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In practice, how to study a dynamical system?
A standard approach is to get insight from numerical simulations to formulate new 
conjectures, and then attempt to prove the conjectures using pure mathematical 
techniques only.  As one shall argue in this course, this strong dichotomy need not 
exist in the context of dynamical systems, as the strength of numerical analysis, 
functional analysis and even topology, can be combined to prove, in a rigorous 
mathematical sense, the existence of equilibria, time-periodic solutions, 
connecting orbits and even chaotic dynamics. 
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In practice, how to study a dynamical system?

Rigorous computations
The goal of rigorous computations is to construct algorithms that 
provide an approximate solution to the problem together with 
precise and possibly efficient bounds within which the exact solution 
is guaranteed to exist in the mathematically rigorous sense.
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In any dynamical system, it is the bounded 
solutions which are most important and 
which should be investigated first.

Henri Poincaré

• Equilibrium solutions.
• Time periodic solutions.
• Connecting orbits.

Compact invariant sets
Exploit smoothness, boundedness and low dimensionality.

What kind of solutions are we interested in ?
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In any dynamical system, it is the bounded 
solutions which are most important and 
which should be investigated first.

Henri Poincaré

• Equilibrium solutions.
• Time periodic solutions.
• Connecting orbits.

Compact invariant sets
Exploit smoothness, boundedness and low dimensionality.

What kind of solutions are we interested in ?

F(x) = 0
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Tools used in rigorous computations
Numerical analysis. 

• Fourier expansions. 
• Galerkin approximations. 
• Collocation methods.
• Continuation algorithms.
• Interval arithmetic.
• Fast Fourier Transform (FFT).

Analysis & Functional analysis.  
• Fixed point theorems.
• Analytic estimates.
• Parameterization of invariant manifolds.
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Tools used in rigorous computations

F(x) = 0 ↔ T (x) = x

Numerical analysis. 
• Fourier expansions. 
• Galerkin approximations. 
• Collocation methods.
• Continuation algorithms.
• Interval arithmetic.
• Fast Fourier Transform (FFT).

Analysis & Functional analysis.  
• Fixed point theorems.
• Analytic estimates.
• Parameterization of invariant manifolds.
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Tolerance function (turquoise) and interval-valued
approximation (red)

Interval arithmetic
From Wikipedia, the free encyclopedia

Interval arithmetic, interval mathematics,
interval analysis, or interval computation, is a
method developed by mathematicians since the
1950s and 1960s as an approach to putting
bounds on rounding errors and measurement
errors in mathematical computation and thus
developing numerical methods that yield reliable
results. Very simply put, it represents each value
as a range of possibilities. For example, instead
of estimating the height of someone using
standard arithmetic as 2.0 meters, using interval
arithmetic we might be certain that that person is
somewhere between 1.97 and 2.03 meters.

Whereas classical arithmetic defines operations
on individual numbers, interval arithmetic defines
a set of operations on intervals:

T · S = { x | there is some y in T, and some
z in S, such that x = y · z }.

The basic operations of interval arithmetic are,
for two intervals [a, b] and [c, d] that are subsets
of the real line (-!,!),

[a,b] + [c,d] = [a + c, b + d]
[a,b] " [c,d] = [a " d, b " c]
[a,b] # [c,d] = [min (ac, ad, bc, bd), max (ac, ad, bc, bd)]
[a,b] / [c,d] = [min (a/c, a/d, b/c, b/d), max (a/c, a/d, b/c, b/d)]

Division by an interval containing zero is not defined under the basic interval arithmetic. The addition and
multiplication operations are commutative, associative and sub-distributive: the set X ( Y + Z ) is a subset
of XY + XZ.

Instead of working with an uncertain real x we work with the two ends of the interval [a,b] which
contains x: x lies between a and b, or could be one of them. Similarly a function f when applied to x is
also uncertain. Instead, in interval arithmetic f produces an interval [c,d] which is all the possible values
for f(x) for all .

This concept is suitable for a variety of purposes. The most common use is to keep track of and handle
rounding errors directly during the calculation and of uncertainties in the knowledge of the exact values of
physical and technical parameters. The latter often arise from measurement errors and tolerances for
components or due to limits on computational accuracy. Interval arithmetic also helps find reliable and
guaranteed solutions to equations and optimization problems.

Contents

Interval arithmetic
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Let (B, � · �B) be a Banach space, that is a complete normed
vector space. Assume the existence of a contraction mapping
T on B, that is a mapping such that

1. T (B) ⊂ B;

2. there exists 0 < κ < 1 such that, for every x, y ∈ B,

�T (x)− T (y)�B ≤ κ�x− y�B .

Then there exists a unique x∗ ∈ B such that T (x∗) = x∗.

Banach Fixed Point Theorem
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Let (B, � · �B) be a Banach space, that is a complete normed
vector space. Assume the existence of a contraction mapping
T on B, that is a mapping such that

1. T (B) ⊂ B;

2. there exists 0 < κ < 1 such that, for every x, y ∈ B,

�T (x)− T (y)�B ≤ κ�x− y�B .

Then there exists a unique x∗ ∈ B such that T (x∗) = x∗.

Banach Fixed Point Theorem

can be verified using interval arithmetic !
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The goal of rigorous computations is to construct algorithms that 
provide an approximate solution to the problem F(x)=0 together 
with precise and possibly efficient bounds within which the exact 
solution is guaranteed to exist in the mathematically rigorous sense.
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2. Assume we computed a numerical
approximation x̄ of F(x) = 0 in X.
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1. Consider X a Banach space

2. Assume we computed a numerical
approximation x̄ of F(x) = 0 in X.

3. Construct (possibly with the
help of the computer) A ≈ DF(x̄)−1

4. Verify that A is injective
5. Define T (x) = x−AF(x) so that
T (x) = x ⇔ F(x) = 0.

Monday, June 27, 2011



The goal of rigorous computations is to construct algorithms that 
provide an approximate solution to the problem F(x)=0 together 
with precise and possibly efficient bounds within which the exact 
solution is guaranteed to exist in the mathematically rigorous sense.

1. Consider X a Banach space

2. Assume we computed a numerical
approximation x̄ of F(x) = 0 in X.

3. Construct (possibly with the
help of the computer) A ≈ DF(x̄)−1

4. Verify that A is injective
5. Define T (x) = x−AF(x) so that
T (x) = x ⇔ F(x) = 0.
6. Consider a closed ball Bx̄(r) ⊂ X
of radius r > 0 centered at x̄

Monday, June 27, 2011



The goal of rigorous computations is to construct algorithms that 
provide an approximate solution to the problem F(x)=0 together 
with precise and possibly efficient bounds within which the exact 
solution is guaranteed to exist in the mathematically rigorous sense.

1. Consider X a Banach space

2. Assume we computed a numerical
approximation x̄ of F(x) = 0 in X.

3. Construct (possibly with the
help of the computer) A ≈ DF(x̄)−1

4. Verify that A is injective
5. Define T (x) = x−AF(x) so that
T (x) = x ⇔ F(x) = 0.
6. Consider a closed ball Bx̄(r) ⊂ X
of radius r > 0 centered at x̄
7. Solve for r > 0 so that T : Bx̄(r) → Bx̄(r)
is a contraction mapping.
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Examples

• One dimensional example
• Infinite dimensional example
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