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L1 STABILITY THEORY AND ERROR ESTIMATES
FOR SOME 1D SYSTEMS OF BALANCE LAWS
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• What is an “high order scheme” for discontinuous solutions?
• A few intrinsic limits of this concept, especially accuracy in the context of complex wave interactions

• Bressan-Liu-Yang stability theory applied to 1D scalar equations with a source (numerical illustrations)

November 25, 12h

• Proof of an error estimate for a jin-xin 2 ⇥ 2 relaxation model with position-dependent Knudsen relax
number (this model “contains” the linear damped wave equation).
• Differences between well-balanced and time-splitting at the level of their total variation estimate.

• Comments on the final estimate in terms of practical applications and numerical results on the lo
damped wave equation in 1D.
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1

Applying

1.1

stability to numerical estimates

A simple 2 x 2 Jin-Xin relaxation model

We are interested in understanding the propagation of numerical errors in the Cauchy problem for the semi-linear “positiondependent” system,
Necessary hypotheses are the positivity of k and the sub-characteristic condition,
The WB approach proceeds by recasting (1) as a nonlinear homogeneous system,
The first 3 equations constitute a strictly hyperbolic system of conservation laws involving a possibly singular product
which creates a supplementary, very linearly degenerate (because stationary) discontinuity wave (the standingor zero-wave). The fourth equation trivially propagates in time.
1.2

Bressan’s functional and the WB accuracy

From this set of data, one can derive a Godunov scheme: what is the global
error for such a numerical scheme? Usually,
rigorous error bounds proceed as a byproduct of a robust stability theory for the underlying PDE. Since (2) is a (very mildly
nonlinear) hyperbolic system, we have only one stability theory available, the one relying on the Bressan-Liu-Yang Lyapunov
functional [4].
• The object of this functiona

is to compare, in

conservation laws generated by two
conservation laws
where

, two wavefronttracking approximations of the same system of

initial data. For instance, let

be two

initial data for a generic system of

, we have

is the “small parameter” of the wavefront tracking algorithm, and

time!) of uniform equivalence between

and the

are the two constants (not depending on

norm.

• Now, for the particular system (2), we consider that

where

are the diagonal variables. If the CFL=1,

the Godunov scheme coincides with the wavefront tracking because there are no rarefaction waves, so no is needed:
this opens the road to study the WB Godunov scheme for (1) by means of the functional (see [1]).
• Thanks to the peculiarities of (2), the stability estimate improves into,
where we can take U as a WFT approximation corresponding to a very fine sampling of the data and V, to a coarser one.
However, with obvious notation, this gives immediately that:
with a, b invariant w.r.t. time. So, under some smallness assumptions,

Now, in this estimate, we can pass (only once!) to the limit of the infinitely fine grid, so we recover the exact solution in
but
remains a piecewise constant approximation generated by the WB scheme. Inequality (3)
becomes a (possibly local) error estimate.
1.3 Difference with Kuznetsov estimate for usual schemes
The differences between (3) and another one coming along with Kuznetsov method based on entropy dissipation are:
1. Estimate (3) is uniform in time: thanks to both the decay of and the uniform equivalence with the
time involved in this specific bound. No Gronwall lemma in the time variable is needed.
2. Suppose that
definition,

is deduced from
by the standard averaging process,
, so the error estimate (3) is completely independent of the oscillations of

norm, there is no

But by
, it “perceives” only the

“mass” of .
3. The functional decays only for
being small enough (with explicit bounds). And this was to be expected because for
very big sources, the behavior of (1) is given by the scalar conservation law
and its Godunov approximation is
governed by Kuznetsov theory.
So, in synthesis, the WB scheme is proved to perform better in cases where
is not too big and
is non-zero. This isn’t
the strong relaxation regime, it is more a “scattering regime” where convection waves coming from far away interact inside an
“area of limited extent” with a moderate source term.
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