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The renewal process

Definition (Renewal process)

Let {J}∞i=1 be a sequence of i.i.d. positive random variables
interpreted as sojourn times between subsequent events
arriving at random times. They define a renewal process whose
epochs of renewal (time instants at which the events occur) are
the random times {T}∞n=0 defined by

T0 = 0,

Tn =
n∑

i=1

Ji . (1)
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The counting process

Definition (Counting process)

Associated to any renewal process, there is the process N(t)
defined as

N(t) = max{n : Tn ≤ t} (2)

counting the number of events up to time t .
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Remarks

The counting process N(t) is the Poisson process if and
only if J ∼ exp(λ), that is if and only if sojourn times are
i.i.d. exponentially distributed random variables with
parameter λ. Incidentally, this is the only case of Lévy and
Markov counting process related to a renewal process (see
Çinlar’s book [1] for a proof of this statement).
We shall assume that the counting process has càdlàg
(continue à droite et limite à gauche i.e. right continuous
with left limits) sample paths.
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This means that the realizations are represented by step
functions. If tk is the epoch of the k -th jump, we have
N(t−k ) = k − 1 and N(t+

k ) = k .
In equation (2), max is used instead of the more general
sup as only processes with finite (but arbitrary) number of
jumps in (0, t ] are considered here.
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Generalized Erlang distributions

Given the cumulative probability distribution function FJ(t) for
the sojourn times, one immediately gets the distribution for the
corresponding epochs.

Proposition

Let {J}∞i=1 be a sequence of i.i.d. sojourn times with cumulative
distribution function FJ(t), then one gets for the generic epoch
Tn

FTn (t) = F ∗nJ (t). (3)
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The counting distribution

Proposition

Let {J}∞i=1 be a sequence of i.i.d. sojourn times with cumulative
distribution function FJ(t), then one has

P(n, t) = P(N(t) = n) = (f ∗nJ ∗ F̄J)(t) =

∫ t

0
du f ∗nJ (u)F̄J(t − u),

(4)
where fJ(t) is the probability density function of sojourn times J
and F̄J(t) = 1− FJ(t) is the complementary cumulative
distribution function.

Important remark: The knowledge of the counting distribution is
not sufficient to fully characterize the counting process [2].
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It is now possible to define the fractional Poisson process as a
counting renewal process.

Definition (Mittag-Leffler renewal process)

The Mittag-Leffler renewal process is the sequence {Jβ,i}∞i=1 of
positive independent and identically distributed random
variables with complementary cumulative distribution function
F̄Jβ (0, t) given by

F̄Jβ (t) = Eβ(−tβ), (5)

where Eβ(z) is the one-parameter Mittag-Leffler function.
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Remark

The one-parameter Mittag-Leffler function in (5) is a
generalization of the exponential function. It is defined by
the following series

Eβ(z) =
∞∑

n=0

zn

Γ(βn + 1)
, (6)

The Mittag-Leffler function coincides with the exponential
function for β = 1. The function Eβ(−tβ) is completely
monotonic and it is 1 for t = 0. This means that it is a
legitimate survival function.
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Remark

The function Eβ(−tβ) behaves as a stretched exponential
for t → 0:

Eβ(−tβ) ' 1− tβ

Γ(β + 1)
' e−tβ/Γ(β+1), for 0 < t � 1, (7)

and as a power-law for t →∞:

Eβ(−tβ) ' sin(βπ)

π

Γ(β)

tβ
, for t � 1. (8)
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Remark

For applications, it is often convenient to include a scale
parameter in the definition (5), and one can write

F̄Jβ (t) = Eβ
(
−(t/γt )

β
)
. (9)

The scale factor can be introduced in different ways, and it
is necessary to pay attention to its definition. The
assumption γt = 1 made in (5) is equivalent to a change of
time unit.
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Theorem

The counting process Nβ(t) associated to the renewal process
defined by equation (5) has the following one-point distribution

Pβ(n, t) = P(Nβ(t) = n) =
tβn

n!
E (n)
β (−tβ), (10)

where E (n)
β (−tβ) denotes the n-th derivative of Eβ(z) evaluated

at the point z = −tβ.
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Historical remark

The name fractional Poisson process is due to Laskin (2003)
who derived the one-point counting distribution (10). The
renewal process of Mittag-Leffler type leading to (10) was
discussed by Gorenflo, Mainardi and Scalas in two papers
published in 2004, one of them specifically devoted to the
process and published on the Vietnam Journal of Mathematics.
Hilfer and Anton (1995) were the first to recognize the relation
between the Mittag-Leffler function and the time-fractional
diffusion equation. The use of the Mittag-Leffler function in this
framework can be traced back to works of Gnedenko and
Kovalenko (1968) on thinning and Balakrishnan (1985) on
anomalous diffusion.
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Definition
Let {Yi}∞i=1 be a sequence of i.i.d. random variables and let
Nβ(t) denote the fractional Poisson process. Then, the càdlàg
process

Xβ(t) := XNβ(t) =

Nβ(t)∑
i=1

Yi (11)

is called compound fractional Poisson process (CFPP).
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Remarks

In equation (11), Xβ(0) = 0.
The CFPP belongs to the class of compound renewal
processes. They are called continuous-time random walks
by physicists.
The Yis can live in any set, but we shall assume that
Yi ∈ R.
Equation (11) can be seen as a random walk subordinated
to the fractional Poisson process or as a random sum of
random variables.
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Example (β = 1)
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Theorem
Let fX(t)(u) be the probability density function for X (t). It
satisfies the following semi-Markov renewal equation

fXβ(t)(x) = F̄β(t)δ(x)+

∫ t

0
dt ′
∫ +∞

−∞
dx ′fJβ (t−t ′)fY (x−x ′)fXβ(t ′)(x ′),

(12)
whose solution is

fXβ(t)(x) =
∞∑

n=0

Pβ(n, t)f ∗nY (x). (13)
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Statistics: the residual life-time (for general renewal
processes)

The residual life-time is the conditional random variable
Jt ,Ft = {TN(t)+1 − t |Ft} where the filtration Ft denotes the
previous history of the renewal process. For instance, assume
we just know that there where nt events up to time t , i.e.
N(t) = nt , and let us indicate with Jt ,nt the corresponding
residual life-time. Its cumulative distribution function is given by
(see [2, 3])

FJt,nt
(u) =

∫ t
0(FJ(u + t − w)− FJ(t − w))dF ?nt

J (w)∫ t
0(1− FJ(t − w))dF ?nt

J (w)
. (14)

The distribution of the residual life-time depends on what is
known of the previous history.
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Finance: The call option price for CTRWs I

Let X (t) = XN(t) =
∑N(t)

i=1 Yi be a continuous-time random walk
(CTRW), where {Yi}∞i=1 is a sequence of i.i.d. random
variables. This is also known as a compound renewal process.
If X̃ (t) =

∑N(t)
i=1 (Yi − a) with a = log(E(eYi )), then S̃(t) = eX̃(t) is

a martingale. If the interest rate r = 0, then a martingale option
price is given by

C(t) = ES̃(C̃(S(TM))|Ft ), (15)

where TM is the maturity and C̃(u) is the payoff at maturity.
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Finance: The call option price for CTRWs II

If we just know that N(t) = nt , we have

C(t) = ES̃(C̃(S(TM))|Ft ) =

∫ ∞
0

C̃(u)dF nt

S̃(TM )
(u), (16)

where the cumulative distribution function F nt

S̃(TM )
(u) is given by

F nt

S̃(TM )
(u) =

∞∑
n=0

P(N(TM)− N(t) = n|N(t) = nt )F ?Mn
Ỹ

(u). (17)
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Finance: The call option price for CTRWs III

In references [2, 3], with my co-workers, we computed all the
terms in equation (17)

F ?Mn
Ỹ

(u) represents the n-fold Mellin convolution giving the
cumulative distribution for the product of n copies of the
i.i.d. r.v. eỸ .
The probability distribution P(N(TM)− N(t) = n|N(t) = nt )
of having n trades between time t and time TM , given that
there were nt trades up to time t can be computed by
elementary probabilistic methods. As derived in [2], this is
given by

P(N(TM)− N(t) = n|N(t) = nt ) =∫ TM−t

0
P(N(TM)− N(t + u) = n − 1)dFJt,nt

(u). (18)
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Other applications

There are applications to many fields, including

Physics: anomalous diffusion.
Physics: electronics and 1/f noise via random telegraph
signals.
Meteorology
Insurance theory.
Economics.
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Anomalous diffusion

Theorem

Let Xα,β(t) be a compound fractional Poisson process with symmetric
α-stable jumps and let h and r be such that

Xα,n(h) = hYα,1 + . . .+ hYα,n, Tβ,n(r) = rJβ,1 + . . .+ rJβ,n, (19)

h = rβ/α, (20)

with 0 < α ≤ 2 and 0 < β ≤ 1. Then fhXα,β(rt)(x , t) weakly converges
to

uα,β(x , t) =
1

tβ/α
Wα,β

( x
tβ/α

)
, (21)

Wα,β(u) =
1

2π

∫ +∞

−∞
dκ e−iκuEβ (−|κ|α) (22)
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Remark

uα,β(x , t) is the Green function of the so-called time-space
fractional diffusion equation, namely the solution for
uα,β(x ,0+) = δ(x) of

∂αuα,β(x , t)
∂|x |α

=
∂βuα,β(x , t)

∂tβ
,

where ∂α/∂|x |α is the pseudo-differential operator of Fourier
symbol −|κ|α (symmetric Riesz-Feller derivative) and
∂βg(t)/∂tβ (Caputo derivative) is the pseudo-differential
operator whose Laplace transform is sβ f̃ (s)− sβ−1f (0+). This
reduces to the ordinary diffusion equation for α = 2 and β = 1.
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Meteorology

  

Quarterly Journal of the Royal Meteorological Society                                                           Q. J. R. Meteorol. Soc. (2014) DOI:10.1002/qj.2354

Non-exponential return time distributions for vorticity extremes explained by fractional Poisson 
processes

R. Blender,a* C. C. Raibleb and F. Lunkeita
aDept. of Geosciences, Meteorologisches Institut, Universita¨t Hamburg, Germany

bClimate and Environmental Physics and the Oeschger Centre for Climate Change Research, University of Bern, Switzerland

*Correspondence to: R. Blender, University of Hamburg Meteorological Institute, Grindelberg 5, D-20144 Hamburg, Germany.

E-mail: 

Serial correlation of extreme midlatitude cyclones observed at the storm track exits is explained by deviations from a Poisson process.  To 
model these deviations, we apply fractional Poisson processes (FPPs) to extreme midlatitude cyclones, which are defined by the 850 hPa relative 
vorticity of the ERA interim reanalysis during boreal winter (DJF) and summer (JJA) seasons. Extremes are defined by a 99% quantile threshold in 
the grid-point time series.  In general,  FPPs are based on long-term memory and lead to non-exponential return time distributions. The return 
times are described by a Weibull distribution to approximate the Mittag – Leffler function in the FPPs. The Weibull  shape parameter yields a 
dispersion parameter that agrees with results found for midlatitude cyclones. The memory of the FPP, which is determined by detrended fluctuation 
analysis, provides an independent estimate for the shape parameter. Thus, the analysis exhibits a concise framework of the deviation from Poisson 
statistics (by a dispersion parameter), non-exponential return times and memory (correlation) on the basis of a single parameter. The results have 
potential implications for the predictability of extreme cyclones.

Key Words:    vorticity; extremes; cyclones; return times; fractional Poisson processes; long-term memory
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Summary

The fractional Poisson process as well as the compound
fractional Poisson process were defined and some of their
properties discussed.
Applications to statistics and reliability as well as to finance
were outlined.
Applications to physics, meteorology, insurance theory and
economics were mentioned.
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Durations
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Università del Piemonte Orientale, Alessandria, Italy

(Dated: August 19, 2008)

Abstract

A general method is presented to explicitly compute autocovariance functions for non-Poisson

dichotomous noise based on renewal theory. The method is specialized to a random telegraph

signal of Mittag-Leffler type. Analytical predictions are compared to Monte Carlo simulations.

Non-Poisson dichotomous noise is non-stationary and standard spectral methods fail to describe it

properly as they assume stationarity.
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I. INTRODUCTION

A complete theory of stochastic processes was formulated by A.N. Kolmogorov in 1933

[1]. It included the characterization of stochastic processes in terms of finite-dimensional

distribution functions [2].

Since the early XXth century, it had been clear that the theory of stochastic processes

has important applications in electronics and communications, for the basic understanding

of devices such as vacuum tubes and, later, solid state diodes and transistors as well as for

the behavior of cable and wireless communication systems. In particular, it turned out that

noise can be described in terms by equations like the following one

I(t) =
+∞
∑

k=−∞

F (t− tk) (1)

where F (t) is the current produced by an electron reaching the anode of a vacuum tube

at time t, the k-th electron arrives at a random time tk and the series (1) is supposed to

converge. S.O. Rice gave an account of the early developments in a Bell Labs monograph

published in 1944 [3].

Rice considers the example of the so-called random telegraph noise (RTN) or random

telegraph signal (RTS), a stationary dichotomous noise where a current or a voltage ran-

domly flips between two levels ±a as shown in Fig. 1 and flip events follow a Poisson process.

An early treatment of random telegraph signals can be found in Kenrick’s paper of 1929

[4]. According to Rice, Kenrick was one of the first authors to use correlogram methods

to compute the power spectrum of a signal X(t). This was done by first obtaining the

autocorrelation function

RXX(∆t; t) = E[(X(t) − E[X(t)])(X(t+ ∆t) − E[X(t+ ∆t)])], (2)

where E[X] denotes the expected value of the random variable X. Based on results by

Wiener, Khintchin and Cramér, it is possible to show that, for a stationary signal when

RXX only depends on the lag ∆t, the power spectrum is the Fourier transform of the

autocorrelation function [5, 6]:

ŜXX(ω) =

∫ +∞

−∞

exp(iωv)RXX(v)dv. (3)

For RTS with a = 1 and unitary average waiting time (a.k.a. duration), one gets

RXX = exp(−2|∆t|) (4)

2



a results which will be derived below for positive ∆t, leading to a Lorentzian power spectrum

Ŝ(ω) =
4

4 + ω2
. (5)

Even if very simple, RTS has interesting applications in different fields. A complete

survey of the literature on RTS and its applications is beyond the scope of the present

paper. However, it is interesting to remark that RTS has been used to explain 1/f noise

in electronic devices. Indeed, A. Mc Whorter showed that an appropriate superposition of

Lorentzian spectra for RTSs of different average duration gives 1/f noise [7, 8, 9].

More recently, P. Allegrini et al. studied non-Poisson dichotomous noise [10]. Their paper

is particularly relevant here, as a particular case of non-Poisson dichotomous noise is studied

below in some detail, namely a generalized RTS where waiting times between consecutive

level changes follow a Mittag-Leffler distribution. This particular process never reaches a

stationary state in finite time and, for this reason, standard spectral methods fail to properly

represent its properties.

Our paper is organized as follows. In section II, devoted to theory, the stationary case

is briefly reviewed. Then some tools are introduced taken from renewal theory. These

methods lead to a general formula for the autocovariance function of a generalized RTS.

This is given at the beginning of section III where the formula is then specialized to the case

of Mittag-Leffler dichotomous noise. A comparison between analytical results and Monte

Carlo simulations concludes this section. Section IV contains a summary of results as well

as some directions for future work.

II. THEORY

A. The stationary random telegraph signal

The random telegraph signal is a simple compound renewal process. A random variable

X(t) can assume two opposite values, say X(t) = ±a, it starts with value, say, X(t) = +a

for t = t0 = 0 and it suddenly changes value assuming the opposite one at time instants

t1, . . . , tn, . . . with the differences τi = ti − ti−1 independently and exponentially distributed

with common intensity µ. The probability density function of these differences is ψ(τ) =

µ exp(−µτ). If N(t) denotes the number of switches up to time t, the probability P (N(t) =

n) of having n jumps up to time t is given by the Poisson distribution: P (n, t) = P (N(t) =

3



FIG. 1: Graphical representation of a RTS.

n) = exp(−µt)(µt)n/n!. The random telegraph signal is a time-homogeneous stochastic

process, therefore the autocovariance function:

CXX(∆t; t) = E[X(t)X(t+ ∆t)] (6)

does not depend on t, but only on the lag ∆t.

B. Essentials of renewal theory

A way to generalize exponential waiting times and the Poisson process is provided by

renewal theory. A renewal process is a particular instance of one-dimensional point process.

Renewal events occur at consecutive times t0 = 0, t1, . . . , tn, . . . and the differences τi =

ti − ti−1 are independent and identically distributed random variables. They are called

durations or waiting times. The counting process N(t) related to a renewal process is the

4



positive integer giving the number of renewals up to time t. P (n, t) denotes the probability

of observing N(t) = n. Renewal theory is discussed in great detail in the book by Feller [11]

and in two monographs, one by Cox and the other by Cox and Isham [12]. An account for

physicists also exists [13].

The probability distribution P (n, t) can be related to the probability density, ψ(τ), of

waiting times. It is sufficient to observe that tn, the instant of the n-th renewal event is also

a random walk (in this case the sum of i.i.d. positive random variables):

tn =
n

∑

i=1

τi, (7)

and the probability of having n jumps up to time t coincides with the probability of tn ≤ t

(n jumps up to tn and no jumps from tn to t):

P (n, t) = [Ψ ∗ ψ∗n](t) , (8)

where ∗ represents the convolution operator, ψ∗n(τ) is the n-fold convolution of the density

ψ(τ) and Ψ(τ) = 1 −
∫ τ

0
ψ(u) du is the complementary cumulative distribution function

(a.k.a. survival function). A continuous time random walk (CTRW) with exponentially-

distributed waiting times and Poisson-distributed counting process is Markovian, moreover

it has stationary and independent increments and, therefore, belongs to the class of Lévy

processes [11, 14, 15]. The exponential distribution is the only continuous memoryless

distribution. In this case, the counting probability distribution P (n,∆t; t) of observing

n jumps from a generic instant t to instant t + ∆t coincides with P (n,∆t), that is the

probability of observing n jumps from t = 0 to ∆t. In the general case, this is not true and

P (n,∆t; t) explicitly depends on t [12]. In order to obtain P (n,∆t; t), one needs to know

the distribution of the forward recurrence time a.k.a residual life-time y, the time interval

between t and the next renewal event. If g(y; t) denotes the probability density function of

the residual life-time, one has

P (n,∆t; t) = [g ∗ Ψ ∗ ψ∗(n−1)](∆t; t) =

∫ ∆t

0

g(y; t)P (n− 1,∆t− y) dy , (9)

because the probability of n jumps occurring from instant t to instant t + ∆t is given by

the probability of t+ t(n−1) ≤ t+ ∆t and t+ t(n−1) = t+
∑n−1

i=1 τi. The probability density

function of the residual life-time g(y; t) can be written in terms of the renewal density h(t).

The renewal density is the time derivative of the average number of counts up to time t,

5



the so-called renewal function, H(t), that is the average value of the random variable N(t):

H(t) := E[N(t)], and h(t) := dH(t)/dt. The renewal density is a measure of the activity

of the renewal process. For the Poisson process and exponentially distributed waiting times

h(t) is a constant and coincides with the inverse of the average waiting time or the average

number of events per time unit, in other words, h(t) = µ. It can be shown that [12]

h(t) = ψ(t) +

∫ t

0

h(t− u)ψ(u) du , (10)

and that the density g(y; t) is given by [12]

g(y; t) = ψ(t+ y) +

∫ t

0

h(t− u)ψ(u+ y) dy. (11)

C. A renewal process of Mittag-Leffler type

F. Mainardi and R. Gorenflo, together with one of the authors of the present paper have

studied the renewal process of Mittag-Leffler type [16]. It is characterized by the following

survival function

Ψ(τ) = Eβ(−τβ), (12)

where Eβ(z) is the one-parameter Mittag-Leffler function

Eβ(z) =

∞
∑

n=0

zn

Γ(βn+ 1)
(13)

where Γ(x) is Euler gamma function. The Mittag-Leffler function is a legitimate survival

function for z = −τβ , τ ≥ 0, 0 < β ≤ 1 and coincides with the exponential for β = 1.

The Mittag-Leffler survival function interpolates between a stretched exponential for small

values of τ and a power law for large values of τ . In particular, for 0 ≤ τ << 1 one has:

Eβ(−τβ) ≃ 1 −
τβ

Γ(β + 1)
≃ exp(−τβ/Γ(β + 1)), (14)

and for τ → ∞

Eβ(−τβ) ≃
sin(βπ)

π

Γ(β)

τβ
. (15)
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III. RESULTS

A. Autocovariance for a general RTS

Let us now consider a generalized random telegraph signal with durations that do not nec-

essarily follow the exponential distribution. As the signal has zero mean, the autocovariance

function CXX(t) = E[X(t)X(t+∆t)] coincides with the autocorrelation function. Through-

out this paper, autocovariance functions will not be normalized. The generalized RTS is

not a time-homogeneous (stationary) random process and the autocovariance function does

depend on the initial time of evaluation. In particular, one gets

CXX(∆t; t) = E[X(t)X(t+ ∆t)] = a2
∞

∑

n=0

(−1)nP (n,∆t; t). (16)

Equation (16) is a consequence of the fact that, in the time interval between t and t + ∆t,

with probability P (n,∆t; t), there can be an arbitrary, but finite, integer number n of re-

newal events where the process of amplitude a changes sign. As P (n,∆t; t) is available

from equations (9), (10) and (11), in principle, one can compute the time dependent au-

tocovariance from the knowledge of the distribution of waiting times. However, the use of

convolutions is painful and some analytical progress is possible by means of the method

of Laplace transforms. Given a sufficiently well-behaved (generalized) function f(t) with

non-negative support, the Laplace transform is given by

f̃(s) =

∫ ∞

0

exp(−st)f(t) dt. (17)

(A generalized function is a distribution in the sense of Sobolev and Schwartz [17]).

Here, the method of the double Laplace transform described by Cox turns out to be very

useful [12]. Let us denote by s the variable of the Laplace transform with respect to ∆t or

y and by u the variable of the Laplace transform with respect to t. Then ˜̃g(s; u), the double

Laplace transform of the residual life-time density g(y; t) in (11), is given by

˜̃g(s, u) =
(ψ̃(s) − ψ̃(u))(1 + h̃(u))

u− s
. (18)

Now, one gets from equation (9) that

˜̃P (n, s; u) = ˜̃g(s; u)[ψ̃(s)]n−1Ψ̃(s) =
(ψ̃(s) − ψ̃(u))(1 + h̃(u))

u− s
[ψ̃(s)]n−1Ψ̃(s). (19)
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The double inversion of the Laplace transforms in equation (19) may be as a formidable task

as the direct calculation of convolutions. However, equation (19) can be used to investigate

the asymptotic behaviour of P (n,∆t; t) for small and large values of t by means of Tauberian-

like theorems [11]. If the average waiting time 〈τ〉 = E[τ ] is finite, then for t → ∞, as a

consequence of the renewal theorem, one has that h(t) → 1/〈τ〉 and the renewal process

behaves as a Poisson process [12]. This is not the case for the renewal process of Mittag-

Leffler type where h(t) = tβ−1/Γ(β) (and H(t) = tβ/Γ(1 + β)). In other words, all the

RTSs following a renewal process with E[τ ] < ∞ reach a stationary state after an initial

non-stationary transient; in this stationary state, the autocovariance does no longer depend

on t. The RTS of Mittag-Leffler type never reaches such a state.

B. Analytical result for the RTS of Mittag-Leffler type

Let us consider the case t = 0. Equation (16) simplifies to

CXX(∆t; 0|β) = a2

∞
∑

n=0

(−1)nP (n,∆t). (20)

Using the Laplace transform of the Mittag-Leffler survival function (12) sβ−1/(1 + sβ) and

of the corresponding density function 1/(1 + sβ) [16, 18], one gets:

C̃XX(s; 0|β) = a2 sβ−1

2 + sβ
; (21)

this Laplace transform can be inverted to yield

CXX(∆t; 0|β) = a2Eβ(−2(∆t)β). (22)

For β = 1 this formula reduces to

CXX(∆t; 0|β = 1) = a2 exp(−2∆t). (23)

Indeed, equation (23) can be directly derived for a RTS with intensity µ = 1. In this case,

P (n,∆t) = exp(−∆t)(∆t)n/n!, therefore from equation (20) one gets

CXX(∆t; 0|β = 1) = a2 exp(−∆t)
∞

∑

n=0

(−1)n (∆t)n

n!
= a2 exp(−2∆t). (24)

Thus, equation (22) coincides with the autocovariance function for the usual RTS when

β = 1.
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C. Monte Carlo simulations

The essential ingredient for Monte Carlo simulation of a RTS of Mittag-Leffler type

is the generation of Mittag-Leffler deviates. An efficient transformation method has been

thoroughly discussed in [19] based on the theory of geometric stable distributions [20, 21, 22].

Mittag-Leffler distributed random numbers can be obtained using the following formula [23]:

τβ = − ln u

(

sin(βπ)

tan(βπw)
− cos(βπ)

)
1

β

(25)

where u and w are real random numbers uniformly distributed in (0, 1). For β = 1 eq. (25)

gives exponentially distributed waiting times with µ = 1.

Once a method for generating Mittag-Leffler deviates is available, the Monte Carlo sim-

ulation of an uncoupled CTRWs is straightforward. It is sufficient to generate a sequence of

n(t) + 1 independent and identically distributed waiting times τβ,i until their sum is greater

than t. Then the last waiting time can be discarded and n(t) alternate signs are generated.

A Monte Carlo realisation starts, say, at X(0) = +a, then at time t1 = τβ,1 the process flips

to the new value X(t1) = −a and stays there for t1 < t < t2 with t2 = τβ,1 + τβ,2, and so on.

In Fig. 2, Monte Carlo estimates of the autocovariance function CXX(∆t; 0|β) are com-

pared to formula (22) for several values of β and a = 2. The estimates have been produced

using an ensemble average estimator. For each of 10000 values of ∆t, 1000 values of the

product X(0)X(∆t) have been produced. The sampling frequency is assumed to be 1/1000,

so that the total length of the signal is 10 arbitrary units (seconds). A direct eye inspection

shows that the agreement between simulations and theory is excellent.

Fig. 3 shows the effect of non-stationarity. The autocovariance functions CXX(∆t; t|β)

are compared for β = 0.8, a = 2 and several values of t. For t = 0, the theoretical line is

plotted. The dependence of the autocovariance function on the choice of t points to the fact

that standard spectral methods routinely used in signal analysis would fail in this case.

IV. DISCUSSION AND CONCLUSIONS

The main result of this paper is given in equation (16) for the autocovariance function of

a generalized RTS, the double Laplace transform of the probability distribution P (n,∆t; t)

is given in (19); these results are further specialized to a RTS of Mittag-Leffler type in

9



FIG. 2: (Color online) Monte Carlo estimates of the autocovariance function CXX(∆t; 0|β) (red

irregular lines) compared to the exact result in equation (22) (blue smooth lines) for several values

of β and a = 2. Time is in arbitrary units called seconds. The autocovariance functions are not

normalized.

equation (22). The derivation of such equations is based on renewal theory. The analytical

result in equation (16) is then successfully compared to Monte Carlo simulations.

An important feature of a RTS of Mittag-Leffler type is that the renewal density h(t)

of the Mittag-Leffler renewal process vanishes for t → ∞ for 0 < β < 1. Therefore, the

hypoteses of the renewal theorem are not satisfied and the stationary regime is never reached.

Therefore, contrary to other renewal processes, such as the Weibull process, that, after a

transient, become stationary, the renewal process of Mittag-Leffler type is non-stationary

also if it is observed far from its beginning. In particular, standard spectral methods fail to

describe the features of the RTS of Mittag-Leffler type.

These considerations may be useful when studying the origin of 1/f noise, a problem not

addressed here but which will be the subject of a future paper. Indeed, the renewal process

of Mittag-Leffler type can be described as an infinite mixture of exponential distributions,
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FIG. 3: (Color online) Non-normalized autocovariance functions CXX(∆t; t|β) for β = 0.8, a = 2

and several values of t. Time is measured in arbitrary units called seconds.

for instance, one has for the survival function

Eβ

(

−tβ
)

=

∫ ∞

0

g(µ) exp(−µt)dµ, (26)

where

g(µ) =
1

π

sin(βπ)

µ1+β + 2 cos(βµ)µ+ µ1−β
. (27)

Therefore, based on the ideas developed in [7, 8, 9], one already expects to have a power

spectrum following a power law. Using the fact that

ŜXX(ω; 0|β) = F [CXX(∆t; 0|β)] =

∫ +∞

−∞

Eβ

(

−2|v|β
)

exp(iωv)dv, (28)

one gets

ŜXX(ω; 0|β) = 2Re[C̃XX(s = −iω; 0|β)], (29)

and the power spectrum for t = 0 can be evaluated from equation (21). It turns out that

ŜXX(ω; 0|β) = 2a2Re

[

(−iω)β−1

2 + (−iω)β

]

= a2 4ωβ−1 sin(βπ/2)

4 + 4ωβ cos(βπ/2) + ω2β
(30)
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Once again, it must be stressed that, due to non-stationarity, the power spectrum depends

on t and not only on the lag ∆t.
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Abstract

We complement the theory of tick-by-tick dynamics of financial markets based on a
continuous-time random walk (CTRW) model recently proposed by Scalas et al [4],
and we point out its consistency with the behaviour observed in the waiting-time
distribution for BUND future prices traded at LIFFE, London.
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1 Introduction

In financial markets, not only prices can be modelled as random variables, but
also waiting times between two consecutive transactions vary in a stochastic
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fashion. This fact is well known in financial research. In his 1973 paper [1],
Peter Clark wrote: “Instead of indexing [time] by the integers 0,1,2,. . ., the
[price] process could be indexed by a set of numbers t1, t2, t3, . . ., where these
numbers are themselves a realization of a stochastic process (with positive
increments, so that t1 < t2 < t3 < . . .).”

Till today, there have been various studies on the nature of the stochastic
process generating the sequence of the tj . In Clark’s approach, the variable
t is not a physical time but an economic variable, the trading volume, an
observable whose increments represent the market intensity.

Lefol and Mercier have written a review [2] on the works inspired by Clark’s
seminal paper. In a review by Cont [3], readers can find pointers to the relevant
literature and a description of the main research trends in this field.

In a recent paper, Scalas et al. [4] have argued that the continuous time random
walk (CTRW) model, formerly introduced in Statistical Mechanics by Montroll
and Weiss [5] (on which the reader can find further information in Refs. [6–
12]), can provide a phenomenological description of tick-by-tick dynamics in
financial markets. Here, we give further theoretical arguments and test the
theoretical predictions on the waiting-time distribution against empirical data.

The paper is divided as follows. Section 2 is devoted to the discussion of a
new form for the general master equation in the case of non-local and non-
Markovian processes. In Section 3, the conditions for the derivation of the
time-fractional master equation are given. The Mittag-Leffler function plays
a central role in this respect. In Section 4, the theoretical predictions on the
waiting-time distribution are compared to market data: high-frequency BUND
future prices traded at LIFFE 2 in 1997. Finally, the main conclusions are
drawn in Section 5.

2 The general master equation and the ”memory function”

Throughout this paper the variable x represents the log-price. In other words,
if S is the price of an asset, x = logS. The reason for this choice is explained
by Scalas et al. [4]; it is essentially due to the fact that, rather than prices,
returns are the relevant variable in finance. The physicist will recognize in x
the position of a random walker jumping in one dimension. In the following,
we shall often use the random walk language.

Let us consider the time series {x(ti)} , i = 1, 2, . . . , which is characterised

2 LIFFE stands for London International Financial Futures (and Options) Ex-
change. For further information, see http://www.liffe.com.
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by ϕ(ξ, τ), the joint probability density of jumps ξi = x(ti) − x(ti−1) and
of waiting times τi = ti − ti−1. The joint density satisfies the normalization

condition
∫∞
0

[

∫ +∞
−∞ ϕ(ξ, τ) dξ

]

dτ = 1 . Relevant quantities are the two prob-

ability density functions (pdf ’s) defined as λ(ξ) :=
∫∞
0 ϕ(ξ, τ) dτ , ψ(τ) :=

∫+∞
−∞ ϕ(ξ, τ) dξ , and called jump pdf and waiting-time pdf, respectively.

The CTRW is generally defined through the requirement that the τi are
identically distributed independent (i.i.d.) random variables. Furthermore, in
the following we shall assume that the jump pdf λ(ξ) is independent of the
waiting-time pdf , ψ(τ) , so that the jumps ξi (at instants ti , i = 1, 2, 3, . . . ) are
i.i.d. random variables, all having the same probability density λ(ξ) . Then,
we have the factorization ϕ(ξ, τ) = λ(ξ)ψ(τ) . For convenience we set t0 = 0 .

The jump pdf λ(ξ) represents the pdf for transition of the walker from a point
x to a point x+ ξ , so it is also called the transition pdf . The waiting-time pdf
represents the pdf that a step is taken at the instant ti−1+τ after the previous
one that happened at the instant ti−1 , so it is also called the pausing-time pdf .
Therefore, the probability that τ ≤ ti − ti−1 < τ + dτ is equal to ψ(τ) dτ .

The probability that a given interstep interval is greater or equal to τ will be
denoted by Ψ(τ) , which is defined in terms of ψ(τ) by

Ψ(τ) =

∞
∫

τ

ψ(t′) dt′ = 1 −

τ
∫

0

ψ(t′) dt′ , ψ(τ) = −
d

dτ
Ψ(τ) . (2.1)

We note that
∫ τ
0 ψ(t′) dt′ represents the probability that at least one step is

taken at some instant in the interval [0, τ), hence Ψ(τ) is the probability that
the diffusing quantity x does not change value during the time interval of
duration τ after a jump. We also note, recalling that t0 = 0 , that Ψ(t) is the
survival probability until time instant t at the initial position x0 = 0 .

Let us now denote by p(x, t) the pdf of finding the random walker at the
position x at time instant t . As usual we assume the initial condition p(x, 0) =
δ(x) , meaning that the walker is initially at the origin x = 0 . We look for the
evolution equation for p(x, t) , that we shall call the master equation of the
CTRW.Montroll and Weiss [5] have shown that the Fourier-Laplace transform
of p(x, t) satisfies a characteristic equation, now called the Montroll-Weiss

equation. However, only based upon the previous probabilistic arguments and
without detour onto the Fourier-Laplace domain, we can write, directly in the
space-time domain, the required master equation, which reads

p(x, t) = δ(x) Ψ(t) +

t
∫

0

ψ(t− t′)





+∞
∫

−∞

λ(x− x′) p(x′, t′) dx′



 dt′ . (2.2)

The spatially discrete analogue of this purely integral form of the master
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equation is quoted in Klafter et al. [13] (see also Ref. [14]). We recognize from
Eq. (2.2) the role of the survival probability Ψ(t) and of the pdf ’s ψ(t) , λ(x) .
The first term in the RHS of (2.2) expresses the persistence (whose strength
decreases with increasing time) of the initial position x = 0. The second
term (a spatio-temporal convolution) gives the contribution to p(x, t) from
the walker sitting in point x′ ∈ R at instant t′ < t jumping to point x just at
instant t , after stopping (or waiting) time t− t′ .

Now, passing to the Fourier-Laplace domain, we can promptly derive the cele-
brated Montroll-Weiss equation [5]. In fact, by adopting the following standard
notation for the generic Fourier and Laplace transforms:

F {f(x); κ} = ̂f(κ) =

+∞
∫

−∞

e iκx f(x) dx , L {f(t); s} = ˜f(s) =

∞
∫

0

e−st f(t) dt ,

we get from (2.2) the Montroll-Weiss equation:

̂

˜p(κ, s) = ˜Ψ(s)
1

1 − ̂λ(κ) ˜ψ(s)
=

1 − ψ̃(s)

s

1

1 − ̂λ(κ) ˜ψ(s)
. (2.3)

Hereafter we present an alternative form to Eq. (2.2) which involves the first
time derivative of p(x, t) (along with an additional auxiliary function) so that
the resulting equation can be interpreted as an evolution equation of Fokker-

Planck-Kolmogorov type.

For our purposes we re-write Eq. (2.3) as

˜Φ(s)
[

s ̂˜p(κ, s) − 1
]

=
[

̂λ(κ) − 1
]

̂

˜p(κ, s) , (2.4)

where

˜Φ(s) =
1 − ˜ψ(s)

s ˜ψ(s)
=
˜Ψ(s)
˜ψ(s)

=
˜Ψ(s)

1 − s ˜Ψ(s)
. (2.5)

Then our master equation reads

t
∫

0

Φ(t− t′)
∂

∂t′
p(x, t′) dt′ = −p(x, t) +

+∞
∫

−∞

λ(x− x′) p(x′, t) dx′ , (2.6)

where the ”auxiliary” function Φ(t) , being defined through its Laplace trans-
form in Eq. (2.5), is such that Ψ(t) =

∫ t
0 Φ(t − t′)ψ(t′) dt′ . We remind the

reader that Eq. (2.6), combined with the initial condition p(x, 0) = δ(x) , is
equivalent to Eq. (2.4), and then its solution represents the Green function or
the fundamental solution of the Cauchy problem.

From Eq. (2.6) we recognize the role of ”memory function” for Φ(t) . As a
consequence, the CTRW turns out to be in general a non-Markovian process.
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However, the process is ”memoryless”, namely ”Markovian” if (and only if)
the above memory function degenerates into a delta function (multiplied by
a certain positive constant) so that Ψ(t) and ψ(t) may differ only by a multi-
plying positive constant. By appropriate choice of the unit of time we assume
˜Φ(s) = 1 , so Φ(t) = δ(t) , t ≥ 0 . In this case we derive

˜ψ(s) = ˜Ψ(s) =
1

1 + s
, so ψ(t) = Ψ(t) = e−t , t ≥ 0 . (2.7)

Then Eq. (2.6) reduces to

∂

∂t
p(x, t) = −p(x, t) +

+∞
∫

−∞

λ(x− x′) p(x′, t) dx′ , p(x, 0) = δ(x) . (2.8)

This is, up to a change of the unit of time (which means multiplication of
the R.H.S by a positive constant), the most general master equation for a
Markovian CTRW ; it is called the Kolmogorov-Feller equation in Ref. [15].

We note that the form (2.6), by exhibiting a weighted first-time derivative,
is original as far as we know; it allows us to characterize in a natural way a
peculiar class of non-Markovian processes, as shown in the next Section.

3 The time-fractional master equation for ”long-memory” pro-

cesses

Let us now consider ”long-memory” processes, namely non-Markovian pro-
cesses characterized by a memory function Φ(t) exhibiting a power-law time
decay. To this purpose a natural choice is

Φ(t) =
t−β

Γ(1 − β)
, t ≥ 0 , 0 < β < 1 . (3.1)

Thus, Φ(t) is a weakly singular function that, in the limiting case β = 1 ,
reduces to Φ(t) = δ(t) , according to the formal representation of the Dirac
generalized function, δ(t) = t−1/Γ(0) , t ≥ 0 (see e.g. REf. [16]).

As a consequence of the choice Eq. (3.1), we recognize that (in this peculiar
non-Markovian situation) our master equation (2.6) contains a time fractional
derivative. In fact, by inserting into Eq. (2.4) the Laplace transform of Φ(t) ,
˜Φ(s) = 1/s1−β , we get

sβ
̂

˜p(κ, s) − sβ−1 =
[

̂λ(κ) − 1
]

̂

˜p(κ, s) , 0 < β < 1 , (3.2)
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so that the resulting Eq. (2.6) can be written as

∂β

∂tβ
p(x, t) = −p(x, t) +

+∞
∫

−∞

λ(x− x′) p(x′, t) dx′ , p(x, 0) = δ(x) , (3.3)

where ∂β/∂tβ is the pseudo-differential operator explicitly defined in the Ap-
pendix, that we call the Caputo fractional derivative of order β . Thus Eq.
(3.3) can be considered as the time-fractional generalization of Eq. (2.8) and
consequently can be called the time-fractional Kolmogorov-Feller equation.
We note that this derivation differs from the one presented in Ref. [4] and ref-
erences therein, in that here we have pointed out the role of the long-memory
processes rather than that of scaling behaviour in the hydrodynamic limit.
Furthermore here the Caputo fractional derivative appears in a natural way
without use of the Riemann-Liouville fractional derivative.

Our choice for Φ(t) implies peculiar forms for the functions Ψ(t) and ψ(t)
that generalize the exponential behaviour (2.7) of the Markovian case. In fact,
working in the Laplace domain we get from (2.5) and (3.1)

˜Ψ(s) =
sβ−1

1 + sβ
, ˜ψ(s) =

1

1 + sβ
, 0 < β < 1 , (3.4)

from which by inversion we obtain for t ≥ 0

Ψ(t) = Eβ(−tβ) , ψ(t) = −
d

dt
Eβ(−tβ) , 0 < β < 1 , (3.5)

where Eβ denotes an entire transcendental function, known as the Mittag-
Leffler function of order β , defined in the complex plane by the power series

Eβ(z) :=
∞
∑

n=0

zn

Γ(β n+ 1)
, β > 0 , z ∈ C . (3.6)

For detailed information on the Mittag-Leffler-type functions and their Laplace
transforms the reader may consult e.g. [17–20]. We note that for 0 < β < 1
and 1 < β < 2 the function Ψ(t) appears in certain relaxation and oscillation
processes, then called fractional relaxation and fractional oscillation processes,
respectively (see e.g. Refs. [18,19,21,22] and references therein).

Hereafter, we find it convenient to summarize the features of the functions
Ψ(t) and ψ(t) most relevant for our purposes. We begin to quote their series
expansions and asymptotic representations:

Ψ(t)



















=
∞
∑

n=0

(−1)n
tβn

Γ(β n+ 1)
, t ≥ 0

∼
sin (βπ)

π

Γ(β)

tβ
, t→ ∞ ,

(3.7)
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and

ψ(t)



















=
1

t1−β

∞
∑

n=0

(−1)n
tβn

Γ(β n+ β)
, t ≥ 0

∼
sin (βπ)

π

Γ(β + 1)

tβ+1
, t→ ∞ .

(3.8)

The expression for ψ(t) can be shown to be equivalent to that one obtained in
Ref. [14] in terms of the generalized Mittag-Leffler function in two parameters.

In the limit for β → 1 we recover the exponential functions of the Markovian
case. We note that for 0 < β < 1 both functions ψ(t), Ψ(t), even if losing
their exponential decay by exhibiting power-law tails for large times, keep the
”completely monotonic” character. Complete monotonicity of the functions
ψ(t), Ψ(t), t > 0, means:

(−1)n d
n

dtn
Ψ(t) ≥ 0 , (−1)n d

n

dtn
ψ(t) ≥ 0 , n = 0, 1, 2, . . . (3.9)

or equivalently, their representability as (real) Laplace transforms of non-
negative functions. In fact it can be shown for 0 < β < 1 :

Ψ(t) =
sin (βπ)

π

∞
∫

0

rβ−1 e−rt

r2β + 2 rβ cos(βπ) + 1
dr , t ≥ 0 , (3.10)

and

ψ(t) =
sin (βπ)

π

∞
∫

0

rβ e−rt

r2β + 2 rβ cos(βπ) + 1
dr , t ≥ 0 . (3.11)

A special case is β = 1
2

for which it is known that

E1/2(−
√
t) = e t erfc(

√
t) = e t

2
√
π

∞
∫

√
t

e−u
2
du , t ≥ 0 , (3.12)

where erfc denotes the complementary error function.

It may be instructive to note that for sufficiently small times Ψ(t) exhibits a
behaviour similar to that of a stretched exponential; in fact we have

Eβ(−tβ) ≃ 1 −
tβ

Γ(β + 1)
≃ exp{−tβ/Γ(1 + β)} , 0 ≤ t≪ 1 . (3.13)

Hereafter, we consider two relevant forms for the survival probability Ψ(t)
(that we shall denote by fβ(t) and gβ(t) to distinguish them from eβ(t) :=
Eβ(−tβ)) which, in exhibiting a decreasing behaviour with a power law decay
for large times, represent alternative candidates for long-memory processes.
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The simplest function which meets these requirements is expected to be:

fβ(t) :=
1

1 + Γ(1 − β)tβ
, t ≥ 0 , (3.14)

so that

fβ(t) ∼



















1 −
πβ

sin(πβ)

tβ

Γ(1 + β)
, t→ 0 ,

sin (βπ)

π

Γ(β)

tβ
, t→ ∞ .

(3.15)

One can infer from the Eqs (3.7) and (3.15) that eβ(t) and fβ(t) practically
coincide for all t ≥ 0 if β is sufficiently small, say for 0 < β < 0.25 . For
greater values of β , that are relevant in our subsequent empirical analysis,
their difference is expected to be appreciable in a wide range of time intervals.

Another possible choice of major statistical relevance is based on the assump-
tion that the waiting-time pdf ψ(t) may be an extremal, unilateral, stable
distribution with index β . In this case the Laplace transforms of ψ(t) and
Ψ(t) read

˜ψ(s) = exp(−sβ) , ˜Ψ(s) =
1 − exp(−sβ)

s
, 0 < β < 1 . (3.16)

By inversion we obtain for t ≥ 0

ψ(t) =
1

t
φ−β,0

(

−
1

tβ

)

, Ψ(t) = 1 − φ−β,1

(

−
1

tβ

)

, 0 < β < 1 , (3.17)

where φ−β,0 , φ−β,1 denote entire transcendental functions (depending on two
indices), known as the Wright functions, defined in the complex plane by the
power series

φλ,µ(z) :=
∞
∑

n=0

zn

n!Γ(λn+ µ)
, λ > −1 , µ ∈ C , z ∈ C . (3.18)

For detailed information on the Wright type functions and their Laplace trans-
forms the reader may consult e.g. Refs. [17,22,23]. We note that for 0 < β < 1
and µ = 0 or µ = 1 − β the corresponding Wright functions appear in the
fundamental solutions of time-fractional diffusion equations (see e.g. Refs.
[21,22,24] and references therein).

Hereafter, like for the Mittag-Leffler-type functions (3.5), we quote for the
Wright-type functions (3.17) their series expansions and asymptotic represen-
tations. For the waiting-time pdf we have (see e.g. Ref. [25]),

ψ(t) =
1

πt

∞
∑

n=1

(−1)n−1Γ(β n + 1)

n!

sin(πβn)

tβn
, t > 0 , (3.19)
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and

ψ(t) ∼ A t−a exp
(

−B t−b
)

, t→ 0 , (3.20)

where

A =

[

β1/(1−β)

2π(1 − β)

]1/2

, a =
2 − β

2(1 − β)
, B = (1 − β) βb , b =

β

1 − β
. (3.21)

For the survival probability we obtain

gβ(t) = Ψ(t) =
1

π

∞
∑

n=1

(−1)n−1 Γ(β n)

n!

sin(πβn)

tβn
, t > 0 , (3.22)

and

gβ(t) = Ψ(t) ∼ 1 − C tc exp
(

−B t−b
)

, t→ 0 , (3.23)

where

C =

[

1

2π(1 − β) β1/(1−β)

]1/2

, c =
β

2(1 − β)
=
b

2
. (3.24)

Like for the Mittag-Leffler function, a special case is again β = 1
2

for which
we obtain the analytical expressions

ψ(t) =
1
√
π
t−3/2 exp

(

−
1

4t

)

, Ψ(t) = erf

(

1

2
√
t

)

, t ≥ 0 . (3.25)

We note that in this particular case the asymptotic representation (3.20) and
(3.21) provides the sum of the series (3.19) and henceforth the exact expression
for ψ(t) in Eq. (3.25), the so-called Lévy-Smirnov pdf (see e.g. Ref. [26]).

Hereafter we would like to point out the major differences between the Mittag-
Leffler-type function eβ(t) := Eβ(−tβ) and the Wright type function gβ(t) :=
1−φ−β,1(−t

−β) , that can be inferred by analytical arguments. The first differ-
ence concerns the decreasing behaviour before the onset of the common power
law regime: whereas eβ(t) starts at t = 0 vertically (the derivative is −∞) and
is completely monotone, gβ(t) starts at t = 0 horizontally (the derivative is 0)
and then exhibits a change in the concavity from downwards to upwards. A
second difference concerns the limit for β → 1 ; whereas eβ(t) tends to the ex-
ponential exp(−t) (no memory), gβ(t) tends to the box functionH(t)−H(t−1)
(as directly obtained from the Laplace inversion of Eq. (3.16) for β = 1). As
a consequence, the corresponding waiting-time pdf tends to the Dirac delta
function δ(t− 1) , a peculiar case considered by Weiss [9] in his book in p. 47
as an example of a non-Markovian process.
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4 Empirical analysis

In order to corroborate the theory presented above, we have analyzed the
waiting-time distribution of BUND futures traded at LIFFE in 1997. BUND
is the German word for bond. Futures are derivative contracts in which a party
agrees to sell and the other party to buy a fixed amount of an underlying asset
at a given price and at a future delivery date. In this case the underlying asset
is a German Government bond.

We have considered two different delivery dates: June 1997 and September
1997. Usually, for a future with a certain maturity, transactions begin some
months before the delivery date. At the beginning, there are few trades a day,
but closer to the delivery there may be more than 1 000 transactions a day.
For each maturity, the total number of transaction is greater than 160 000.

In Figs. 1 and 2 we plot Ψ(τ) for the June and September delivery dates,
respectively. The circles refer to market data and represent the probability of
a waiting time greater than the abscissa τ . We have determined about 600
values of Ψ(τ) for τ in the interval between 1 and 50 000 s, neglecting the
intervals of market closure. The solid line is a two-parameter fit obtained by
using the Mittag-Leffler-type function

Ψ(τ) = eβ(γτ) = Eβ

[

−(γτ)β
]

, (4.1)

where β is the index of the Mittag-Leffler function and γ is a time-scale factor,
depending on the time unit. For the June delivery date we get an index β =
0.96 and a scale factor γ = 1

12
, whereas, for the September delivery date, we

have β = 0.95 and γ = 1
12
. The fit in Fig. 1 has a reduced chi square ˜χ2 ≃ 0.26,

whereas the reduced chi square of the fit in Fig. 2 is ˜χ2 ≃ 0.25. The chi-square
values have been computed considering all the values of Ψ .

In Figs. 1 and 2, the dash-dotted line is the stretched exponential function
exp{−(γτ)β)/Γ(1+β)} (see Eq. (3.13)), whereas the dashed line is the power-
law function (γτ)−β/Γ(1 − β) (see the second equation in Eq. (3.7)). The
Mittag-Leffler function interpolates between these two limiting behaviours:
the stretched exponential for small time intervals, and the power-law for large
ones.

Even if the two fits seem to work well, some words of caution are necessary. The
Mittag-Leffler-type function eβ(γτ) naturally derives from our assumption on
the ”memory function” in the CTRW model; however, as previously observed,
it is not the unique possibility compatible with a long-memory process with
a power-law decay. As a consequence, hereafter, we shall also consider for
Ψ(τ) the two alternative functions discussed in Section 3, namely the rational
function fβ(γτ) (see Eqs. (3.14) and (3.15)), and the Wright function gβ(γτ)
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(see Eqs. (3.22)-(3.24)).

In Figs. 3 and 4, by taking the same data as in Figs. 1 and 2 respectively, we
compare the functions eβ(γτ) (solid line), fβ(γτ) (dash-dotted line) and gβ(γτ)
(dashed line). Whereas in the previous figures we have adopted a log-log scale
to point out the power-law decay by a straight-line, now we find it convenient
to use a linear scale for the ordinates to point out the behaviour of the functions
for small values of τ . From these figures we can infer that the Mittag-Leffler
function fits the data of the empirical analysis much better than the other two
chosen functions, thus corroborating our approach to CTRW based on the
fractional-time derivative. However, the Mittag-Leffler fit significantly differs
from the empirical data for small values of τ .

5 Conclusions

The CTRW is a good phenomenological description of the tick-by-tick dynam-
ics in a financial market. Indeed, the CTRW can naturally take into account
the pathological time-evolution of financial markets, which is non-Markovian
and/or non-local. From this point of view, by a proper choice of a (perhaps
non-stationary) joint pdf ϕ(ξ, τ), one could accurately reproduce the statisti-
cal properties of market evolution. In this respect, the model can be useful for
applications where Monte-Carlo simulations of market settings are needed.

With additional assumptions, the CTRW hypothesis can be tested against
empirical data, thus providing useful information on the restrictions of the
premises. In this paper, we have assumed a particular form for the time-
evolution kernel, leading to a time-fractional Kolmogorov-Feller equation. In
its turn, this implies that Ψ(τ), the probability of finding a waiting-time inter-
val greater than τ , is a Mittag-Leffler function. There is a satisfactory agree-
ment between this prediction and the empirical distributions analyzed in Figs.
1-4, but not for small time intervals.

Among the various questions for future research on this topic, two are partic-
ularly relevant in our opinion. The first one concerns the behaviour of other
assets. Prices of liquid stocks should have a completely different time scale. In-
deed, for the futures here considered, at the beginning of their lifetime several
hours passed between two consecutive trades, a feature which is not likely to
be shared by liquid stocks. The second problem concerns the uniqueness of the
kernel. The Mittag-Leffler kernel yields the elegant time-fractional Kolmogorov
equation, but there might be other possibilities for interpolating between the
small waiting-time and the large waiting-time behaviour of Ψ(τ).

Finally, there is an implication for microscopic market models, a realm where
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many physicists have started researching. We believe that a microscopic model
should, at least phenomenologically, take into account that agents in the mar-
ket decide to sell and buy an asset at randomly distributed instants. It would
be a success to derive the “right” waiting-time distribution from first princi-
ples, whatever these first principles will be.

Appendix. The Caputo fractional derivative

For the sake of convenience of the reader here we present an introduction to
the Caputo fractional derivative starting from its representation in the Laplace
domain and pointing out its difference with respect to the standard Riemann-

Liouville fractional derivative. So doing,g we avoid the subtleties lying in the
inversion of fractional integrals. If f(t) is a (sufficiently well-behaved) function

with Laplace transform L {f(t); s} = ˜f(s) =
∫∞
0 e−st f(t) dt , we have

L

{

dβ

dtβ
f(t); s

}

= sβ
˜f(s) − sβ−1 f(0+) , 0 < β < 1 , (A.1)

if we define
dβ

dtβ
f(t) :=

1

Γ(1 − β)

t
∫

0

df(τ)

dτ

dτ

(t− τ)β
. (A.2)

We can also write

dβ

dtβ
f(t) =

1

Γ(1 − β)

d

dt







t
∫

0

[f(τ) − f(0+)]
dτ

(t− τ)β







, (A.3)

dβ

dtβ
f(t) =

1

Γ(1 − β)

d

dt







t
∫

0

f(τ)

(t− τ)β
dτ







−
t−β

Γ(1 − β)
f(0+) . (A.4)

A modification of Eqs. (A.1)-(A.4) holds any non integer β > 1 (see [19]). We
refer to the fractional derivative defined by Eq. (A.2) as the Caputo fractional
derivative, since it was formerly applied by Caputo in the late 1960s for mod-
elling the dissipation effects in Linear Viscoelasticity (see e.g. Refs. [27,22]).
The reader should observe that this definition differs from the usual one named
after Riemann and Liouville, which is given by the first term in the R.H.S.
of (A.4) see e.g. [28].For more details on the Caputo fractional derivative we
refer to Refs. [19,29,30].
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Fig. 1

Survival probability for BUND futures with delivery date: June 1997.
The Mittag-Leffler function (solid line) is compared with the stretched
exponential (dash-dotted line) and the power (dashed line) functions.

(β = 0.96 , γ = 1/12)
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Fig. 2

Survival probability for BUND futures with delivery date: September 1997.
The Mittag-Leffler function (solid line) is compared with the stretched
exponential (dash-dotted line) and the power (dashed line) functions.

(β = 0.95 , γ = 1/12)
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Survival probability for BUND futures with delivery date: June 1997.
The Mittag-Leffler function (solid line) is compared with the rational

(dash-dotted line) and the Wright (dashed line) functions.

(β = 0.96 , γ = 1/12)
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Survival probability for BUND futures with delivery date: September 1997.
The Mittag-Leffler function (solid line) is compared with the rational

(dash-dotted line) and the Wright (dashed line) functions.

(β = 0.95 , γ = 1/12)
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The fractional Poisson process (FPP) is a counting process with independent and identically
distributed inter-event times following the Mittag-Leffler distribution. This process is very useful in
several fields of applied and theoretical physics including models for anomalous diffusion. Contrary
to the well-known Poisson process, the fractional Poisson process does not have stationary and
independent increments. It is not a Lévy process and it is not a Markov process. In this letter, we
present formulae for its finite-dimensional distribution functions, fully characterizing the process.
These exact analytical results are compared to Monte Carlo simulations.

From a loose mathematical point of view, counting pro-
cesses N(A) are stochastic processes that count the ran-
dom number of points in a set A. They are used in many
fields of physics and other applied sciences. In this let-
ter, we will consider one-dimensional real sets with the
physical meaning of time intervals. The points will be in-
coming events whose duration is much smaller than the
inter-event or inter-arrival waiting time. For instance,
counts from a Geiger-Müller counter can be described in
this way. The number of counts, N(∆t), in a given time
interval ∆t is known to follow the Poisson distribution

P(N(∆t) = n) = exp(−λ∆t)
(λ∆t)n

n!
, (1)

where λ is the constant rate of arrival of ionizing par-
ticles. Together with the assumption of independent
and stationary increments, Eq. (1) is sufficient to de-
fine the homogeneous Poisson process. Curiously, one
of the first occurrences of this process in the scientific
literature was connected to the number of casualties by
horse kicks in the Prussian army cavalry [1]. The Pois-
son process is strictly related to the exponential dis-
tribution. The inter-arrival times τi identically follow
the exponential distribution and are independent ran-
dom variables. This means that the Poisson process is
a prototypical renewal process. A justification for the
ubiquity of the Poisson process has to do with its rela-
tionship with the binomial distribution. Suppose that
the time interval of interest (t, t + ∆t) is divided into
n equally spaced sub-intervals. Further assume that a
counting event appears in such a sub-interval with prob-
ability p and does not appear with probability 1 − p.
Then, P(N(∆t) = k) = Bin(k; p, n) is a binomial distri-
bution of parameters p and n and the expected number
of events in the time interval is given by E[N(∆t)] = np.
If this expected number is kept constant for n → ∞,
the binomial distribution converges to the Poisson dis-
tribution of parameter λ = E[N(∆t)]/∆t, while, in the

meantime, p → 0. However, it can be shown that many
counting processes with non-stationary increments con-
verge to the Poisson process after a transient period. It
is sufficient to require that they are renewal process (i.e.
they have independent and identically distributed (iid)
inter-arrival times) and that E(τi) <∞. In other words,
many counting processes with non-independent and non-
stationary increments behave as the Poisson process if
observed long after the transient period.

In recent times, it has been shown that heavy-tailed
distributed inter-arrival times (for which E(τi) = ∞) do
play a role in many phenomena such as blinking nano-
dots [2, 3], human dynamics [4, 5] and the related inter-
trade times in financial markets [6, 7].

Among the counting processes with non-stationary in-
crements, the so-called fractional Poisson process [8],
Nβ(t), is particularly important because it is the thinning
limit of counting processes related to renewal processes
with power-law distributed inter-arrival times [9, 10].
Moreover, it can be used to approximate anomalous dif-
fusion ruled by space-time fractional diffusion equations
[9, 11–16]. It is a straightforward generalization of the
Poisson process defined as follows. Let {τi}∞i=1 be a se-
quence of independent and identically distributed posi-
tive random variables with the meaning of inter-arrival
times and let their common cumulative distribution func-
tion (cdf) be

Fτ (t) = P(τ ≤ t) = 1− Eβ(−tβ), (2)

where Eβ(−tβ) is the one-parameter Mittag-Leffler func-
tion, Eβ(z), defined in the complex plane as

Eβ(z) =

∞∑
n=0

zn

Γ(nβ + 1)
(3)

evaluated in the point z = −tβ and with the prescription
0 < β ≤ 1. In equation (3), Γ(·) is Euler’s Gamma
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function. The sequence of the epochs, {Tn}∞n=1, is given
by the sums of the inter-arrival times

Tn =

n∑
i=1

τi. (4)

The epochs represent the times in which events arrive
or occur. Let fτ (t) = dFτ (t)/dt denote the probability
density function (pdf) of the inter-arrival times, then the
probability density function of the n-th epoch is simply
given by the n-fold convolution of fτ (t), written as f∗nτ (t).
In Ref. [10], it is shown that

fTn(t) = f∗nτ (t) = β
tnβ−1

(n− 1)!
E

(n)
β (−tβ), (5)

where E
(n)
β (−tβ) is the n-th derivative of Eβ(z) evalu-

ated in z = −tβ . The counting process Nβ(t) counts the
number of epochs (events) up to time t, assuming that
T0 = 0 is an epoch as well, or, in other words, that the
process begins from a renewal point. This assumption
will be used all over this paper. Nβ(t) is given by

Nβ(t) = max{n : Tn ≤ t}. (6)

In Ref. [9], the fractional Poisson distribution is derived
and it is given by

P(Nβ(t) = n) =
tβn

n!
E

(n)
β (−tβ). (7)

Eq. (7) coincides with the Poisson distribution of param-
eter λ = 1 for β = 1. In principle, equations (3) and
(7) can be directly used to derive the fractional Poisson
distribution, but convergence of the series is slow. Fortu-
nately, in a recent paper, Beghin and Orsingher proved
that

E
(n)
β (−tβ) =

n!

tβn

∫ ∞
0

FSβ (t;u)

[
exp(−u)un−1

(n− 1)!
− exp(−u)un

n!

]
du,

(8)

where FSβ (t;u) is the cdf of a stable random variable
Sβ(ν, γ, δ) with index β, skewness parameter ν = 1, scale
parameter γ = (u cosπβ/2)1/β and location δ = 0 [17].
The integral in equation (8) can be evaluated numerically
and Fig. 11 shows P(Nβ(t) = n) for three different val-
ues of β. The Monte Carlo simulation of the fractional
Poisson process is based on the algorithm presented in
equation (20) of Ref. [14].

As a consequence of Kolmogorov’s extension theorem,
in order to fully characterize the stochastic process Nβ(t),
one has to derive its finite dimensional distributions. A
further requirement on the process’ paths uniquely deter-
mines the process, namely that they are right-continuous
step functions with left limits [18]. The finite-dimensional
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Figure 1: P (Nβ(T1) = n1) as function of n1 for three different
values of β. The crosses are estimations obtained from 105

Monte Carlo samples and the lines are given to guide the eye.

t1 t2 t3

T1T0 T3T2 T4 T5

t

Yn1 Yn1,n2 Yn1,n2,n3

τ1 τ2 τ3 τ4 τ5

Figure 2: (Color online) Pictorial illustration of the random
variables used in the text. The light blue dots represent the
observation points t1, t2 and t3. The red squares are the
epochs T0 = 0, T1, . . . , T5. The conditional residual life-time
is the time elapsed between ti and the next epoch Tni+1. It
depends on previous values of ni, this is the number of events
between 0 and ti, with the event at t = T0 = 0 not considered.
Here, we have n1 = 1, n2 = 2 and n3 = 4. All the equations
in this paper can be derived by analyzing this figure.
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distributions are the multivariate probability distribution
functions P(Nβ(t1) = n1, Nβ(t2) = n2, . . . , Nβ(tk) = nk)
with t1 < t2 < . . . < tk and n1 ≤ n2 ≤ . . . ≤ nk.
We have already given the formula for the one-point
functions in Eq. (7). The general finite dimensional
distribution can be computed observing that the event
{Nβ(t1) = n1, Nβ(t2) = n2, . . . , Nβ(tk) = nk} is equiva-
lent to {0 < Tn1 < t1, Tn1+1 > t1, t1 < Tn2 < t2, Tn2+1 >
t2, . . . , tk−1 < Tnk < tk, Tnk+1 > tk}. Therefore, we find

P(Nβ(t1) = n1, Nβ(t2) = n2, . . . , Nβ(tk) = nk) =

P(0 < Tn1 < t1, Tn1+1 > t1, t1 < Tn2 < t2, Tn2+1 > t2,

. . . , tk−1 < Tnk < tk, Tnk+1 > tk) =∫ t1

0

du1f
∗n1
τ (u1)

∫ ∞
t1−u1

du2fτ (u2)∫ t2−u1−u2

t1−u1−u2

du3f
∗(n2−n1−1)
τ (u3)

∫ ∞
t2−u1−u2−u3

du4fτ (u4)

. . .

∫ tk−
∑2k−2
i=1 ui

tk−1−
∑2k−2
i=1 ui

du2k−1f
∗(nk−nk−1−1)
τ (u2k−1)[

1− Fτ

(
tk −

2k−1∑
i=1

ui

)]
. (9)

For instance, the two point function is given by

P(Nβ(t1) = n1, Nβ(t2) = n2) =

P(0 < Tn1
< t1, Tn1+1 > t1, t1 < Tn2

< t2, Tn2+1 > t2) =∫ t1

0

du1f
∗n1
τ (u1)

∫ ∞
t1−u1

du2fτ (u2)∫ t2−u1−u2

t1−u1−u2

du3f
∗(n2−n1−1)
τ (u3)

[1− Fτ (t2 − u1 − u2 − u3)] . (10)

Let us focus on the two-point case for the sake of
illustration. As Nβ(t) is a counting process, one has
P(Nβ(t1) = n1, Nβ(t2) = n2) = P(Nβ(t1) = n1, Nβ(t2)−
Nβ(t1) = n2−n1) and, as a consequence of the definition
of conditional probability

P(Nβ(t1) = n1, Nβ(t2)−Nβ(t1) = n2 − n1) =

P(Nβ(t2)−Nβ(t1) = n2 − n1|Nβ(t1) = n1)×
× P(Nβ(t1) = n1). (11)

For β = 1, when the fractional Poisson process coincides
with the standard Poisson process, the increments are iid
random variables and one has

P(N1(t2)−N1(t1) = n2 − n1|N1(t1) = n1) =

P(N1(t2)−N1(t1) = n2 − n1) =

exp(−(t2 − t1))
(t2 − t1)(n2−n1)

(n2 − n1)!
. (12)

On the contrary, for 0 < β < 1, the increment Nβ(t2) −
Nβ(t1) and Nβ(t1) are not independent. Note that
Nβ(t1) can be seen as an increment as Nβ(0) = 0 by
definition. However from Eq. (11), the conditional prob-
ability of having n2 − n1 epochs in the interval (t1, t2)
conditional on the observation of n1 epochs in the interval
(0, t1) can be written as a ratio of two finite dimensional
distribution:

P(Nβ(t2)−Nβ(t1) = n2 − n1|Nβ(t1) = n1) =

P(Nβ(t1) = n1, Nβ(t2) = n2)

P(Nβ(t1) = n1)
. (13)

This probability can be evaluated by means of an alter-
native method, more appealing for a direct and practical
understanding of the dependence structure. Let

Yn1

def
= [Tn1+1 − t1|Nβ(t1) = n1] (14)

denote the residual lifetime at time t1 (that is the time to
the next epoch or renewal) conditional on Nβ(t1) = n1 .
With reference to Fig. 2, one can see that the conditional
probability P(Nβ(t2)−Nβ(t1) = n2−n1|Nβ(t1) = n1) is
given by the following convolution integral for n2−n1 ≥ 1

P(Nβ(t2)−Nβ(t1) = n2 − n1|Nβ(t1) = n1) =∫ t2−t1

0

P(Nβ(t2 − t1 − y) = n2 − n1 − 1)fYn1
(y) dy,

(15)

where fYn1
(t) is the pdf of Yn1 . In the case n2 − n1 = 0,

one has

P(Nβ(t2)−Nβ(t1) = 0|Nβ(t1) = n1) = 1− FYn1
(t2 − t1)

(16)
where FYn1

(y) is the cdf of Yn1
. The distribution of the

conditional residual lifetime Yn1
can be evaluated in sev-

eral ways. For instance, one can notice that it can be
decomposed as follows

Yn1 = τ̃n1+1 + Un1 (17)

where Un1 is defined as

Un1

def
= [Tn1

|Nβ(t1) = n1], (18)

and is the position of the last epoch before t1 conditional
on Nβ(t1) = n1, and

τ̃n1+1
def
= [τn1+1 − t1|Tn1+1 > t1] (19)

is the difference between τn1+1 and t1 conditional on
Tn1+1 > t1. The pdf of Un1

is given by the following
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chain of equalities

fUn1
(t)dt =P(Tn1

∈ dt|Nβ(t1) = n1)

=P(Tn1 ∈ dt|Tn1 < t1, Tn1 + τn1+1 > t1)

=P(Tn1 ∈ dt|Tn1 < t1, τn1+1 > t1 − Tn1)

?
=
P(Tn1

∈ dt)
∫∞
t1−t P(τn1+1 ∈ dw)

P(Tn1
< t1, τn1+1 > t1 − Tn1

)

∗
=

f∗n1
τ (t)[1− Fτ (t1 − t)]dt∫ t1

0
duf∗n1

τ (u)[1− Fτ (t1 − u)]
,

(20)

where we used the independence between Tn1
and τn1+1

(?) and fTn1
(x) = f∗n1

τ (x) (∗). The pdf of τ̃n1+1 is

fτ̃n1+1(t|Un1)dt =P(τn1+1 − t1 ∈ dt|Tn1+1 > t1)

=
P(τn1+1 ∈ dt+ t1)

P(τn1+1 > t1 − Un1
)

=
fτ (t+ t1)dt

1− Fτ (t1 − Un1)
.

(21)

From Eq. (17), one can write that

fYn1
(t) =

∫ t1

0

fτ̃n1+1
(t− u|u)fUn1

(u)du (22)

and this equation leads to

fYn1
(t) =

∫ t1
0
duf∗n1

τ (u)fτ (t+ t1 − u)∫ t1
0
duf∗n1

τ (u)[1− Fτ (t1 − u)]
(23)

that, together with Eq. (7), gives us the probability of
the conditional increments in Eq. (15). Notice that, for
n1 = 0, one has f∗0τ (u) = δ(u) and Eq. (23) reduces to
the familiar equation for the residual life-time pdf in the
absence of previous renewals

fY0(t) =
fτ (t+ t1)

1− Fτ (t1)
. (24)

This method can be applied to the general multidimen-
sional case. As in Eq. (11) we can write

P(Nβ(t1) = n1, . . . , Nβ(tk) = nk, Nβ(tk+1) = nk+1) =

P(Nβ(tk+1)−Nβ(tk) = nk+1 − nk|
Nβ(t1) = n1, . . . , Nβ(tk) = nk)×
× P(Nβ(t1) = n1, . . . , Nβ(tk) = nk) (25)

and the predictive probabilities can be evaluated as

P(Nβ(tk+1)−Nβ(tk) = nk+1 − nk| . . .
|Nβ(t1) = n1, . . . , Nβ(tk) = nk) =∫ tk+1−tk

0

P(Nβ(tk+1 − tk − y) = nk+1 − nk − 1)×

× fYn1,...,nk
(y)dy, (26)

where we defined

Yn1,...,nk
def
= [Tnk+1 − tk|Nβ(t1) = n1, . . . , Nβ(tk) = nk].

(27)
Again, we can use a decomposition of Yn1,...,nk

Yn1,...,nk = τ̃nk+1 + Unk , (28)

where

Unk
def
= [Tnk |Nβ(t1) = n1, . . . , Nβ(tk) = nk], (29)

and

τ̃nk+1
def
= [τnk+1 − tk|Tnk+1 > tk]. (30)

The difference with the two-point case is that Un1 =
[Tn1
|Nβ(t1) = n1] = [

∑n1

i=1 τi|Nβ(t1) = n1] must be re-
placed by

Unk = tk−1 + Yn1,...,nk−1
+

 nk∑
i=nk−1+1

τi|Nβ(tk) = nk

 .
(31)

The time between tk−1 and the next renewal epoch
is Yn1,...,nk−1

and it is independent from
∑nk
i=nk−1+1 τi.

Therefore, the convolution

q(n1, . . . , nk; t) = fYn1,...,nk−1
∗ f∗(nk−nk−1−1)

τ (t) (32)

replaces f∗n1
τ (t) in Eq. (20). This leads to

fUnk (z) =

q(n1, . . . , nk; t+ tk−1)[1− Fτ (tk − t)]∫ tk
tk−1

q(n1, . . . , nk;u+ tk−1)[1− Fτ (tk − u)]du
.

(33)

On the other hand, fτ̃nk+1
(t) has the same functional

form as fτ̃n1+1
(t) given in Eq. (21) with Unk replacing

Un1
. Therefore, Yn1,...,nk has the following pdf

fYn1,...,nk
(t) =∫ tk

tk−1
du q(n1, . . . , nk;u+ tk−1)fτ (t+ tk − u)∫ tk

tk−1
du q(n1, . . . , nk;u+ tk−1)[1− Fτ (t+ tk − u)]

.

(34)

In practice, the random variable Yn1,...,nk−1
carries the

memory of the observations made at times t1, . . . , tk−1;
the knowledge of fYn1,...,nk−1

allows the computation

of fYn1,...,nk
, and, via Eqs. (25) and (26), the k + 1-

dimensional distribution can be derived as well.
Figs. 3 and 4 compare the theoretical results of

Eqs. (20), (23) and (24) with those of a Monte Carlo
simulation based on the algorithm presented in equation
(20) of Ref. [14].
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Figure 3: (Color online) Pdf of the random variable Un1 as given in Eq. (20) (solid black lines) compared to Monte Carlo
simulations (colored step lines) for three values of β and two different values of t1. 107 different paths were simulated for each
value of β and the bin width is 0.05. Time is in arbitrary units.
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Figure 4: (Color online) Pdf of the random variable Yn1 as given in Eqs. (23) and (24) (solid black lines) compared to Monte
Carlo simulations (colored step lines) for three values of β and two different values of t1. 107 different paths were simulated for
each value of β and the bin width is 0.01. Time is in arbitrary units.
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Introduction

The publication of Collective dynamics of ‘small world’ networks by

Watts and Strogatz [1] gave origin to a plethora of papers on

network structure and dynamics. The history of this scientific

fashion is well summarized by Rick Durrett [2]:

The theory of random graphs began in the late 1950s in several

papers by Erdös and Rényi. In the late twentieth century, the

notion of six degrees of separation, meaning that any two people

on the planet can be connected by a short chain of people who

know each other, inspired Strogatz and Watts [1] to define the

small world random graph in which each side is connected to k

close neighbors, but also has long-range connections. At about

the same time, it was observed in human social and sexual

networks and on the Internet that the number of neighbors of an

individual or computer has a power law distribution. This

inspired Barabási and Albert [3] to define the preferential

attachment model, which has these properties. These two papers

have led to an explosion of research. While this literature is

extensive, many of the papers are based on simulations and

nonrigorous arguments.

Incidentally, the results of Watts and Strogatz were inspired by

the empirical and theoretical work by Milgram [4] and

Granovetter [5] back in the 1960s and 1970s; similarly, the

preferential attachment model by Barabási and Albert is closely

related to the famous 1925 paper by Yule [6] as well as to a

celebrated work by Herbert Simon published in 1955 [7] (see

also chapters 8 and 9 in reference [8] for a recent analysis on

Simon’s results). This body of literature is partially reviewed in

Durrett’s book [2] as well as in a popular science book written by

Barabási [9].

It might be interesting to understand why this scientific fashion

was born and how. On this respect, we can quote Wikipedia’s

article (as retrieved on 4 May 2011) on Milgram’s experiment in

popular culture [10]:

Social networks pervade popular culture in the United States

and elsewhere. In particular, the notion of six degrees has become

part of the collective consciousness. Social networking websites

such as Friendster, MySpace, XING, Orkut, Cyworld, Bebo,

Facebook and others have greatly increased the connectivity of the

online space through the application of social networking

concepts. The ‘‘ Six Degrees’’ Facebook application calculates

the number of steps between any two members. […]

In other words, the social character of human beings

combined with the hyper-simplification (trivialization) of some

results promoted by leading science journals might have

triggered interest in social networkology also outside scientific

circles. Moreover, the emergence of social networks in the

Internet has indeed made some tools developed by networkol-

ogists profitable. However, a deeper analysis by sociologists and

historians of science will be necessary to falsify or corroborate

such hypotheses.

In this paper, we pay our tribute to this fashion, but we slightly

depart from the bulk of literature on social network dynamics. First

of all we consider time evolution also in continuous time and not only

in discrete time. As the reader will see, this will be enough to give

rise to interesting non stationarities as well as to non-trivial ergodic

behavior. Moreover, to begin with a simple situation, we will be

concerned with undirected graphs whose number of nodes M does not

change in time. These restrictions can be easily overcome and,

indeed, in the following, an example with directed graphs will be

presented. The dynamic variable will be the topology of the graph.

This approach is motivated by the following considerations. Social

networks are intrinsically volatile. You can be in contact with

someone for a finite time (at a meeting, during a phone call, etc.),

but never meet this person again in the future. This interaction
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may or may not have effects on your future actions. If memory is

not a major issue, the new configuration of the graph will only

depend on the previous configuration. Memory is indeed an issue,

but again, to simplify the analysis, we will consider a semi-Markov

dynamics on the state space of all the possible graphs with M

nodes. It is already quite rich. Incidentally, notice that all finite-

memory processes in discrete time can be re-written as Markov

chains.

The dynamics will be defined by a Markov chain subordinated

to a generic counting process. Similar models have been around

for many years. They were (and are) commonly used in

engineering and decision analysis and, on this point, the interested

reader can consult the monograph by Howard [11].

In this framework, it is often assumed that the waiting times

between consecutive events do follow the exponential distribution,

so that the corresponding counting process is Poisson. Indeed,

many counting processes with non-stationary and non-indepen-

dent increments converge to the Poisson process after a transient.

If these counting processes are of renewal type, i.e. inter-arrival

times fJig?i~1 are independent and identically distributed (iid)

random variables, it is sufficient to assume that the expected value

of these inter-arrival times is finite. However, recently, it has been

shown that heavy-tailed distributed interarrival times (for which

E(Ji)~?) play an important role in human dynamics [12–14].

After defining the process in the Methods Section, we will present

two introductory examples and a detailed model of an interbank

market in the Results Section.

Methods

This section begins with the definition of the two basic

ingredients of our model, namely

1. a discrete-time Markov chain on the finite set of 2M(Mz1)=2

undirected graphs with M vertices (nodes), and

2. a counting process N(t) for the point process corresponding

to a renewal process.

The rest of the section is devoted to the definition of the basic

model class.

Ingredient 1: a Markov chain on graphs
Consider an undirected graph GM~(VM ,E) where VM

represents a set of M vertices (nodes) and E the corresponding

set of edges. Any such undirected graph can be represented by a

symmetric M|M adjacency matrix AGM
, or simply A, with

entries Ai,j~Aj,i~1 if vertices i and j are connected by an edge

and Ai,j~Aj,i~0 otherwise. Note that algebraic graph theory

using linear algebra leads to many interesting results relating

spectral properties of adjacency matrixes to the properties of the

corresponding graphs [15,16]. For instance, the matrix

A~

0 1 1

1 0 1

1 1 0

0
B@

1
CA ð1Þ

corresponds to a graph where there are no self-connections and

each vertex is connected to the other two vertices. As mentioned

above, for a given value of M there are 2M(Mz1)=2 possible graphs.

To see that, it is sufficient to observe that the M diagonal entries

can assume either value 1 or value 0 and the same is true for the

M(M{1)=2 upper diagonal entries. Now, denote by GM the set

of 2M(Mz1)=2 undirected graphs with M nodes. Consider a

sequence of random variables X1, . . . ,Xn assuming values in GM .

This becomes our state space, and the set of n random variables is a

finite stochastic process. Its full characterization is in term of all

finite dimensional distributions of the following kind (for 1ƒmƒn)

[17]

pX1,...,Xm (x1, . . . ,xm)~P(X1~x1, . . . ,Xm~xm) ð2Þ

where P(:) denotes the probability of an event with the values xi

running on all the possible graphs GM of GM . The finite

dimensional distributions defined in equation (2) obey the two

compatibility conditions of Kolmogorov [17], namely a symmetry

condition

pX1,...,Xm (x1, . . . ,xm)~pXp1
,...,Xpm

(xp1
, . . . ,xpm ) ð3Þ

for any permutation (p1, . . . ,pm) of the m random variables (this is

a direct consequence of the symmetry property for the intersection

of events) and a second condition

pX1,...,Xm (x1, . . . ,xm)~X
xmz1[GM

pX1,...,Xm,Xmz1
(x1, . . . ,xm,xmz1) ð4Þ

as a direct consequence of total probability.

Among all possible stochastic processes on GM , we will consider

homogeneous Markov chains. They are fully characterized by the initial

probability

p(x) ~
def

pX1
(x)~P(X1~x) ð5Þ

and by the transition probability

P(x,y) ~
def

P(Xmz1~yjXm~x) ð6Þ

that does not depend on the specific value of m (hence the

adjective homogeneous). Note that it is convenient to consider the

initial probability as a row vector with 2M(Mz1)=2 entries with the

property that

X
x[GM

p(x)~1 ð7Þ

and the transition probability as a 2M(Mz1)=2|2M(Mz1)=2 matrix,

also called stochastic matrix with the property that

X
y[GM

P(x,y)~1 ð8Þ

For a homogeneous Markov chain, the finite dimensional

distributions are given by

pX1,...,Xm (x1, . . . ,xm)~p(x1)P(x1,x2) � � �P(xm{1,xm) ð9Þ

Semi-Markov Graph Dynamics
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It is a well known fact that the finite dimensional distributions in

equation (9) do satisfy Kolmogorov’s conditions (3) and (4).

Kolmogorov’s extension theorem then implies the existence of

Markov chains [17]. Marginalization of equation (9) leads to a

formula for pXm
(xm)~P(Xm~xm), this is given by

pXm (xm)~
X

x1[GM

p(x1)Pm{1(x1,xm) ð10Þ

where Pm{1(x1,xm) is the entry (x1,xm) of the (m{1)-th power of

the stochastic matrix. Note that, from equation (10) and

homogeneity one can prove the Markov semi-group property

Pmzr(x,y)~
X

z[GM

Pm(x,z)Pr(x,y) ð11Þ

Starting from the basic Markov process with the set of graphs as

space state, we can also consider other auxiliary processes. Just to

mention few among them, we recall:

N the process counting the number of edges (i.e., the sum of the

adjacency matrix A);

N the process recording the degree of the graph (i.e., the

marginal total of the adjacency matrix A);

N the process which measures the cardinality of the strongly

connected components of the graph.

Notice that the function of a Markov chain is not a Markov chain

in general, and therefore the study of such processes is not trivial.

Under a more combinatorial approach, one can consider also

the process recording the permanent of the adjacency matrix A.

We recall that the permanent of the matrix A is given by

perm(A)~
X

s[SM

P
M

i~1
Ai,s(i) ð12Þ

where SM is the symmetric group on the set f1, . . . ,Mg. The

permanent differs from the best known determinant only in the

signs of the permutations. In fact,

det(A)~
X

s[SM

({1)jsj P
M

i~1
Ai,s(i) ð13Þ

where jsj is the parity of the permutation s. Notice that the

permanent is in general harder to compute than the determinant,

as Gaussian elimination cannot be used. However, the permanent

is more appropriate to study the structure of the graphs. It is

known, see for instance [16], that the permanent of the adjacency

matrix counts the number of the bijective functions w : VM?VM .

The bijective functions w are known in this context as perfect

matchings, i.e., the rearrangements of the vertices consistent with

the edges of the graph. The relations between permanent and

perfect matchings are especially studied in the case of bipartite

graphs, see [18] for a review of some classical results.

Moreover, we can approach the problem also from the point of

view of symbolic computation, and we introduce the permanent

polynomial, defined for each adjacency matrix as follows. Let Y

be an M|M matrix of variables Y~(yi,j)
m
i,j~1. The permanent

polynomial is the polynomial

pperm(A)~perm(Y8A) ð14Þ

where 8 denotes the element-wise product. For example, the

polynomial determinant of the adjacency matrix

A~

0 1 1

1 0 1

1 1 0

0
B@

1
CA ð15Þ

introduced above is

pperm(A)~det

0 y1,2 y1,3

y2,1 0 y2,3

y3,1 y3,2 0

0
B@

1
CA~y1,2y2,3y3,1zy1,3y3,2y2,1ð16Þ

The permanent polynomial in Equation (14) is a homogeneous

polynomial with degree M and it has as many terms as the

permanent of A, all monomials are pure (i.e., with unitary

coefficient) and each transition of the Markov chain from the

adjacency matrix A1 to the matrix A2 induces a polynomial

pperm(A2){pperm(A1).

Finally, it is also interesting to consider conditional graphs. With

this term we refer to processes on a subset of the whole family of

graphs GM . For instance we may require to move only between

graphs with a fixed degree, i.e., between adjacency matrices with

fixed row (and column) totals. In such a case, also the construction

of a connected Markov chain in discrete time is an open problem,

recently approached through algebraic and combinatorial tech-

niques based on the notion of Markov basis, see [19–21]. This

research topic, named Algebraic Statistics for contingency tables,

seems to be promising when applied to adjacency matrices of

graphs.

Ingredient 2: a semi-Markov counting process
Let J1, . . . ,Jn, . . . be a sequence of positive independent and iid

random variables interpreted as sojourn times between events in a

point process. They are a renewal process. Let

Tn~
Xn

i~1

Ji ð17Þ

be the epoch (instant) of the n-th event. Then, the process N(t)
counting the events occurred up to time t is defined by

N(t)~ maxfn:Tnƒtg ð18Þ

A well-known (and well-studied) counting process is the Poisson

process. If J* exp (l), one can prove that

P(N(t)~n)~ exp ({lt)
(lt)n

n!
ð19Þ

The proof leading to the exponential distribution of sojourn times

to the Poisson distribution of the counting process is rather

Semi-Markov Graph Dynamics
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straightforward. First of all one notices that the event

fN(t)vnz1g is given by the union of two disjoint events

fN(t)vnz1g~fN(t)vng|fN(t)~ng ð20Þ

therefore, one has

P(N(t)~n)~P(N(t)vnz1){P(N(t)vn) ð21Þ

but, by definition, the event fN(t)vng coincides with the event

fTnwtg. Therefore, from equation (21), one derives that

P(N(t)~n)~P(Tnƒt){P(Tnz1ƒt) ð22Þ

The thesis follows from equation (17). The cumulative

distribution function of Tn is the n-fold convolution of an

exponential distribution, leading to the Erlang distribution

P(Tnƒt)~1{
Xn{1

k~0

exp ({lt)
(lt)k

k!
ð23Þ

and, by virtue of equation (22), the difference P(Tnƒt){
P(Tnz1ƒt) gives the Poisson distribution of equation (19).

Incidentally, it can be proved that N(t) has stationary and

independent increments.

One can also start from the Poisson process and then show that

the sojourn times are iid random variables. The Poisson process

can be defined as a non-negative integer-valued stochastic process

N(t) with N(0)~0 and with stationary and independent

increments (i.e. a Lévy process; it must also be stochastically

continuous, that is it must be true that for all aw0, and for all s§0
limt?s P(jN(t){N(s)jwa)~0) such that its increment

N(t){N(s) with 0ƒsvt has the following distribution for n§0

P(N(t){N(s)~n)~ exp ({l(t{s))
½l(t{s)�n

n!
ð24Þ

Based on the definition of the process, it is possible to build any

of its finite-dimensional distributions using the increment

distribution. For instance P(N(t1)~n1,N(t2)~n2) with t2wt1 is

given by

P(N(t1)~n1,N(t2)~n2)~P(N(t1)~n1)P(N(t2){N(t1)~n2{n1)

~ exp ({lt1)
(lt1)n1

n1!
exp ({l(t2{t1))

½l(t2{t1)�n2{n1

(n2{n1)!
ð25Þ

Every Lévy process, including the Poisson process is Markovian

and has the so-called strong Markov property roughly meaning that

the Markov property is true not only for deterministic times, but

also for random stopping times. Using this property, it is possible

to prove that the sojourn times are iid. For N(0)~0, let

Tn~ infft : N(t)~ng be the n-th epoch of the Poisson process

(the time at which the n-th jump takes place) and let

Jk~Tk{Tk{1 be the k-th sojourn time (T0~0). For what

concerns the identical distribution of sojourn times, one has that

P(T1wt)~P(J1wt)~P(N(t)~0)~ exp ({lt) ð26Þ

and for a generic sojourn time Tk{Tk{1, one finds

Tk{Tkz1~ infft{Tk{1 : N(t)~kg

~ infft{Tk{1 : N(t){N(Tk{1)~1g

~
d

infft{Tk{1 : N(t{Tk{1)~1,N(Tk{1)~0g

~ infft : N(t)~1,N(0)~0g ð27Þ

where ~
d

denotes equality in distribution and the equalities are

direct consequences of the properties defining the Poisson process.

The chain of equalities means that every sojourn time has the

same distribution of J1 whose survival function is given in equation

(26). As mentioned above, the independence of sojourn times is

due to the strong Markov property. As a final remark, in this

digression on the Poisson process, it is important to notice that one

has that its renewal function H(t) ~
def

E(N(t)) is given by

H(t)~lt ð28Þ

i.e. the renewal function of the Poisson process linearly grows with

time, whereas its renewal density h(t) defined as

h(t) ~
def dH(t)

dt
ð29Þ

is constant:

h(t)~l ð30Þ

Here, for the sake of simplicity, we shall only consider renewal

processes and the related counting processes (see equations (17)

and (18)). When sojourn times are non-exponentially distributed,

the corresponding counting process N(t) is no longer Lévy and

Markovian, but it belongs to the class of semi-Markov processes

further characterized in the next section [22–25]. If yJ (t) denotes

the probability density function of sojourn times and

YJ (t) ~
def

P(Jwt) is the corresponding survival function, it is

possible to prove the first renewal equation

H(t)~1{YJ (t)z

ð t

0

H(t{u)yJ (u)du ð31Þ

as well as the second renewal equation

h(t)~yJ (t)z

ð t

0

h(t{u)yJ (u)du ð32Þ

Semi-Markov Graph Dynamics
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The second renewal equation is an immediate consequence of

the first one, based on the definition of the renewal density h(t)
and on the fact that yJ (t)~{dYJ (t)=dt. The first renewal

equation can be obtained from equation (22) which is valid in

general and not only for exponential waiting times. One has the

following chain of equalities

H(t)~E(N(t))~
X?
n~0

nP(N(t)~n)

~
X?
n~0

n(P(Tnƒt){P(Tnz1ƒt))

~
X?
n~1

P(Tnƒt)~
X?
n~1

Fn(t) ð33Þ

where Fn(t) is the cumulative distribution function of the

random variable Tn, a sum of iid. positive random variables.

Let fn(t) represent the corresponding density function. By

taking the Laplace transform of equation (33) and using the fact

that

effn(s)~½eyyJ (s)�n ð34Þ

one eventually gets

eHH(s)~
X?
n~1

eFFn(s)~
1

s

X?
n~1

effn(s)~
1

s

X?
n~1

½eyyJ (s)�n

~
eyyJ (s)

s

X?
m~0

½eyyJ (s)�m~
eyyJ (s)

s

1

1{eyyJ (s)

ð35Þ

or (as jeyyJ (s)jv1 for s=0)

(1{yJ (s)) eHH(s)~
eyyJ (s)

s
ð36Þ

the inversion of equation (36) yields the first renewal equation

(31).

If the sojourn times have a finite first moment (i.e.

mJ~E(J)v?), one has a strong law of large numbers for renewal

processes

lim
t??

N(t)

t
~

1

mJ

a:s: ð37Þ

and as a consequence of this result, one can prove the so-called

elementary renewal theorem

Figure 1. Box-plot of the distribution of the stopping times with varying b for Example A.
doi:10.1371/journal.pone.0023370.g001
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lim
t??

H(t)

t
~

1

mJ

ð38Þ

The intuitive meaning of these theorems is as follows: if a renewal

process is observed a long time after its inception, it is impossible to

distinguish it from a Poisson process. As mentioned in the

Introduction, the elementary renewal theorem can explain the

ubiquity of the Poisson process. After a transient period, renewal

processes with finite first moment behave as the Poisson process.

However, there is a class of renewal processes for which the

condition E(J)v? is not fulfilled. These processes never behave

as the Poisson process. A prototypical example is given by the

renewal process of Mittag-Leffler type introduced by one of us

together with F. Mainardi and R. Gorenflo back in 2004 [26,27].

A detailed description of this process will be given in one of the

examples below.

Putting the ingredients together
Let X1, . . . ,Xn represent a (finite) Markov chain on the state

space GM , we now introduce the process Y (t) defined as follows

Y (t) ~
def

XN(t) ð39Þ

that is the Markov chain Xn is subordinated to a counting process

N(t) coming from a renewal process as discussed in the previous

subsection, with Xn independent of N(t). In other words, Y (t)
coincides with the Markov chain, but the number of transitions up

to time t is a random variable ruled by the probability law of N(t)
and the sojourn times in each state follow the law characterized by

the probability density function yJ (t), or, more generally, by the

survival function YJ (t).

As already discussed, such a process belongs to the class of semi-

Markov processes [22–25,28], i.e. for any A5GM and tw0 we do

have

P(Xn[A,Jnƒt jX0, . . . ,Xn{1,J1, . . . ,Jn{1)

~P(Xn[A,Jnƒt jXn{1)
ð40Þ

Table 1. Summary statistics for Example A with varying b.

Min 1st Qu. Median Mean 3rd Qu. Max

b = 0.9 0.363 8.010 12.750 31.460 20.260 54750.000

b = 0.95 0.325 7.545 11.440 20.860 16.890 32920.000

b = 0.98 0.261 7.296 10.860 12.950 15.050 2704.000

b = 0.99 0.537 7.219 10.630 12.340 14.670 2487.000

doi:10.1371/journal.pone.0023370.t001

Figure 2. Box-plot of the distribution of the stopping times with varying M for Example A.
doi:10.1371/journal.pone.0023370.g002
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and, if the state Xn{1~x is fixed at time tn{1, the probability on

the right-hand side will be independent of n. Indeed, by definition,

given the independence between the Markov chain and the

counting process, one can write

P(Xn[A,Jnƒt jX0, . . . ,Xn{1,J1, . . . ,Jn{1)~

P(Xn[A jXn{1~x)P(Jnƒt)
ð41Þ

~P(x,A)(1{YJ (t))41)

where

P(x,A)~
X
y[A

P(x,y) ð42Þ

Equation (41) is a particular case of (40).

It is possible to introduce a slight complication and still preserve

the semi-Markov property. One can imagine that the sojourn time

in each state is a function of the state itself. In this case P(Jnƒt) is

no longer independent of the state of the random variable Xn{1

and equation (41) is replaced by

P(Xn[A,Jnƒt jX0, . . . ,Xn{1,J1, . . . ,Jn{1)~

P(Xn[A jXn{1~x)P(JnƒtjXn{1~x)

~P(x,A)(1{Yx
J (t)) ð43Þ

where Yx
J (t) denotes the state-dependent survival function.

However, in this case, the random variable Tn is still the sum of

independent random variables, but they are no-longer identically

distributed, and the analysis of the previous section has to be

modified in order to take this fact into proper account.

Results

In order to show the behavior of the stochastic processes

described in the previous sections we have simulated the

distribution of two stopping times in two different situations.

The simulations have been written in R, see [29] and the source

files are available as Supporting Information S1 and S2 Notice

that some specific packages for the analysis of graph structures are

available, see for instance [30]. However, we have used only the

R-base commands, so that our examples can be analyzed easily

without any additional package.

The examples in the first two subsections are designed to

introduce the reader to the simulation algorithms in a framework

as simple as possible. An extended example about a model of

interbank market will be discussed in the last subsection.

In our examples we use the Mittag-Leffler distribution for the

sojourn times. We recall that the Mittag-Leffler distribution has

survival function given by

Figure 3. Mean and median of the distribution of the stopping times with varying M for Example A.
doi:10.1371/journal.pone.0023370.g003
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YJ (t)~P(Jwt)~Eb({tb) ð44Þ

where Eb(z) is the one-parameter Mittag-Leffler function defined

as

Eb(z)~
X?
n~0

zn

C(nbz1)
ð45Þ

for 0vbƒ1. There are two strong reasons for this choice. The

first one is that many analytical results are available on the Mittag-

Leffler renewal process a.k.a. fractional Poisson process [26,27,31–

34]. The second reason is that the Mittag-Leffler distribution is the

repeated-thinning limit of heavy-tailed sojourn-time distributions

with algebraically decaying tails with exponent 0vbv1 [27]. For

b~1, the exponential distribution is recovered from (44).

First example
In this example we consider graphs without self-loops. Let us

consider a fixed number M of vertices and define a process as

follows:

N At time 0, there are no edges in the graph;

N At each time, we choose an edge e with uniform distribution

on the 2
M(M{1)

2 edges. If e belongs to the graph we remove it; if e
does not belong to the graph we add it;

N The stopping time is defined as the first time for which a

triangle appears in the graph.

To simulate the distribution of the stopping times we have used

10000 replications. As the Mittag-Leffler distribution is heavy-

tailed, the density plot and the empirical distribution function plot

are not informative. Thus, we have reported the box-plot, to

highlight the influence of the outliers.

With a first experiment, we have studied the influence of the b
parameter. In a graph with M~10 nodes, we have considered the

sojourn times with a Mittag-Leffler distribution with different b
parameter, namely b~0:90:0:95,0:98,0:99. The box-plots are

displayed in Figure 1, and some numerical indices are in Table 1.

Our results show that:

Table 2. Summary statistics for Example B with varying b.

Min 1st Qu. Median Mean 3rd Qu. Max

b = 0.9 3.786 21.540 32.070 88.110 49.380 271500.000

b = 0.95 3.393 19.410 27.050 41.550 38.260 12140.000

b = 0.98 3.565 18.230 24.980 33.530 33.970 19600.000

b = 0.99 4.738 17.690 23.940 27.160 32.310 1701.000

doi:10.1371/journal.pone.0023370.t002

Figure 4. Box-plot of the distribution of the stopping times with varying b for Example B.
doi:10.1371/journal.pone.0023370.g004
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N the outliers are highly influenced from the value of b. This

holds, with a less strong evidence, also for the quartiles Q1 and

Q3;

N the median is near constant, while the mean is affected by the

presence of outliers.

With a second experiment, we have considered a fixed

parameter b = 0.99, but a variable number of vertices M ranging

from 5 to 50 by 5. In Figures 2 and 3 we present the box-plots of

the stopping time distribution and the trends of the mean and the

median. From these graphs we can notice that:

N the presence of outliers is more relevant in the graph with a

large number of nodes;

N the mean and the median are roughly linear, but the trend of

the median looks more stable.

Second example
Let us consider a population with individuals f1, . . . ,Mg and

suppose that the person labelled 1 has to share some information.

At a first random time, he chooses another individual with random

uniform probability and shares the information with him. At a

second random time, one person who has the information chooses

an individual among the other (M{1) and shares again the

information. Note that each individual shares the information with

another one, no matter if the latter has already or not the

information. At each time, we denote by S the subset of persons

having the information. In terms of graphs, the process is then

defined as follows:

N At time 0, there are no edges in the graph and S~f1g;
N At each time, we choose a vertex m[S and we choose an edge

among (m,1),(m,2), . . . ,(m,m{1),(m,mz1), . . . ,(m,M{1),
(m,M) with random uniform distribution. If the chosen edge is

already in the graph we do nothing; otherwise, we add the chosen

edge to the graph and we add the appropriate vertex to S;

N The stopping time is defined as the first time for which the

whole graph is connected.

The experimental settings for this example are the same as for

Example A. With a fixed number of vertices M~10 and varying b
as above, we obtain the box-plots in Figure 4, and the numerical

summary in Table 2. From these results we can see that the

outliers are highly influenced from the value of b, while the

variation of the quantiles Q1 and Q3 is much lower. Also in this

example, the mean is affected by the presence of outliers.

With the second experiment with a variable number of vertices M

ranging from 5 to 50 by 5, we obtain the plots displayed in Figures 5

and 6. The conclusions are the same as in the previous example.

Extended example. An interbank market
In this subsection we present a simple model for interbank

markets. It serves the purpose of illustrating the modelling

potential of the ideas presented above.

Figure 5. Box-plot of the distribution of the stopping times with varying M for Example B.
doi:10.1371/journal.pone.0023370.g005
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This example deals with an interbank market receiving loan

requests from the corporate sector at random times. For the sake

of readability, in this subsection we will use the symbol Dtk instead

of Jk for the k-th inter-arrival duration and we will denote the

epochs at which loan requests are made with the symbol tk instead

of Tk. In this more realistic example, we will briefly discuss the

difficulties that must be faced when one desires to go beyond a

mere phenomenological description of reality.

We consider an interbank market characterized by M banks

that demand and supply liquidity at a given interest rate rB. Each

bank b is described at any time by its balance sheet, as outlined in

Table 3. The market is decentralized and banks exchange liquidity

by means of pairwise interactions. Banks lend money also to the

corporate sector at the constant rate rCwrB and all corporate and

interbank loans are to be repayed after T units of time. We

stipulate that the loan requests from the corporate sector to the

banking system are the events triggering the interbank market and

we model these events as a Poisson process of parameter l. In

particular, we state that, at exponentially distributed intervals of

time Dtn~tn{tn{1, a loan request of constant amount ‘ is

submitted from the corporate sector to a bank chosen at random

with uniform distribution among the M banks. As in the previous

examples, in principle, the Poisson process can be replaced by any

suitable counting process. Let us denote the chosen bank with the

index i and the time at which the loan is requested as tn. If

Ci
tn{1

v‘, the chosen bank is short of liquidity to grant the entire

amount of the loan. Given the interest rate spread between rC and

rB, the profit-seeking bank enters the interbank market in order to

borrow at the rate rB the amount ‘{Ci
tn{1

necessary to grant the

entire loan. In the interbank market, a new bank is then chosen at

random with uniform distribution among the remaining M{1
banks. Let us denote with j the new chosen bank. If bank j has

not enough liquidity to lend the requested amount, i.e., if

C
j
tn{1

v‘{Ci
tn{1

, then a new bank h is again chosen at random

among the remaining M{2 ones to provide the residual liquidity,

and so on. This process in the interbank market continues till the

liquidity amount ‘{Ci
tn{1

necessary to bank i is collected.

Finally, as soon as the loan ‘ is provided to the corporate

sector, we stipulate that the deposits as well as the liquidity of any

bank b, being b~1, . . . ,M, is increased by the amount vb
t ‘,

where vb
t are random numbers constrained by

P
b vb

t ~1. The

rationale behind this choice is that a loan, when it is taken and

spent, creates a deposit in the bank account of the agent to whom

the payment is made; for instance, when the corporate sector gets

Table 3. Balance sheet entries of bank b at time tn.

Assets Liabilities

Cb
tn

: liquidity Db
tn

: total (households’ and firms’)

deposits

Lb
tn

: loans to the corporate sector Bb
tn

: debt with other banks

Lb
tn

: loans to other banks Eb
tn

: equity (net worth)

doi:10.1371/journal.pone.0023370.t003

Figure 6. Mean and median of the distribution of the stopping times with varying M for Example B.
doi:10.1371/journal.pone.0023370.g006
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a loan to pay wages to workers or to pay investments to capital

goods producers, then the deposits at the M banks of the agents

receiving the money are increased by a fraction of the borrowed

amount ‘. We assume that these deposits are randomly dis-

tributed among the M banks.

To give a clearer idea on how the balance sheets of banks

evolve after an event in the interbank market, let us consider an

example where at time tn the corporate sector requests a loan ‘
to the randomly selected bank i, which, being short of liquidity

(i.e. Ci
tn{1

v‘), needs to enter into interbank market where it

borrows a loan of amount ‘{Ci
tn{1

from the randomly selected

bank j. We suppose here C
j
tn{1

w‘{Ci
tn{1

, therefore no other

lending banks enter the interbank market. According to the

model outlined above, at the end of the interbank market

session, the balance sheets of bank i and of bank j change as

outlined in Table 4.

Once the assets and the debt liabilities entries of any bank are

updated following the lending activity to the corporate sector and

the interbank market outcomes, the equity is then updated as

residual according to the usual accounting equation:

Eb
tn

~Cb
tn

zLb
tn

zLb
tn

{Db
tn

{Bb
tn

ð46Þ

It is worth noting that, as reported in Table 4, the equity of both

bank i and j does not change from tn{1 to tn. This result is

obtained by computing the new equity levels at time tn using (46)

but should not be a surprise given that lending and borrowing

clearly change the balance sheet entries of banks but not their net

worth at the time the loan is granted or received. Indeed, the net

worth of the lending banks is increased by the interest revenues

when the corporate loan as well as the interbank loan is repaid

together with the interest amounts. In particular, equity of bank i

is increased by rC ‘{rB (‘{Ci
tn{1

), while equity of bank j is

increased by rB (‘{Ci
tn{1

). Table 5 shows how balance sheet

entries change at time tm~tnzT when the two loans are paid

back. It is worth noting again that the equity dynamics is consistent

with the dynamics of other balance sheet entries, according to (46).

Finally, as granting a bank loan to the corporate sector increases

private deposits at banks, also the opposite holds when a loan is

paid back. The repayment of the loan ‘ together with interests rC ‘
corresponds to a reduction of private deposits, as well as of the

related banks’ liquidity, of the same amount. As in the previous

case, we assume that the reduction (1zrC)‘ is uniformly and

randomly distributed among the M banks with weights vb
tm

, where

b~1, . . . ,M.

We can then define a M|M adjacency matrix A representing

the graph associated to the interbank market, where the nodes of

the graph correspond the M banks and the edges to the lending

and borrowing relationships among banks. Differently from the

previous discussion and examples, here, it is meaningful to

consider directed graphs and therefore the matrix can be

asymmetric. In particular, if bank j is lending money to bank i,

we set Aj,i~1, but we may have Ai,j~1 or Ai,j~0, depending if

bank i is lending or not money to bank j. The situation where both

Aj,i and Ai,j are set to 1 is not contradictory but it means that two

loans have been granted in the two opposite directions, i.e. from

bank i to bank j and from bank j to bank i, at different times. In

fact, let us suppose that at time tn, as stated in the example, bank i

borrows money from bank j so that Aj,i is set to 1, while Ai,j is still

zero. The loan will be repaid at time tm~tnzT , but it may

happen that that at any time th, being tnvthvtm, bank j has been

randomly chosen as the corporate sector lender, and, being short

of liquidity, bank i is chosen to provide the necessary liquidity in

the interbank market. Bank i is likely to have Ci
th{1

w0 and so able

to lend to bank j. The reason is that bank i ended period tn with a

positive liquidity, i.e., Ci
tn

= vi
tn
‘, see Table 4 and the related

discussion; moreover, we cannot exclude that a loan granted by

bank i in the past has been repaid at any time between tn and th.

Therefore, if the conditions above are all verified, it will happen

that both Aj,i and Ai,t are equal to 1 at any time t in between th

and tm. The overall result can be interpreted as a net lending

between one bank to the other, the direction depends on the

amounts of money involved, but the two loan cannot be cancelled

out because they have been granted and they will expire at

different times.

The time evolution of the adjacency matrix depends on the

evolution of events in the interbank market. In particular, when

the first loan from bank j to bank i is paid back, Aj,i is again set to

0, provided that no new loans have been granted by bank j to bank

i in the meantime, if this happens the value of Aj,i remains at 1 till

there are debts of bank i to bank j. If this is required by the

particular application, it is even possible to consider weighted graphs

where the entry Ai,j contains the value of the loan from bank i to

bank j.

The dynamics in the interbank market can then be represented

as a Markov chain on graphs subordinated to the Poisson process

representing the random events of loan requests to the banking

system by the corporate sector. It is worth noting that the Markov

process and the Poisson process are independent here, however,

the transition probabilities of the Markov process are not fixed ex

ante but depends on the endogenous evolution of the balance sheets

of banks. Therefore, here, the Markov process is not homogeneous.

Table 4. Dynamics of balance sheet entries of bank i (lender to the corporate sector and borrower in the interbank market) and
bank j (lender in the interbank market) at time tn when both the corporate loan ‘ and the related interbank loan ‘{Ci

tn{1
are

granted.

Ci
tn

= vi
tn
‘ C

j
tn

= C
j
tn{1

{(‘{Ci
tn{1

)zvj
tn
‘

Li
tn

= Li
tn{1

z‘ L
j
tn

= L
j
tn{1

Li
tn

= Li
tn{1

Lj
tn

= Lj
tn{1

z(‘{Ci
tn{1

)

Di
tn

= Di
tn{1

zvi
tn
‘ D

j
tn

= D
j
tn{1

zvj
tn
‘

Bi
tn

= Bi
tn{1

z(‘{Ci
tn{1

) B
j
tn

= B
j
tn{1

Ei
tn

= Ei
tn{1

E
j
tn

= E
j
tn{1

doi:10.1371/journal.pone.0023370.t004
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Discussion

We have discussed a model of graph dynamics based on two

ingredients. The first ingredient is a Markov chain on the space of

possible graphs. The second ingredient is a semi-Markov counting

process of renewal type. The model consists in subordinating the

Markov chain to the semi-Markov counting process. In simple

words, this means that the chain transitions occur at random time

instants called epochs. This model takes into account the fact that

social interactions are intrinsically volatile and not permanent.

Note that state dependent subordination (see equation (43))

gives rise to very interesting dynamics from the ergodicity

viewpoint [35]. In order to illustrate this fact, let us consider a

simple two-state aperiodic and irreducible Markov chain with the

following transition probability matrix:

P~
0:1 0:9

0:9 0:1

� �
ð47Þ

In this case, the invariant measure is uniform and it is given by

p~
1

2
,
1

2

� �
ð48Þ

meaning that the probability of finding each state at equilibrium is

1/2. Now, let us call A the first state and B the second state. Let the

sojourn time in A be exponentially distributed with parameter lA

and the sojourn time in B still exponentially distributed with

parameter lB. If a single realization of this process is considered,

the average time of permanence in state A will be given by 1=lA

and the average time of permanence in B will be given by 1=lB.

Therefore, if lA=lB, then the ratio of average sojourn times will

be different from 1. In other words, for this simple model, the

fraction of sojourn times is not equal to the fraction of the

ensemble measure: a signal of non-ergodicity.

Finally, with reference to the examples discussed above, this

kind of modeling can be used for risk evaluation. Given a loss

function, a function that gives the losses when adverse events take

place, the risk function is defined as the expected value of the loss

function. With our approach, one can derive the probability of the

adverse events as a function of time and use this measure to

evaluate the risk function. To be more specific, assume that the

failure of a bank implies the payment of deposit insurance up to a

certain limit. Then the loss function can be defined as the capped

sum of deposits and risk is the product of this loss function by the

bank failure probability at a certain time instant. The latter

example may become relevant for macroeconomics, when one has

situations in which either a very large bank fails or many banks fail

in a short time period. This event may trigger big losses in real

macro variables such as GDP and employment rate and these

variables themselves can be interpreted as loss functions. In an

economy, given that the dynamics is a consequence of many

individual choices, it may be impossible to write down a fully

deterministic description for the time evolution. However, it may

be sensible to define suitable stochastic processes on the state space

of oriented and weighted graphs which are able to phenomeno-

logically reproduce the main statistical features of macroeconomic

time evolution. At least, this is what we hope to do in the near

future.

Supporting Information

S1 R program for Example 1: Rcode_example_1.txt
(TXT)

S2 R program for Example 2: Rcode_example_2.txt
(TXT)
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I. INTRODUCTION

The idea of combining a stochastic process for waiting times between two consecutive

events and another stochastic process which associates a reward or a claim to each event

dates back at least to the first half of the XXth Century [1, 2]. The Cramér–Lundberg

model for insurance risk is based on a point (or renewal) process [3, 4] ruling the random

times at which random claims have to be paid by the company due to the occurence of

accidents. Similar concepts have been used in renewal theory and in queueing theory, as

well [3, 4, 5, 6, 7, 8].

In the 1960s, Montroll and Weiss published a celebrated series of papers on random

walks, where they applied the ideas developed by mathematicians working in probability

theory to the physics of diffusion processes on lattices. In particular, they wrote a paper

on continuous-time random walks (CTRWs) [9], in which the waiting-time between two

consecutive jumps of a diffusing particle is a real positive stochastic variable.

The paper of Montroll and Weiss on CTRWs was the starting point for several devel-

opments on the physical theory of diffusion. In more recent times, CTRWs were applied

back to economics and finance by Rudolf Hilfer [10], by the authors of the present paper

[11, 12, 13, 14] and, later, by Weiss and co-workers [15, 16] and by Kutner et al. [17, 18].

However, here, the focus will be on anomalous relaxation properties of the waiting-time

probability density and on the consequent relation between CTRWs and fractional diffu-

sion.

Anomalous relaxation with power-law tails of the waiting-time density was investigated by

means of Monte Carlo simulation by Montroll and Scher [19]. Shlesinger, Tunaley and other

authors studied the asymptotic behaviour of CTRWs for large times [20, 21, 22, 23, 24] (see

also [25]). Hilfer has recognized the important role played by Mittag-Leffler type functions

in anomalous relaxation [26, 27]. Interesting contributions about the theory of CTRWs,

including the problem of anomalous relaxation, can be found in refs. [28, 29, 30, 31, 32,

33, 34, 35, 36, 37, 38, 39, 40, 41]. The recent book by ben-Avraham and Havlin discusses

in depth the possible applications of the formalism developed in the aforementioned papers

[42].

The asymptotic relation between properly scaled CTRWs with power-law waiting times

and fractional diffusion processes has already been rigorously studied by Balakrishnan
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in 1985, dealing with anomalous diffusion in one dimension [43], four years before the

publication of the fundamental paper by Schneider and Wyss on the analytic theory of

fractional diffusion and wave equations [44]. Later, many authors discussed this relation

[45, 46, 47, 48, 49, 50, 51, 52, 53]. As written above, the correspondence between CTRWs

with Mittag-Leffler waiting time and the time-fractional diffusion equation has been lucidly

worked out and explained in ref. [48] by Hilfer and Anton, who have shed light on the

relevance of the Mittag-Leffler function, their specific aims, methods and interpretations

being completely different from those of Balakrishnan. However, it must be recognized that

already Balakrishnan in his formula (27) has found, as the natural choice for the waiting-

time in CTRWs approximating fractional diffusion, the waiting-time density whose Laplace

transform is (in the notation used in this paper) 1/(1 + csβ), where c is a positive constant.

Implicitly, this is the Mittag-Leffler waiting-time described in Sec. III below. Meerschaert

et al. have developed a method to derive the equations for CTRWs in the diffusive limit

[52]. In their paper, they discuss both the coupled and uncoupled case.

The present paper is devoted to a detailed discussion of the uncoupled case and it is

organized as follows. In Sec. II, the basic quantities are introduced and a summary of

the theory is given. Sec. III is devoted to the solution of the master equation in the

uncoupled case. General formulae are presented and specialized to the case of the Mittag-

Leffler waiting-time survival probability, in which an exact solution is available in terms of

a fractionally generalized compound-Poisson process. In this section, a fractional relaxation

equation satisfied by the Mittag-Leffler function is discussed. In Sec. IV, the proper scaling

leading to the fractional diffusion equation is presented. The main result of this section is

that the solution of the CTRW master equation weakly converges to the solution of a Cauchy

problem for the fractional diffusion equation. This result is a version of the Central Limit

Theorem and the steps for a rigorous proof are sketched. Finally, in Sec. V, the reader can

find a discussion of some objections which are usually raised when dealing with fractional

diffusion. Unnecessary mathematical difficulties have been avoided throughout the paper.

II. BASIC DEFINITIONS

As mentioned in the introduction, CTRWs are essentially point processes with reward.

The point process is characterized by a sequence of independent identically distributed
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(i.i.d.) positive random variables τi, which can be interpreted as waiting times between two

consecutive events:

tn = t0 +
n

∑

i=1

τi; tn − tn−1 = τn; n = 1, 2, 3, . . . ; t0 = 0. (1)

The rewards are (i.i.d.) not necessarily positive random variables: ξi. In the usual physical

intepretation, the ξis represent the jumps of a diffusing particle (the walker), and they can

be n-dimensional vectors. In this paper, only the 1-dimensional case is studied, but the

extension of many results to the n-dimensional case is straightforward. The position x of

the walker at time t is (with N(t) = max{n : tn ≤ t} and x(0) = 0):

x(t) =

N(t)
∑

i=1

ξi. (2)

CTRWs are rather good and general phenomenological models for diffusion, including

anomalous diffusion, provided that the time of residence of the walker is much greater

than the time it takes to make a jump. In fact, in the formalism, jumps are instantaneous.

In general, the jumps and the waiting times are not independent from each other. Then,

the random walk can be described by the joint probability density ϕ(ξ, τ) of jumps and

waiting times; ϕ(ξ, τ) dξ dτ is the probability of a jump to be in the interval (ξ, ξ+ dξ) and

of a waiting time to be in the interval (τ, τ + dτ). The following integral equation gives the

probability density, p(x, t), for the walker being in position x at time t, conditioned by the

fact that it was in position x = 0 at time t = 0:

p(x, t) = δ(x) Ψ(t) +

∫ t

0

∫ +∞

−∞

ϕ(x− x′, t− t′) p(x′, t′) dt′ dx′, (3)

where Ψ(τ) is the so-called survival function. Ψ(τ) is related to the marginal waiting-time

probability density ψ(τ). The two marginal densities ψ(τ) and λ(ξ) are:

ψ(τ) =

∫ +∞

−∞

ϕ(ξ, τ) dξ

λ(ξ) =

∫ ∞

0

ϕ(ξ, τ) dτ, (4)

and the survival function Ψ(τ) is:

Ψ(τ) = 1 −

∫ τ

0

ψ(τ ′) dτ ′ =

∫ ∞

τ

ψ(τ ′) dτ ′. (5)
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The integral equation, eq. (3), can be solved in the Laplace-Fourier domain. The Laplace

transform, g̃(s) of a (generalized) function g(t) is defined as:

g̃(s) =

∫ +∞

0

dt e−st g(t) , (6)

whereas the Fourier transform of a (generalized) function f(x) is defined as:

̂f(κ) =

∫ +∞

−∞

dx eiκx f(x) . (7)

A generalized function is a distribution (like Dirac’s δ) in the sense of S. L. Sobolev and L.

Schwartz [54].

One gets:

˜p̂(κ, s) = ˜Ψ(s)
1

1 − ˜ϕ̂(κ, s)
, (8)

or, in terms of the density ψ(τ):

˜p̂(κ, s) =
1 − ˜ψ(s)

s

1

1 − ˜ϕ̂(κ, s)
, (9)

as, from eq. (5), one has:

Ψ(s) =
1 − ˜ψ(s)

s
. (10)

In order to obtain p(x, t), it is then necessary to invert its Laplace-Fourier transform ˜p̂(κ, s).

Analytic solutions are quite important, as they provide a benchmark for testing numer-

ical inversion methods. In the next section, an explicit analytic solution for a class of

continuous-time random walks with anomalous relaxation behaviour will be presented. It

will be necessary to restrict oneself to the uncoupled case, in which jumps and waiting-times

are not correlated.

III. SOLUTION OF THE MASTER EQUATION

In this section, the solution of eq. (3) will be discussed in the uncoupled case. First of

all, a general formula will be derived for p(x, t), then it will be specialized to two cases: the

well-known case of an exponential survival function and the case where the survival function

is a Mittag-Leffler function. The connections and the analogies between these two cases

will be presented. A new solution will be obtained in terms of a fractionally-generalized

compound Poisson process.
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As anticipated above, the study will be restricted to uncoupled continuous-time random

walks. This means that jump sizes do not depend on waiting times and the joint probability

density for jumps and waiting times can be factorized in terms of the two marginal densities:

ϕ(ξ, τ) = λ(ξ)ψ(τ) (11)

with the normalization conditions
∫

dξλ(ξ) = 1 and
∫

dτψ(τ) = 1.

In this case the integral master equation for p(x, t) becomes:

p(x, t) = δ(x) Ψ(t) +

∫ t

0

ψ(t− t′)

[
∫ +∞

−∞

λ(x− x′) p(x′, t′) dx′
]

dt′ (12)

This equation has a well known general explicit solution in terms of P (n, t), the probability

of n jumps occurring up to time t, and of the n-fold convolution of the jump density, λn(x):

λn(x) =

∫ +∞

−∞

∫ +∞

−∞

. . .

∫ +∞

−∞

dξn−1dξn−2 . . . dξ1λ(x− ξn−1)λ(ξn−1 − ξn−2) . . . λ(ξ1). (13)

Indeed, P (n, t) is given by:

P (n, t) =

∫ t

0

ψn(t− τ)Ψ(τ) dτ (14)

where ψn(τ) is the n-fold convolution of the waiting-time density:

ψn(τ) =

∫ τ

0

∫ τn−1

0

. . .

∫ τ1

0

dτn−1dτn−2 . . . dτ1ψ(t− τn−1)ψ(τn−1 − τn−2) . . . ψ(τ1). (15)

The n-fold convolutions defined above are probability density functions for the sum of n

variables.

The Laplace transform of P (n, t), ˜P (n, s), reads:

˜P (n, s) = [˜ψ(s)]n ˜Ψ(s) (16)

By taking the Fourier-Laplace transform of eq. (12), one gets:

˜p̂(κ, s) = ˜Ψ(s)
1

1 − ˜ψ(s)̂λ(κ)
. (17)

But, recalling that |λ(κ)| < 1 and |ψ(s)| < 1, if κ 6= 0 and s 6= 0, eq. (17) becomes:

˜p̂(κ, s) = ˜Ψ(s)

∞
∑

n=0

[ ˜ψ(s)̂λ(κ)]n ; (18)
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this gives, inverting the Fourier and the Laplace transforms and taking into account eqs.

(13) and (14):

p(x, t) =

∞
∑

n=0

P (n, t)λn(x) (19)

Eq. (19) can also be used as the starting point to derive eq. (12) via the transforms of

Fourier and Laplace, as it describes a jump process subordinated to a renewal process.

A remarkable analytic solution is available when the waiting-time probability density

function has the following exponential form:

ψ(τ) = µe−µτ . (20)

Then, the survival probability is Ψ(τ) = e−µτ and the probability of n jumps occurring up

to time t is given by the Poisson distribution:

P (n, t) =
(µt)n

n!
e−µt. (21)

In this case, equation (19) becomes:

p(x, t) =

∞
∑

n=0

(µt)n

n!
e−µtλn(x). (22)

When λ(x) is the jump density for a positive random variable, eq. (22) is the starting point

of the Cramér–Lundberg model for insurance risk [1, 2]. It is worth noting that the survival

probability Ψ(τ) satisfies the following relaxation ordinary differential equation:

d

dτ
Ψ(τ) = −µΨ(τ), τ > 0; Ψ(0+) = 1. (23)

The simplest fractional generalization of eq. (23) giving rise to anomalous relaxation

and power-law tails in the waiting-time probability density can be written as follows, by

appropriately choosing the time scale:

dβ

dτβ
Ψ(τ) = −Ψ(τ), τ > 0, 0 < β ≤ 1; Ψ(0+) = 1, (24)

where the operator dβ/dtβ is the Caputo fractional derivative, related to the Riemann–

Liouville fractional derivative. For a sufficiently well-behaved function f(t), the Caputo

derivative is defined by the following equation, for 0 < β < 1:

dβ

dtβ
f(t) =

1

Γ(1 − β)

d

dt

∫ t

0

f(τ)

(t− τ)β
dτ −

t−β

Γ(1 − β)
f(0+), (25)
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and reduces to the ordinary first derivative for β = 1. The Laplace transform of the Caputo

derivative of a function f(t) is:

L

(

dβ

dtβ
f(t); s

)

= sβ
˜f(s) − sβ−1f(0+). (26)

If eq. (26) is applied to the Cauchy problem of eq. (24), one gets:

˜Ψ(s) =
sβ−1

1 + sβ
. (27)

Eq. (27) can be inverted, giving the solution of eq. (24) in terms of the Mittag-Leffler

function of parameter β [55, 56]:

Ψ(τ) = Eβ(−τβ), (28)

defined by the following power series in the complex plane:

Eβ(z) :=

∞
∑

n=0

zn

Γ(βn+ 1)
. (29)

For small τ , the Mittag-Leffler survival function has the same behaviour as a stretched

exponential:

Ψ(τ) = Eβ(−τβ) ≃ 1 −
τβ

Γ(β + 1)
≃ exp{−τβ/Γ(β + 1)}, 0 ≤ τ ≪ 1, (30)

whereas for large τ , it has the asymptotic representation:

Ψ(τ) ∼
sin(βπ)

π

Γ(β)

τβ
, 0 < β < 1, τ → ∞. (31)

Accordingly, for small τ , the probability density function of waiting times ψ(τ) = −dΨ(τ)/dτ

behaves as:

ψ(τ) = −
d

dτ
Eβ(−τβ) ≃

τ−(1−β)

Γ(β + 1)
exp{−τβ/Γ(β + 1)}, 0 ≤ τ ≪ 1, (32)

and the asymptotic representation is:

ψ(τ) ∼
sin(βπ)

π

Γ(β + 1)

τβ+1
, 0 < β < 1, τ → ∞. (33)

Before going on, it is now time to review the results obtained so far. The solution of

equation (24) is a survival probability function Ψ(τ) with power-law decay τ−β if 0 < β < 1

and τ → ∞. The decay exponent of the corresponding probability density function ψ(τ) is
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−(β + 1), with values in the interval (1, 2). This ensures that the normalization condition

for ψ(τ) can be satisfied. However, already the first moment of ψ(τ) is infinite. It is worth

stressing that the case β = 1 does not correspond to a τ−1–decay of the survival probability,

but to the exponential relaxation described by eq. (23).

The Laplace transform of ψ(τ) is given by (see eq. (10)):

˜ψ(s) = 1 − s˜Ψ(s) =
1

1 + sβ
. (34)

Therefore, recalling eq. (16) and eq. (27), one can obtain the Laplace transform of P (n, t):

˜P (n, s) =
1

(1 + sβ)n

sβ−1

1 + sβ
. (35)

This can be analytically inverted as (see eq. (1.80) in ref. [57]):

L[tβnE
(n)
β (−tβ); s] =

n!sβ−1

(1 + sβ)n+1
, (36)

where:

E
(n)
β (z) :=

dn

dzn
Eβ(z).

Eq. (36) yields an explicit analytic expression for P (n, t):

P (n, t) =
tβn

n!
E

(n)
β (−tβ) (37)

Eq. (37) generalizes the Poisson distribution (21) for the anomalous relaxation case under

study (0 < β < 1). It reduces to the Poisson distribution in the case β = 1, in which

the Mittag-Leffler function coincides with the exponential function. As an immediate con-

sequence of this result and of eq. (19), one also gets the analytic solution of the master

equation (12) for a continuous-time random walk characterized by the survival function of

eq. (28):

p(x, t) =

∞
∑

n=0

tβn

n!
E

(n)
β (−tβ)λn(x). (38)

As a consistency check, one can show that
∫ +∞

−∞

p(x, t) dx = 1, ∀t. (39)

This is equivalent to the requirement that the Fourier transform computed in κ = 0 satisfies

p̂(0, t) = 1, ∀t. But p̂(0, t) is given by:

p̂(0, t) =

∞
∑

n=0

tβn

n!
E

(n)
β (−tβ) (40)
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and recalling that for any sufficiently well-behaved function, f :

f(a+ δ) =

∞
∑

n=0

f (n)(a)

n!
δn

identifying a = −tβ and δ = +tβ, one has the following chain of equalities:

p̂(0, t) =
∞

∑

n=0

tβn

n!
E

(n)
β (−tβ) = Eβ((−tβ) + tβ) = Eβ(0) = 1. (41)

It is now interesting to investigate the behaviour of the exact solution given by eq. (38) in

the so-called diffusive or hydrodynamic limit. This limit is obtained by making smaller all

waiting times by a positive factor r, and all jumps by a positive factor h and then letting r

and h vanish in an appropriate way. This will be the subject of the next section.

IV. THE DIFFUSIVE LIMIT

In this section, for the first time, a collection of results by the authors of this paper

is made available in a complete way; mathematical subtleties have been recalled wherever

necessary. Partial results were discussed in refs. [13, 53, 58]. Here, the focus is on the well-

scaled transition to the diffusive limit based on sound limit theorems of probability theory.

The following derivation should help the reader in judging whether, in the problem he/she

is dealing with, the connection between CTRWs and fractional diffusion is relevant.

As mentioned above, in order to discuss the diffusive limit, the waiting times are multi-

plied by a positive factor r so that one gets:

tn(r) = rτ1 + rτ2 + . . .+ rτn. (42)

Analogously, the jumps are multiplied by a positive factor h. Letting x0(h) = 0, one has:

xn(h) = hξ1 + hξ2 + . . .+ hξn. (43)

The probability density function ψr(τ) of the scaled waiting times is related to ψ(τ) in the

following way:

ψr(τ) =
ψ(τ/r)

r
, τ > 0, (44)

The scaled-jump probability density function λh(ξ) is given by:

λh(ξ) =
λ(ξ/h)

h
(45)
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The Laplace transform of ψr(τ) and the Fourier transform of λh(ξ) are, respectively:

˜ψr(s) = ˜ψ(rs), ̂λh(κ) = ̂λ(hκ). (46)

In the Fourier-Laplace domain, the rescaled solution of the master equation reads:

˜p̂r,h(κ, s) =
1 − ˜ψr(s)

s

1

1 − ˜ψr(s)̂λh(κ)
. (47)

Eq. (47) will be the starting point for investigating the diffusive limit of the solution pre-

sented in eq. (38). The results discussed above, from eq. (42) to eq. (47), are rather general.

It is now possible to specialize them to the class of waiting-time densities discussed in Sec.

III and to a large class of jump densities.

For 0 < β < 1, eq. (33) gives the asymptotic representation of the waiting-time density.

For such a behaviour, one has, for each fixed s > 0 that:

˜ψr(s) = ˜ψ(rs) = 1 − c1(rs)
β + o(rβ), r → 0. (48)

In the case under study, it turns out that c1 = 1. Remarkably, this result holds also for

β = 1. An important class of symmetric jump densities (λ(−ξ) = λ(ξ)) is characterized by

the following behaviour, for b > 0 and some parameter α ∈ (0, 2):

λ(x) = [b+ ǫ(|x|)]|x|−(α+1), (49)

with ǫ(|x|) → 0 as |x| → ∞. For these densities, exhibiting a power-law decay at infinity,

the following asymptotic relation holds:

̂λh(κ) = ̂λ(hκ) = 1 − c2(h|κ|)
α + o(hα), h→ 0, (50)

where the constant c2 is given by:

c2 =
bπ

Γ(α + 1) sin(απ/2)
(51)

Eq. (50) is valid also for symmetric densities with finite second moment σ. In that case, one

has α = 2 and c2 = σ2/2. Both the results in eq. (48) and in eq. (50) are less trivial than

they seem. Indeed, in order to prove eq. (48), it is necessary to use a corollary on Laplace

transforms discussed in the classical book by Widder (see ref. [59], p. 182), whereas the

proof of eq. (50) is tedious but can be distilled from chapter 8 of [60]. A simpler but weaker

proof can be found in ref. [58].

11



By using the asymptotics in eq. (48) and in eq. (50) and replacing in eq. (47), it follows

that:

˜p̂r,h(κ, s) ∼
c1r

βsβ−1

c1rβsβ + c2hα|κ|α
, r, h→ 0. (52)

Now, the following scaling relation can be imposed:

c1r
β = c2h

α, (53)

yielding, for r, h→ 0:

˜p̂r,h(κ, s) →
sβ−1

sβ + |κ|α
. (54)

This limit coincides with the Laplace-Fourier transform of the Green function (or funda-

mental solution) for the following fractional diffusion Cauchy problem:

∂β

∂tβ
u(x, t) =

∂α

∂|x|α
u(x, t), 0 < α ≤ 2, 0 < β ≤ 1,

u(x, 0+) = δ(x), x ∈ (−∞,+∞), t > 0, (55)

where ∂β/∂tβ is the Caputo derivative defined in eq. (25), and ∂α/∂|x|α is the Riesz deriva-

tive: a pseudo-differential operator with symbol −|κ|α. Recalling eq. (26), the Laplace-

Fourier transform of u(x, t) reads:

˜û(κ, s) =
sβ−1

sβ + |κ|α
, (56)

and therefore, as anticipated, one has, for r, h→ 0 under the scaling relation eq. (53):

˜p̂r,h(κ, s) → ˜û(κ, s). (57)

In this passage to the limit, ˜p̂r,h(κ, s) and ˜û(κ, s) are asymptotically equivalent in the Laplace-

Fourier domain. Then, the asymptotic equivalence in the space-time domain between the

master equation eq. (12) and the fractional diffusion equation, eq. (55) is ensured by

the continuity theorem for sequences of characteristic functions, after the application of the

analogous theorem for sequences of Laplace transforms [7]. Therefore, there is convergence in

law or weak convergence for the corresponding probability distributions and densities. Here,

weak convergence means that the Laplace transform and/or Fourier transform (characteristic

function) of the probability density function are pointwise convergent (see for details ref.

[7]). In other words, under the appropriate scaling, defined by eq. (53), and in the limit

12



r, h → 0, the solution given in eq. (38) weakly converges to the Green function of the

fractional diffusion equation eq. (55):

u(x, t) =
1

tβ/α
Wα,β

( x

tβ/α

)

, (58)

where Wα,β(u) is given by:

Wα,β(u) =
1

2π

∫ +∞

−∞

dκ e−iκuEβ(−|κ|α), (59)

the inverse Fourier transform of a Mittag-Leffler function [35, 53, 61, 62]. In the case β = 1

and α = 2, the fractional diffusion equation reduces to the ordinary diffusion equation and

the function W2,1(u) becomes the Gaussian probability density function evolving in time

with a variance σ2 = 2t. In the general case (0 < β < 1 and 0 < α < 2), the function

Wα,β(u) is still a probability density evolving in time, and it belongs to the class of Fox

H-type functions that can be expressed in terms of a Mellin-Barnes integral as shown in

details in ref. [61].

The scaling equation, eq. (53), can be written in the following form, where C is a constant:

h = Crβ/α. (60)

If β = 1 and α = 2, one recognizes the scaling typical of Brownian motion (or the Wiener

process). Indeed, this is the limiting stochastic process for the uncoupled continuous-time

random walks with exponential waiting-time density and the class of jump densities with

finite second moment. In all the other cases considered in this paper: β ∈ (0, 1) and

α ∈ (0, 2), the limiting process has a probability density function given by u(x, t) in eq.

(58).

V. DISCUSSION AND CONCLUSIONS

In this paper, the connection between a class of CTRWs with Mittag-Leffler survival

probability and the fractional diffusion equation has been discussed. In Sec. III, an explicit

solution of the master equation has been derived for long-tail processes with Mittag-Leffler

survival function. As shown in Sec. IV, it turns out that, for this class, the solution of

the CTRW master equation weakly converges to the solution of a Cauchy problem for the
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fractional diffusion equation. Although such weak convergence also occurs for the waiting-

time densities whose Laplace transforms have an s→ 0 asymptotics 1−c1s
β +o(sβ) (see refs.

[43, 58]), the Mittag-Leffler waiting-time law deserves special attention as, without passage

to the diffusion limit, it leads to a time-fractional master equation, just by insertion into

the CTRW integral equation. This fact was discovered and made explicit for the first time

in 1995 by Hilfer and Anton [48]. Therefore, this special type of waiting-time law (with its

particular properties of being singular at zero, completely monotonic and long-tailed) may

be best suited for approximate CTRW simulation of fractional diffusion. It must be stressed

that both the results of Sec. III and IV are based on sound and original mathematical

considerations.

It is important to remark that the presence of the time Caputo fractional derivative (or

equivalently of the Riemann-Liouville derivative) and of the space Riesz derivative in eq. (55)

is a natural consequence of the well scaled diffusion limit discussed in Sec. IV. This should

be already clear from previous work on the relation between CTRWs and fractional diffusion

(see, in particular ref. [48]). However, it is still often argued that there is an arbitrariness

in the choice of the fractional operator in eq. (55). If one uses different fractional operators,

the physical meaning, if any, of these versions of eq. (55) will be different.

Another point has been raised on the physical meaning of eq. (55). In particular, some

authors consider the space fractional derivative unphysical due to its non-locality. An answer

to this objection is that it is always possible to use an equation as a phenomenological model

if it gives good results in the description of a physical phenomenon. For instance, the usual

Fourier diffusion equation is not invariant for time inversion, whereas the basic equations

of classical mechanics are. Still, the Fourier equation gives very useful results when used in

many applications.

Finally, it is important to discuss some recent results by R. Hilfer [63, 64]. He has

shown that not every continuous-time random walk with a long time tail is asymptotically

equivalent to a diffusion equation with a fractional time derivative. In [63], he considers

different ways to define fractional derivatives in time. He shows that only the Caputo type

leads to mass-conserving fractional diffusion. In [64], an example of a CTRW has been

given whose waiting-time density has a power-law behaviour but whose diffusive limit is not

the time-fractional diffusion equation. This latter counterexample seems to be in contrast

with what has been said in Sec. IV above. However, the paradox disappears if one takes
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into account the proper scaling given by eqs. (44-46). Indeed, the counterexample by Hilfer

does not satisfy this scaling. More precisely, the non-relevance of this counterexample for the

theory developed in Sec. IV can be stated as follows. The waiting-time density of the second

model presented by Hilfer cannot be written in the form of eq. (44): ψr(τ) = ψ(τ/r)/r.

Essentially, each of the two addends of Hilfer’s density has a different scaling form. The

scaling of eq. (44) has already been used by the present authors in ref. [58]. It was previously

used by Feller in deriving the diffusion equation from the simple symmetric random walk

[65], by Balakrishnan in 1985 [43] and, in recent times, independently from the authors of

this paper, by Uchaikin and Saenko [66].

We are currently working to extend our approach to the coupled case, but this will be

the subject of future papers.
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[18] R. Kutner and F. Świta la, Study of the non-linear autocorrelations within the Gaussian regime,

Eur. Phys. J. B 33, 495–503 (2003).

[19] E.W. Montroll and H. Scher, Random walks on lattices IV: Continuous-time random walks

and influence of absorbing boundary conditions, J. Stat. Phys. 9, 101–135, 1973.

[20] M.F. Shlesinger, Asymptotic solutions of continuous-time random walks J. Stat. Phys. 10,

421–434, 1974.

[21] J.K.E. Tunaley, Asymptotic solutions of the continuous-time random walk model of diffusion,

J. Stat. Phys. 11, 397–408, 1974.

[22] J.K.E. Tunaley, Some properties of the asymptotic solutions of the Montroll-Weiss equation,

J. Stat. Phys. 12, 1–10, 1975.

16

http://xxx.lanl.gov/abs/cond-mat/0308017


[23] J.K.E. Tunaley, Moments of the Montroll-Weiss continuous-time random walk for arbitrary

starting time, J. Stat. Phys. 14, 461–463, 1976.

[24] M.F. Shlesinger, J. Klafter, and Y.M. Wong, Random walks with infinite spatial and temporal

moments, J. Stat. Phys. 27, 499–512, 1982.

[25] G.H. Weiss and R.J. Rubin, Random walks: Theory and selected applications, Adv. Chem.

Phys. 52, 363–505, 1983.

[26] R. Hilfer, Exact solution for a class of fractal time random walks Fractals, 3, 211–216, 1995.

[27] R. Hilfer On fractional relaxation Fractals 11, 251–257, 2003.

[28] J. Klafter, A. Blumen, and M.F. Shlesinger, Stochastic pathway to anomalous diffusion, Phys.

Rev. A 35, 3081–3085, 1987.

[29] J. Klafter, A. Blumen, G. Zumofen, and M.F. Shlesinger, Lévy walk approach to anomalous
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Abstract

This chapter is an attempt to present a mathematical theory of compound fractional Poisson

processes. The chapter begins with the characterization of a well-known Lévy process: The com-

pound Poisson process. The semi-Markov extension of the compound Poisson process naturally

leads to the compound fractional Poisson process, where the Poisson counting process is replaced

by the Mittag-Leffler counting process also known as fractional Poisson process. This process is no

longer Markovian and Lévy. However, several analytical results are available and some of them are

discussed here. The functional limit of the compound Poisson process is an α-stable Lévy process,

whereas in the case of the compound fractional Poisson process, one gets an α-stable Lévy process

subordinated to the fractional Poisson process.
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I. INTRODUCTORY NOTES

This chapter is an attempt to present a mathematical theory of compound fractional

Poisson processes. It is not completely self-contained. The proofs of some statements can

be found in widely available textbooks or papers. In several cases, freely downloadable

versions of these papers can be easily retrieved.

The chapter begins with the characterization of a well-known Lévy process: The com-

pound Poisson process. This process is extensively discussed in the classical books by Feller

[1] and de Finetti [2].

The semi-Markov extension of the compound Poisson process naturally leads to the com-

pound fractional Poisson process, where the Poisson counting process is replaced by the

Mittag-Leffler counting process also called fractional Poisson process [3, 4]. This process is

no longer Markovian and Lévy. However, several analytical results are available and some

of them are discussed below.

The functional limit of the compound Poisson process is an α-stable Lévy process, whereas

in the case of the compound fractional Poisson process, one gets an α-stable Lévy process

subordinated to the fractional Poisson process.

I became interested in these processes as possible models for tick-by-tick financial data.

The main results obtained by my co-workers and myself are described in a review paper for

physicists [5].

The reader interested in Monte Carlo simulations can consult two recent papers [6, 7]

where algorithms are presented to simulate the fractional compound Poisson process.

II. COMPOUND POISSON PROCESS AND GENERALIZATIONS

Let {Xi}∞i=1 be a sequence of independent and identically distributed (i.i.d.) real-valued

random variables with cumulative distribution function FX(x), and let N(t), t ≥ 0 denote

the Poisson process. Further assume that the i.i.d. sequence and the Poisson process are

independent. We have the following

Definition II.1 (Compound Poisson process). The stochastic process

Y (t) =

N(t)∑

i=1

Xi (1)

2



is called compound Poisson process.

Here, we shall consider the one-dimensional case only. The extension of many results to

R
d is often straightforward. The compound Poisson process can be seen as a random walk

subordinated to a Poisson process; in other words, it is a random sum of independent and

identically distributed random variables. It turns out that the compound Poisson process is

a Lévy process.

Definition II.2 (Lévy process). A stochastic process Y (t), t ≥ 0 with Y (0) = 0 is a Lévy

process if the following three conditions are fulfilled

1. (independent increments) if t1 < t2 < · · · < tn, the increments Y (t2) −
Y (t1), . . . , Y (tn)− Y (tn−1) are independent random variables;

2. (time-homogeneous increments) the law of the increment Y (t + ∆t) − Y (t) does not

depend on t;

3. (stochastic continuity) ∀a > 0, one has that lim∆t→0 P(|Y (t+∆t)− Y (t)| ≥ a) = 0.

Loosely speaking, one can say that Lévy processes are stochastic processes with stationary

and independent increments. Due to Kolmogorov’s extension theorem [8], a stochastic pro-

cess is characterized by its finite dimensional distributions. In the case of a Lévy process, the

knowledge of the law of Y (∆t) is sufficient to compute any finite dimensional distribution.

Let us denote by fY (∆t)(y,∆t) the probability density function of Y (∆t)

fY (∆t)(y,∆t) dy
def
= P(Y (∆t) ∈ dy). (2)

As an example, suppose you want to know the joint density function fY (t1),Y (t2)(y1, t1; y2, t2)

defined as

fY (t1),Y (t2)(y1, t1; y2, t2) dy1 dy2
def
= P(Y (t1) ∈ dy1, Y (t2) ∈ dy2). (3)

This is given by

fY (t1),Y (t2)(y1, t1; y2, t2)dy1dy2
def
= P(Y (t1) ∈ dy1, Y (t2) ∈ dy2)

= P(Y (t2) ∈ dy2|Y (t1) ∈ dy1)P(Y (t1) ∈ dy1)

= P(Y (t2)− Y (t1) ∈ d(y2 − y1))P(Y (t1) ∈ dy1)

= fY (t2)−Y (t1)(y2 − y1, t2 − t1)fY (t1)(y1, t1)dy1dy2, (4)
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and this procedure can be used for any finite dimensional distribution. The extension the-

orem shows the existence of a stochastic process given a suitable set of finite dimensional

distributions obeying Komogorov’s consistency conditions [8], but not the uniqueness.

Definition II.3 (càdlàg process). A stochastic process Y (t), t ≥ 0 is càdlàg (continu à

droite et limite à gauche) if its realizations are right-continuous with left limits.

A càdlàg stochastic process has realizations with jumps. Let t̄ denote the epoch of a

jump. Then, in a càdlàg process, one has Y (t̄) = Y (t+)
def
= limt→t̄+ Y (t).

Definition II.4 (Modification of a process). A modification Z(t), t ≥ 0, of a stochastic

process Y (t), t ≥ 0, is a stochastic process on the same probability space such that P(Z(t) =

Y (t)) = 1.

Theorem II.1. Every Lévy process has a unique càdlàg modification.

Proof. For a proof of this theorem one can see the first chapter of the book by Sato [9].

The following theorem gives a nice characterization of compound Poisson processes.

Theorem II.2. Y(t) is a compound Poisson process if and only if it is a Lèvy process and

its realizations are piecewise constant càdlàg functions.

Proof. An accessible proof of this theorem can be found in the book by Cont and Tankov

[10].

As a consequence of the above results, the compound Poisson process enjoys all the

properties of Lévy processes, including the Markov property. To show that a Lévy process

has the Markov property, some further definitions are necessary.

Definition II.5 (Filtration). A family Ft, t ≥ 0 of σ-algebras is a filtration if it is non-

decreasing, meaning that Fs ⊆ Ft for 0 ≤ s ≤ t.

Definition II.6 (Adapted process). A process Y (t), t ≥ 0 is said adapted to the filtration

Ft, t ≥ 0 if it is Ft-measurable for t ≥ 0.

Definition II.7 (Markov process with respect to a filtration). A process Y (t) is a Markov

process with respect to the filtration Ft, t ≥ 0 if it is adapted to Ft, t ≥ 0 and (A ⊂ R)

P(Y (t) ∈ A|Fs) = P(Y (t) ∈ A|Y (s)). (5)
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Definition II.8 (Natural filtration). The natural filtration for a stochastic process is the

family of non-decreasing σ-algebras generated by the process itself {σ(X(s)), s ∈ [0, t]},
t ≥ 0.

Definition II.9 (Markov process with respect to itself). A process Y (t), t ≥ 0 is a Markov

process with respect to itself (or simply a Markov process) if it is a Markov process with

respect to its natural filtration.

The natural filtration {σ(X(s)), s ∈ [0, t]}, t ≥ 0, is a formal way to characterize the

history of the process up to time t. For a Markov process, the future values do not depend

on the whole history, but only on the present value of the process.

Definition II.10 (Transition probability). Given the Markov process Y (t), t ≥ 0, its tran-

sition probability P (y, A,∆t, t) is defined as

P (y, A,∆t, t) = P(Y (t+∆t) ∈ A|Y (t) = y), (6)

where A ⊂ R.

Definition II.11 (Homogeneous Markov process). A Markov process Y (t), t ≥ 0 is said

(time)-homogeneous if its transition probability P (y, A,∆t, t) does not depend on t.

Theorem II.3. A Lévy process is a time-homogeneous Markov process with transition prob-

ability

P (y, A,∆t) = P(Y (∆t) ∈ A− y) =

∫

x∈A

fY (∆t)(x− y,∆t) dx. (7)

Proof. The Markov property is a consequence of the independence of increments. The

following chain of equalities holds true

P(Y (t+∆t) ∈ A|Ft) = P(Y (t+∆t)− Y (t) ∈ A− Y (t)|Ft)

= P(Y (t+∆t)− Y (t) ∈ A− Y (t)|Y (t)). (8)

We further have

P(Y (t +∆t) ∈ A|Y (t) = y) = P(Y (∆t) ∈ A− y) =

∫

x∈A

fY (∆t)(x− y,∆t) dx, (9)

as a consequence of time homogeneity.
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This result fully justifies the passages leading to equation (4).

It turns out that fY (∆t)(y,∆t) can be explicitly written for a compound Poisson process.

Let FX(x) be the law of the jumps {Xi} and let λ denote the parameter of the Poisson

process, then we have the following

Theorem II.4. The cumulative distribution function of a compound Poisson process is given

by

FY (t)(y, t) = e−λt
∞∑

n=0

(λt)n

n!
F ∗n
Yn
(y), (10)

where F ∗n
Yn
(y) is the n-fold convolution of FX(x).

Proof. Starting from Y (0) = 0, at time t, there have been N(t) jumps, with N(t) assuming

integer values starting from 0 (N(t) = 0 means no jumps up to time t). To fix the ideas,

suppose that N(t) = n. Therefore, one has

Y (t) =

N(t)∑

i=1

Xi =

n∑

i=1

Xi = Yn (11)

and, in this case,

FYn
(y) = P(Yn ≤ y) = P

(
n∑

i=1

Xi ≤ y

)
= F ∗n

Yn
(y). (12)

For the Poisson process, one has

P (n, t)
def
= P(N(t) = n) = e−λt (λt)

n

n!
. (13)

Given the independence between N(t) and the Xis, one has that

P(Yn ≤ y,N(t) = n) = P (n, t)F ∗n
Yn
(y) = e−λt (λt)

n

n!
F ∗n
Yn
(y). (14)

The events {Yn ≤ y,N(t) = n} are mutually exclusive and exhaustive, meaning that

{Y (t) ≤ y} = ∪∞
n=0{Yn ≤ y,N(t) = n}, (15)

and that, for any m 6= n

{Ym ≤ y,N(t) = m} ∩ {Yn ≤ y,N(t) = n} = ∅. (16)
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Calculating the probability of the two sides in equation (15) and using equation (14) and

the axiom of infinite additivity

FY (t)(y, t) = P(Y (t) ≤ y) = P (∪∞
n=0{Yn ≤ y,N(t) = n})

=
∞∑

n=0

P(Yn ≤ y,N(t) = n) =
∞∑

n=0

P (n, t)F ∗n
Yn
(y)

= e−λt
∞∑

n=0

(λt)n

n!
F ∗n
Yn
(y) (17)

leads to the thesis.

Remark II.1 (Generality of Theorem II.4). Note that the above theorem is valid for any

counting process N(t) in the following form

Theorem II.5. Let {X}∞i=1 be a sequence of i.i.d. real-valued random variables with cumu-

lative distribution function FX(x) and let N(t), t ≥ 0 denote a counting process independent

of the previous sequence and such that the number of events in the interval [0, t] is a finite

but arbitrary integer n = 0, 1, . . .. Let Y (t) denote the process

Y (t) =

N(t)∑

i=1

Xi. (18)

Then if P (n, t)
def
= P(N(t) = n), the cumulative distribution function of Y (t) is given by

FY (t)(y, t) =
∞∑

n=0

P (n, t)F ∗n
Yn
(y), (19)

where F ∗n
Yn
(y) is the n-fold convolution of FX(x).

Proof. The proof of this theorem runs exactly as the proof of theorem II.4 without specifying

P (n, t).

Theorem II.5 will be useful in the next section when the Poisson process will be replaced

by the fractional Poisson process.

Remark II.2 (The n = 0 term). For n = 0, one assumes F ∗0
Y0
(y) = θ(y) where θ(y) is the

Heaviside function. Note that P (0, t) is nothing else but the survival function at y = 0 of

the counting process. Therefore, equation (19) can be equivalently written as

FY (t)(y, t) = P (n, 0) θ(y) +

∞∑

n=1

P (n, t)F ∗n
Yn
(y), (20)
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Remark II.3 (Uniform convergence). The series (10) and (19) are uniformly convergent for

y 6= 0 and for any value of t ∈ (0,∞) (this statement can be proved applying Weierstrass

M test). For y = 0 there is a jump in the cumulative distribution function of amplitude

P (0, t).

Example II.1 (The normal compound Poisson process). As an example of compound Pois-

son process, consider the case in which Xi ∼ N (µ, σ2), so that the cumulative distribution

function is

FX(x) = Φ(x|µ, σ2) =
1

2

(
1 + erf

(
x− µ√
2σ2

))
, (21)

where

erf(x) =
1√
π

∫ x

0

e−u2

du (22)

is the error function. In this case, the convolution F ∗n
Yn
(y) is given by Φ(y|nµ, nσ2) and one

finds

FY (t)(y, t) = e−λt
∞∑

n=0

(λt)n

n!
Φ(y|nµ, nσ2). (23)

Corollary II.6. In the same hypotheses as in Theorem II.5, the probability density fY (t)(y, t)

of the process Y (t) is given by

fY (t)(y, t) = P (0, t) δ(y) +

∞∑

n=1

P (n, t)f ∗n
Yn
(y), (24)

where f ∗n
Yn
(y) is the n-fold convolution of the probability density function fYn

(y) =

dFYn
(y)/dy.

Proof. One has that fY (t)(y, t) = dFY (t)(y, t)/dy; moreover, equation (24) is the formal

term-by-term derivative of equation (19). If y 6= 0, there is no singular term and the series

converges uniformly (f ∗n
Yn
(y) is bounded and Weierstrass M test applies), therefore, for any

y it converges to the derivative of FY (t)(y, t). This is true also for y = 0 for n ≥ 1 and the

jump in y = 0 gives the singular term of weight P (0, t) (see equation (20)).

Remark II.4 (Historical news and applications). The distribution in equation (19) is also

known as generalized Poisson law. This class of distributions was studied by W. Feller in

a famous work published in 1943 [11]. It is useful to quote an excerpt from Feller’s paper,

with notation adapted to the present paper.
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The most frequently encountered application of the generalized Poisson distribu-

tion is to problems of the following type. Consider independent random events

for which the simple Poisson distribution may be assumed, such as: telephone

calls, the occurrence of claims in an insurance company, fire accidents, sickness,

and the like. With each event there may be associated a random variable X .

Thus, in the above examples, X may represent the length of the ensuing conver-

sation, the sum under risk, the damage, the cost (or length) of hospitalization,

respectively. To mention an interesting example of a different type, A. Einstein

Jr. [12] and G. Polya [13, 14] have studied a problem arising out of engineering

practice connected with building of dams, where the events consists of the mo-

tions of a stone at the bottom of a river; the variable X is the distance through

which the stone moves down the river.

Now, if F (x) is the cumulative distribution function of the variable X associated

with a single event, then F ∗n(x) is the cumulative distribution function of the

accumulated variable associated with n events. Hence the following equation

G(x) = e−a

∞∑

n=0

an

n!
F ∗n(x)

is the probability law of the sum of the variables (sum of the conversation times,

total sum paid by the company, total damage, total distance travelled by the

stone, etc.).

In view of the above examples, it is not surprising that the law, or special cases

of it, have been discovered, by various means and sometimes under disguised

forms, by many authors.

Indeed, the rediscovery and/or reinterpretation of equation (19) went on also after Feller’s

paper. In physics, X is interpreted as the position of a walker on a lattice and N(t) is

the number of walker jumps occured up to time t [15–19]. In finance, X is the tick-by-tick

log-return for a stock and N(t) is the number of transactions up to time t [5].

The application of Fourier and Laplace transforms to equation (24) leads to an equation

which is known as Montroll-Weiss equation in the physics literature [15]. For reasons which

will become clear in the following, it can also be called semi-Markov renewal equation. Let

f̂(κ) =

∫ +∞

−∞

eiκxf(x) dx

9



denote the Fourier transform of f(x) and

g̃(s) =

∫ ∞

0

e−stg(t) dt

denote the Laplace transform of g(t), then the following theorem holds true.

Theorem II.7. (Montroll-Weiss equation) Let J denote the sojourn time of the Poisson

process in N(t) = 0, with FJ(t) = 1 − e−λt, fJ(t) = λe−λt and P (0, t) = 1 − FJ(t) = e−λt.

We have that:

1. The Fourier-Laplace transform of the probability density fY (t)(y, t) is given by

˜̂
fY (t)(κ, s) =

1− f̃J(s)

s

1

1− f̃J(s)f̂X(κ)
. (25)

2. The probability density function fY (t)(y, t) obeys the following integral equation

fY (t)(y, t) = P (0, t)δ(y) +

∫ t

0

dt′fJ(t− t′)

∫ +∞

−∞

dy′fX(y − y′)fY (t)(y
′, t′). (26)

In order to prove Theorem (II.7), we need the following lemma.

Lemma II.8. Let T1, T2, . . . , Tn, . . . denote the epoch of the first, the second, . . ., the n-th,

. . . event of a Poisson process, respectively. Let J = J1 = T1 denote the initial sojourn time

and, in general, let Ji = Ti − Ti−1 be the i-th sojourn time. Then {Ji}∞i=1 is a sequence of

i.i.d. random variables.

Proof. The proof of this lemma can be derived combining lemma 2.1 and proposition 2.12

in the book by Cont and Tankov [10].

It is now possible to prove the theorem

Proof. (Theorem II.7) Let us start from equation (24) and compute its Fourier-Laplace

transform. It is given by

˜̂
fY (t)(κ, s) = P̃ (0, s) +

∞∑

n=1

P̃ (n, s)
[
f̂X(κ)

]n
. (27)

Now, we have that

Tn =

n∑

i=1

Ji (28)
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is a sum of i.i.d. positive random variables and P (n, t)
def
= P(N(t) = n) meaning that

there are n jumps up to t = tn and no jumps in t − tn. Therefore, from pure probabilistic

considerations, one has that

P (n, t) = P (0, t− tn) ∗ fTn
(tn) (29)

and, as a consequence of equation (28), one further has that

fTn
(tn) = f ∗n

J (tn). (30)

Therefore, one can conclude that

P̃ (n, s) = P̃ (0, s)
[
f̃J(s)

]n
. (31)

Inserting this result in equation (27), noting that P̃ (0, s) = (1− f̃J(s))/s, and summing the

geometric series (fX and fJ are probability densities) leads to equation (25):

˜̂
fY (t)(κ, s) = P̃ (0, s) + P̃ (0, s)

∞∑

n=1

[
f̃J(s)f̂X(κ)

]n

= P̃ (0, s)

∞∑

n=0

[
f̃J(s)f̂X(κ)

]n

=
1− f̃J(s)

s

1

1− f̃J(s)f̂X(κ)
. (32)

Equation (25) can be re-written as

˜̂
fY (t)(κ, s) =

1− f̃J(s)

s
+ f̃J(s)f̂X(κ)

˜̂
fY (t)(κ, s); (33)

Fourier-Laplace inverting and recalling the behaviour of convolutions under Fourier-Laplace

transform, immediately leads to equation (26).

Remark II.5. Theorem (II.7) was proved in the hypothesis that N(t) is a Poisson process.

In this case, one has P̃ (0, s) = 1/(λ+ s) and f̃J(s) = λ/(λ+ s) and equation (25) becomes

˜̂
fY (t)(κ, s) =

1

λ− λf̂X(κ) + s
. (34)

The inversion of the Laplace transform yields the characteristic function of the compound

Poisson process

f̂Y (t)(κ, t) = E
(
eiκY (t)

)
= e−λ(1−f̂X (κ))t. (35)
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Remark II.6. The proof of Theorem (II.7) does not depend on the specific form of P (0, t)

and fJ(t), provided that the positive random variables {J}∞i=1 are i.i.d.. Therefore, equations

(25) and (26) are true also in the case of general compound renewal processes starting from

Y (0) = 0 at time 0.

III. COMPOUND FRACTIONAL POISSON PROCESSES

Definition III.1 (Renewal process). Let {J}∞i=1 be a sequence of i.i.d. positive random

variables interpreted as sojourn times between subsequent events arriving at random time.

They define a renewal process whose epochs of renewal (time instants at which the events

take place) are the random times {T}∞n=0 defined by

T0 = 0,

Tn =

n∑

i=1

Ji. (36)

The name renewal process is due to the fact that at any epoch of renewal, the process

starts again from the beginning.

Definition III.2 (Counting process). Associated to any renewal process, there is a counting

process N(t) defined as

N(t) = max{n : Tn ≤ t} (37)

that counts the number of events up to time t.

Remark III.1. As mentioned in the previous section N(t) is the Poisson process if and

only if J ∼ exp(λ). Incidentally, this is the only case of Lévy and Markov counting process

related to a renewal process (see Çinlar’s book [20] for a proof of this statement).

Remark III.2. In this paper, we shall assume that the counting process has càdlàg sample

paths. This means that the realizations are represented by step functions. If tk is the epoch

of the k-th jump, we have N(t−k ) = k − 1 and N(t+k ) = k.

Let {Xi}∞i=1 be a sequence of independent and identically distributed (i.i.d.) real-valued

random variables and let N(t), t ≥ 0 denote the counting process. Further assume that the

i.i.d. sequence and the counting process are independent. We have the following

12



Definition III.3 (Compound renewal process). The stochastic process

Y (t) =

N(t)∑

i=1

Xi (38)

is called compound renewal process.

Remark III.3. Again, here, it is assumed that the sample paths are represented by càdlàg

step functions. Compound renewal processes generalize compound Poisson processes and

they are called continuous-time random walks in the physical literature.

Remark III.4. As compound renewal processes are just Markov chains (actually, random

walks) subordinated to a counting process, their existence can be proved as a consequence

of the existence of the corresponding discrete-time random walks and counting processes.

In general, compound renewal processes are non-Markovian, but they belong to the wider

class of semi-Markov processes [7, 20–23].

Definition III.4 (Markov renewal process). A Markov renewal process is a two-component

Markov chain {Yn, Tn}∞n=0, where Yn, n ≥ 0 is a Markov chain and Tn, n ≥ 0 is the n-th

epoch of a renewal process, homogeneous with respect to the second component and with

transition probability defined by

P(Yn+1 ∈ A, Jn+1 ≤ t|Y0, . . . Yn, J1, . . . , Jn) = P(Yn+1 ∈ A, Jn+1 ≤ t|Yn), (39)

where A ⊂ R is a Borel set and, as usual, Jn+1 = Tn+1 − Tn.

Remark III.5. In this paper, homogeneity with respect to the first component will be

assumed as well. Namely, if Yn = x, the probability on the right-hand side of equation (39)

does not explicitly depend on n.

Remark III.6 (Semi-Markov kernel). The positive function Q(x,A, t) = P(Yn+1 = y ∈
A, Jn+1 ≤ t|Yn = x), with x ∈ R, A ⊂ R a Borel set, and t ≥ 0 is called semi-Markov kernel.

Definition III.5 (Semi-Markov process). Let N(t) denote the counting process defined as

in equation (37), the stochastic process Y (t) defined as

Y (t) = YN(t) (40)

is the semi-Markov process associated to the Markov renewal process Yn, Tn, n ≥ 0.
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Remark III.7. In equation (37), max is used instead of the more general sup as only

processes with finite (but arbitrary) number of jumps in (0, t] are considered here.

Theorem III.1. Compound renewal processes are semi-Markov processes with semi-Markov

kernel given by

Q(x,A, t) = P (x,A)FJ(t), (41)

where P (x,A) is the Markov kernel (a.k.a. Markov transition function or transition proba-

bility kernel) of the random walk

P (x,A)
def
= P(Yn+1 ∈ A|Yn = x), (42)

and FJ(t) is the probability distribution function of sojourn times. Moreover, let fX(x)

denote the probability density function of jumps, one has

P (x,A) =

∫

A−x

fJ(u) du, (43)

where A− x is the set of values in A translated of x towards left.

Proof. The compound renewal process is a semi-Markov process by construction, where the

couple Yn, Tn, n ≥ 0 defining the corresponding Markov renewal process is made up of a

random walk Yn, n ≥ 0 with Y0 = 0 and a renewal process with epochs given by Tn, n ≥ 0

with T0 = 0. Equation (41) is an immediate consequence of the independence between the

random walk and the renewal process. Finally, equation (43) is the standard Markov kernel

of a random walk whose jumps are i.i.d. random variables with probability density function

fX(x).

Remark III.8. As a direct consequence of the previous theorem, if the law of the couple

Xn, Jn has a joint probability density function fX,J(x, t) = fX(x)fJ(t), then one has

P(Yn+1 ∈ A, Jn+1 ≤ t|Yn) = Q(x,A, t) = P (x,A)FJ(t) =

=

∫

A

fX(u) du

∫ t

0

fJ(v) dv. (44)

Theorem III.2. (Semi-Markov renewal equation) The probability density function fY (t)(y, t)

of a compound renewal process obeys the semi-Markov renewal equation

fY (t)(y, t) = P (0, t)δ(y) +

∫ t

0

dt′fJ(t− t′)

∫ +∞

−∞

dy′fX(y − y′)fY (t)(y
′, t′). (45)
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Proof. By definition, one has that

P(Y (t) ∈ dy|Y (0) = 0) = fY (t)(y, t)dy, (46)

and that

P(Y (t) ∈ dy|Y (t′) = y′) = P(Y (t− t′) ∈ dy|Y (0) = y′) =

P(Y (t− t′)− y′ ∈ dy|Y (0) = 0) = fY (t)(y − y′, t− t′)dy, (47)

because the increments in time and space are i.i.d. and hence homogeneous. From equation

(44), one further has

P(Y1 ∈ dy, J1 ∈ dt|Y0 = 0) = fX(y)fJ(t)dydt. (48)

Now, the probability in equation (46) can be decomposed into two mutually exclusive parts,

depending on the behaviour of the first interval

P(Y (t) ∈ dy|Y (0) = 0) =

P(Y (t) ∈ dy, J1 > t|Y (0) = 0) + P(Y (t) ∈ dy, J1 ≤ t|Y (0) = 0). (49)

The part with no jumps up to time t immediately gives

P(Y (t) ∈ dy, J1 > t|Y (0) = 0) = P (0, t)δ(y)dy, (50)

whereas the part with jumps becomes

P(Y (t) ∈ dy, J1 ≤ t|Y (0) = 0) =
∫ +∞

−∞

∫ t

0

P(Y (t) ∈ dy|Y (t′) = y′)P(Y1 ∈ dy′, J1 ∈ dt′) =

∫ +∞

−∞

∫ t

0

fY (t)(y − y′, t− t′)dyfX(y
′)fJ(t

′)dy′dt′ =

[∫ +∞

−∞

∫ t

0

fY (t)(y − y′, t− t′)fX(y
′)fJ(t

′)dy′dt′
]
dy (51)

as a consequence of Bayes’ formula and of equations (47) and (48). A replacement of

equations (46), (50), (51) into equation (49) and a rearrangement of the convolution variables

straightforwardly lead to the thesis (45).

Remark III.9. Note that the semi-Markov renewal equation (45) does coincide with the

Montroll-Weiss equation (26) as anticipated.
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Definition III.6 (Mittag-Leffler renewal process). The sequence {Ji}∞i=1 of positive inde-

pendent and identically distributed random variables whose complementary cumulative dis-

tribution function Pβ(0, t) is given by

Pβ(0, t) = Eβ(−tβ) (52)

defines the so-called Mittag-Leffler renewal process.

Remark III.10. The one-parameter Mittag-Leffler function in (52) is a straightforward

generalization of the exponential function. It is given by the following series

Eβ(z) =
∞∑

n=0

zn

Γ(βn+ 1)
, (53)

where Γ(z) is Euler’s Gamma function. The Mittag-Leffler function coincides with the

exponential function for β = 1. The function Eβ(−tβ) is completely monotonic and it is 1

for t = 0. Therefore, it is a legitimate survival function.

Remark III.11. The function Eβ(−tβ) is approximated by a stretched exponential for

t → 0:

Eβ(−tβ) ≃ 1− tβ

Γ(β + 1)
≃ e−tβ/Γ(β+1), for 0 < t ≪ 1, (54)

and by a power-law for t → ∞:

Eβ(−tβ) ≃ sin(βπ)

π

Γ(β)

tβ
, for t ≫ 1. (55)

Remark III.12. For applications, it is often convenient to include a scale factor in the

definition (52), so that one can write

P (0, t) = Eβ

(
−(t/γt)

β
)
. (56)

As the scale factor can be introduced in different ways, the reader is warned to pay attention

to its definition. The assumption γt = 1 made in (52) is equivalent to a change of time unit.

Theorem III.3. (Mittag-Leffler counting process - fractional Poisson process) The counting

process Nβ(t) associated to the renewal process defined by equation (52) has the following

distribution

Pβ(n, t) = P(Nβ(t) = n) =
tβn

n!
E

(n)
β (−tβ), (57)

where E
(n)
β (−tβ) denotes the n-th derivative of Eβ(z) evaluated at the point z = −tβ.

16



Proof. The Laplace transform of P (0, t) is given by [24]

P̃β(0, s) =
sβ−1

1 + sβ
, (58)

as a consequence, the Laplace transform of the probability density function fJ,β(t) =

−dPβ(0, t)/dt is given by

f̃J,β(s) =
1

1 + sβ
; (59)

recalling equation (31), one immediately has

P̃β(n, s) =
1

(1 + sβ)n
sβ−1

1 + sβ
. (60)

Using equation (1.80) in Podlubny’s book [24] for the inversion of the Laplace transform in

(60), one gets the thesis (57).

Remark III.13. The previous theorem was proved by Scalas et al. [25, 26]. Notice that

N1(t) is the Poisson process with parameter λ = 1. Recently, Meerschaert et al. [27] proved

that the fractional Poisson process Nβ(t) coincides with the process defined by N1(E(t))

where E(t) is the functional inverse of the standard β-stable subordinator. The latter process

was also known as fractal time Poisson process. This result unifies different approaches to

fractional calculus [28, 29].

Remark III.14. For 0 < β < 1, the fractional Poisson process is semi-Markov, but not

Markovian and is not Lévy. The process Nβ(t) is not Markovian as the only Markovian

counting process is the Poisson process [20]. It is not Lévy as its distribution is not infinitely

divisible.

Definition III.7 (Compound fractional Poisson process). With the usual hypotheses, the

process

Yβ(t) = YNβ(t) =

Nβ(t)∑

i=1

Xi (61)

is called compound fractional Poisson process.

Remark III.15. The process Y1(t) coincides with the compound Poisson process of param-

eter λ = 1.

Theorem III.4. Let Yβ(t) be a compound fractional Poisson process, then
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1. its cumulative distribution function FYβ(t)(y, t) is given by

FYβ(t)(y, t) = Eβ(−tβ)θ(y) +

∞∑

n=1

tβn

n!
E

(n)
β (−tβ)F ∗n

Yn
(y); (62)

2. its probability density fYβ(t)(y, t) function is given by

fYβ(t)(y, t) = Eβ(−tβ)δ(y) +

∞∑

n=1

tβn

n!
E

(n)
β (−tβ)f ∗n

Yn
(y); (63)

3. its characteristic function f̂Yβ(t)(κ, t) is given by

f̂Yβ(t)(κ, t) = Eβ

[
tβ(f̂X(κ)− 1)

]
. (64)

Proof. The first two equations (62) and (63) are a straightforward consequence of Theo-

rem II.5, Corollary II.6 and Theorem III.3. Equation (64) is the straightforward Fourier

transform of (63).

Remark III.16. For 0 < β < 1, the compound fractional Poisson process is not Markovian

and not Lévy (see Remark III.14).

IV. LIMIT THEOREMS

Definition IV.1 (Space-time fractional diffusion equation). Let ∂α/∂|x|α denote the spatial

non-local pseudo-differential operator whose Fourier transform is given by

F
[
∂αf(x)

∂|x|α ; κ

]
= −|κ|αf̂(κ), (65)

for x ∈ (−∞,+∞), 0 < α ≤ 2 and let ∂β/∂tβ denote the time non-local pseudo-differential

operator whose Laplace transform is given by

L
[
∂βg(t)

∂tβ
; s

]
= sβ g̃(s)− sβ−1g(0+), (66)

for t > 0, 0 < β ≤ 1. Then the pseudo-differential equation

∂αu(x, t)

∂|x|α =
∂βu(x, t)

∂tβ
(67)

is called space-time fractional differential equation.

18



Remark IV.1. The operator ∂α/∂|x|α is called Riesz derivative and is discussed by Saichev

and Zaslavsky [30]. The operator ∂β/∂tβ is called Caputo derivative and was introduced by

Caputo in 1967 [31] as a regularization of the so-called Riemann-Liouville derivative.

Theorem IV.1. (Cauchy problem for the space-time fractional diffusion equation) Consider

the following Cauchy problem for the space-time fractional diffusion equation (67)

∂αuα,β(x, t)

∂|x|α =
∂βuα,β(x, t)

∂tβ

uα,β(x, 0
+) = δ(x), (68)

then the function

uα,β(x, t) =
1

tβ/α
Wα,β

( x

tβ/α

)
, (69)

where

Wα,β(u) =
1

2π

∫ +∞

−∞

dκ e−iκuEβ(−|κ|α), (70)

solves the Cauchy problem [32].

Proof. Taking into account the initial condition (68), as a consequence of the operator

definition, for non-vanishing κ and s, the Fourier-laplace transform of equation (67) is given

by

− |κ|α̂̃uα,β(κ, s) = sβ̂̃uα,β(κ, s)− sβ−1, (71)

leading to

̂̃uα,β(κ, s) =
sβ−1

|κ|α + sβ
. (72)

Equation (58) can be invoked for the inversion of the Laplace transform yielding

ûα,β(κ, t) = Eβ(−tβ |κ|α). (73)

Eventually, the inversion of the Fourier transform leads to the thesis.

Remark IV.2. The function defined by equations (69) and (70) is a probability density

function. For β = 1 and α = 2, it coincides with the Green function for the ordinary

diffusion equation. The case β = 1 and 0 < α ≤ 2 gives the Green function and the

transition probability density for the symmetric and isotropic α-stable Lévy process Lα(t)

[33].
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Theorem IV.2. Let Yα,β(t) be a compound fractional Poisson process and let h and r be

two scaling factors such that

Yn(h) = hX1 + . . .+ hXn (74)

Tn(r) = rJ1 + . . .+ rJn, (75)

and

lim
h,r→0

hα

rβ
= 1, (76)

with 0 < α ≤ 2 and 0 < β ≤ 1. To clarify the role of the parameter α, further assume that,

for h → 0, one has

f̂X(hκ) ∼ 1− hα|κ|α, (77)

then, for h, r → 0 with hα/rβ → 1, fhYα,β(rt)(x, t) weakly converges to uα,β(x, t), the Green

function of the fractional diffusion equation.

Proof. In order to prove weak convergence, it suffices to show the convergence of the char-

acteristic function (64) [1]. Indeed, one has

f̂hYα,β(rt)(κ, t) = Eβ

(
− tβ

rβ
(f̂X(hκ)− 1)

)
h,r→0→ Eβ(−tβ |κ|α), (78)

which completes the proof.

Remark IV.3. Condition (77) is not void. It is satisfied by all the distributions belonging

to the basin of attaction of symmetric α-stable laws. Let fα,X(x) denote the probability

density function of a symmetric α-stable law whose characteristic function is

f̂α,X(κ) = e−|κ|α, (79)

then one can immediately see that (77) holds true. As above, let Lα(t) denote the

symmetric α-stable Lévy process. Then, equation (73) is the characteristic function of

Lα,β(t) = Lα(Nβ(t)), that is of the symmetric α-stable Lévy process subordinated to the

fractional Poisson process. This remark leads to the conjecture that Lα,β(t) is the functional

limit of Yα,β(t), the α-stable compound fractional Poisson process defined by equation (61)

with the law of the jumps X belonging to the basin of attraction of or coinciding with an

α-stable law. This conjecture can be found in a paper by Magdziarz and Weron [34] and is

proved in Meerschaert et al. [27] using the methods discussed in the book by Meerschaert

and Scheffler [35].
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