge (S. Micu, Numerische Math., 2002).

Is this true in several space dimensions?

No tool seems to be available to address this problem.



• Complex geometries, variable and irregular coefficients, ir-

regular meshes, the system of elasticity, nonlinear state

equations, ...



• Mixed Finite Elements

Design multi-dimensional mixed finite elements with appro-

priate dispersion diagram so that all numerical waves prop-

agate with a velocity independent of h.

• Inverse Problems

• Shape design



CONCLUSIONS:

• CONTROL AND NUMERICS DO NOT COMMUTE

• FOURIER FILTERING, MULTI-GRID METHODS AND MIXED
FINITE ELEMENTS ARE GOOD REMEDIES IN SIMPLE
SITUATIONS: CONSTANT COEFFICIENTS, REGULAR
MESHES.

• MUCH REMAINS TO BE DONE TO HAVE A COMPLETE
THEORY AND TO HANDLE MORE COMPLEX SYS-
TEMS. BUT ALL THE PATHOLOGIES WE HAVE DE-
SCRIBED WILL NECESSARILY ARISE IN THOSE SITU-
ATIONS TOO.



• THE MATHEMATICAL THEORY NEEDS TO COMBINE

TOOLS FROM CLASSICAL NUMERICAL ANALYSIS AND

MICROLOCAL ANALYSIS.
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