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Control problem

~min ' (6,0 n0)
b (m)
CP div 0 ()6 = "Qinm
0=0 onT m

with mO a Y bounded, open,”@" 0! m,

' ) asetof measurable matrices functions in
m, uniformly boundedand elliptic. It is the set of controls.

Remark The PDEconsidered appears for example in electr
or heat conduction. The matrix depends on the material cf



Some interesting choices'of m w1 Q

a m
m= 8%61 %1 P=am= 9} 00
21 =1
a m
' m = 0°  0%.o01 %71 =nm= 779
21 =1

1 Q<2 § ¢ orthogonal matrix

0 “Symmetric positive, ‘20, 9 |n,
Q1
More generallthat' 06,0 16 ,we take' 6,010, L E ] ¢



Existence of solution: Direct method of the CV

We consider £2(and®:) such thaf 2 * ?such that
& 4
[‘)é:'@o OQ.]sgz Us OI’C);:: O.]SQ

®1 ®1
we have

! (éé,[)éﬂéé,.q.%,l? "ﬂ'g) O inf (CP
with 0; the solution of

div D (@6 = "Qinm
0; = 0 onT m,



We know that (for a subsequence)
6; x 0in "G m

-0 X —in E)Fbm,

"

a
0o —= 1, =1, Xx
21 M
G x 0 in 0 m 00 (220D 6} "Qbéi SR BE D),
a
D:N0O; = Géb OQ.]sQ Gérl(’)é y ., € 02 I’T](3
21

So, div bgnd; ="Anmt div, = Qnm



If there exist “O m measurable, with== ... q P'is
orthogonal

a a

, = lim 02 6"9.1."9 0:N6; = 0O 02 Oné
Q1 Q1

and' satisfies the semicontinuity property

liminf ' (’).‘g,[‘)énééJ %,EJ g ! O,U rlé,_| 1,E,_| o

Then the sets “%the matrix functiord and the functiom
give a solution of the control problem.



Howeverin general

w “such that—>= ... 0 is not orthogonal,

and due to the fact that the product of weak limits is not in

general the weak limit of the product, we have
o v
B T o “'Q o ’ 50 “'0O0 Fn L
= limu; 07,0 WOy U 0 == UNo
Q1 Q1

F. Murat(1974)proved there is not solution in general



Theorem(S. Spagnolo 1969,

non symmetric case F. Murat, Tartar 1974)

Assumel; symmetric| L;: T ae.inm,
mD) symmetric | O T ae.in such that(for a subsequence
div g ()N U “Qn "0 1(m)

Then 0:n0; y ON0O '@ (mY.

In particular, U satisfies div 0(@N0 = "Qin m
We say that0; AH-converges tol.

Key ingredientdiv-curl lemmaby F. Murat, L. Tartar

O: x 0|n01rr]

ng X o» in 07 m" he NO0g x & ANOINT &an.
div,: y div, in Ot m



Returning tahe direct method of the calculus of variation:
We had

6; x Oin "G m
&
D:NO; = 6,‘50 OQ.]EQ G‘gn-éé X 5 € 0° I'T]l’j
Q1
Then ,, = U 16 in m, for some matrix functiop .

What can we say about?



Definition. Forr] E . ndn~ 01,B%,n% 1, we denote by
fi (7Y, E ,N9) the set of constant matricéssuch that
&

n]]é-1éi—|g1 —|£r—|g:'n1 n]: —|£Q1

e QX rﬁn V-
a a ’
59,000 & G° 6% G OO
Ql Ql

The definition does no depend on



Theorem=L,8 .—% and are functionsuch that

o
mEETE 18201020 m= 8
Q1
(GEQG ¥ 0% m oY)
L QX —n O m
a a
OQ.] 8QOOU El f)‘eb Og?.].'SQ f)g C)OU
Q1 Ql

If and only if0 (&) M fi (-2(&),E ,—2 (&)) a.e.inm



Theorem(F. Murat, L. Tartar, 1985)

Assume that satisfies

0; x 6in "G m
Z * L PAY

e x —in 0 m 7 -weak,
&

\
1Y ~y

Dgndy =0°  0%.0 GO x , RF MY
2l
div 0,16, © div, @0l m.
Implies

mllm' ég1Dgnég1-| %1E1—| g = 61111_11E1_a
€



Then a relaxation of (CP) is given by

RCP !

~

O vfi L E,—9 aeinm

div 06 = "Qin m
0=0onT m



Remark Assume that

implies

|IITynf' (’)é,i‘)én(’)éJ %,E | g !



Thenproblem

div Do = "Qinm
0=0onTm
has a solution but its minimum can be strictly smahantthe
Infimum of (CP)



The assumptions made on the functidnlold for example

For

~
~

' o,0n6] LE) ¢
a
"Foo W+ QAo Mo

+ Qo 0O+ awo 0o RO
y y



Remark:The sefi —L,E ,—9 s orly known in very few
cases

& = 2and06?,07 are scalar matrices

-Tartar,

-Lurie, Cherkaev

or in the case of rotations, whéan= 12, 0 = 2

-Francfort Tartar Murat



Some interesting exampleshiiconvergence:

Onedimensional cased ; N 0" Qy®, 0<| 0,
Z ~
Define0 by D:1y 0 1@ QW
(4 ,'O 3
Then U:; x U

Assumeod; y 0 IN'G Qw,"R AnO! Qw

’Q . ’mé ,‘Q. T

— U:——— = £2IN WQW.

Qo Qw

0D « O o~ I
Then o0 Uab = QAN Ww.

and (corrector result)
o Vg

°© 0@ ¥ Qw



Corollary:In the onedimensional case
fi At,8 0% = —

It is the harmonic mean &f,8 ,69 , with proportions)?,8 ,1% .

Example We defineo as the solution of

f’Qz—bhzlin 0,1
3'QY ’
00=01-=0
.e.
3(w o)



We consider the contrgiroblem (CP)
1

nf |6 02
0
Q (00 _
m .9 + 2..(.0’1)\1 Eb =1in (O,l) S S
60 = 06(1) =0
I "1 o021
amg}e—T 26’ 2¢
&0

the corresponding solutiah converges weakly if@(0,1)
and then strongly i62(0,1). Therefore

INnf CP =0

N



Therefore, if problem (CP) has a solution, tmenO (0,1) with
$ S 1/2 suchthato satisfies

m .9 + 2...0,1 \1 a) =1min 01.
Thus,mo N g, with
D 4
. T 2...0’1 \ ab: §§D+ C
D . - 330 If N
PP T 26 ifaeT

2
which is contradiction with the expression of



Periodic homogenization

Considery =(01)", M1 L(v;mY)

Wedeote V. W = U = . It defines a material constructe

by repeating periodically a small structure. It is very freque
engineering.




TheoremWe have

where M "x = &M (x +Bw, )dy, " xI A™ with
Y

QO ,+ny =0inab o vad &.
" — ROy Q
Remark 0, =Bai,dq,
Corrector result.  div U = N0y = "QInm

6 x 0ING M, "An"O!m, 6smooth
J4 | ’ N 6 ’ 1 ’ (b . 1\2 6
No; W "o W T® Wlplg, — © 0 InU° m
‘a1 _



A formal proof.

Welook for anexpansio of 0. of the type

4 N rO ‘(L) rl \(b 2,2‘(b ~
O. W =0" W— +-0" Ww— +-“0° w— +E

wherethe function® & «) are periodic i

Replacing this expression in

W
div 0 — no. ="Qnm, 0. =0onT m

we obtain the equation for the lindt m9 = 0% ® of 6. and the
equation for the correctar'.

It can be justifiedising twescale convergence (Allaire,ghetseng
Other proof: Use the general proof by Tartar.



Particular cased = 0 (w). Then,0 =0 () solution of
Q)
— =0

— UQQ"PUQQQA_

Qn

This contains th&minations




Theorem (Dal Maso, Kohnljhe matrices constructed via
periodic homogeration are dense In thmatrices

constructed using general homogenizatidamely

TakeD; y 0 .Defined} by

DL@, = D@1 @), + 1,0 (@) @

5
with 0 (W) periodiciny
QQ, 0;(0+1¢) , +1,0° =0insY ae.cn m
Then
0L O 0 QQ

whene © Hband theif © 0.



Corrector result(C-D, CouceCalvo, Marfn-Gomez)

div D:16; = "Qinm
6y 0INGm, Q@ "AGn'Olm,

im Ilim N0y w+JwWw N0 W

] €
U r \ ’<-| ‘8 (b

T® Wlpg, — =0,

R1 - 02 ,,xd)u

with » = N :dist ! >

7 >0



Corollary: The matrice® defined as

6
L, = “ 0°(w) 0.0 0(0) , + 1,0 (6)
w Q1
With U periodic
divy 0 (®+7¢ , +n,0 =0insY% aedN m

for 20 &, ®OP=N2"Cx 1,..4,
0 a rotation matrix a.e. i,

are dense ifi (nN*,8,1nY).

A similar result holds in the case without rotations



Remark:ln order to deal with (RCR¥e only need to know
the set

~
o~

fl _11E1_d11 11Nﬂ6-

Indeed (RCP) can be written as

min' o,,,—,E -8
a
0 _° 0= q _Ryy O
RCR a1 m
div, = Qinm
0=0onTm
,Nfi L E,—9 no ae inm

Thus, the control problem does not provide an optimal
matrix 0 , but only0 né.



The sefi 7t E /% ,, with, ¥ 99, is known in the followin
cases.

f6 =1, fi nt,E,N% = —

Tartar Case with rotationd) 2, if _“and~¥' are the smaller
and bigger eigenvalues of’and denote




C-D, CouceCalvo,MartinnGémez
In the case without rotationg 2, & = 2

fi nL,A2 , isthe set of-N 7Y satisfying

51 H2

b2 Bt ogpagy OF 80 1Oy - Dby -
Oy, — Q,
where
6f] — r‘]lal + l>]262
In these two cases whdie *,n? , the elements &ffi 1*,n% , are

obtained using a lamination and it is essentially the unique way to
them



Let us now deal with more general functionals, they are of
form

a
" o,0n6] LE) 9 = "Fno,n0 Qo
"911 Q
(in the case without rotationgyr
&
" 6,0n6] LE] Y = P 6,16,0°0Dn6 o
"911 Q

INn the case with rotations

where "Fai U — O 1+ 9+ T+ S



Previousrelaxationresults

Tartar: @ = 2, 01 02 scalar matrices

0= L0 06, W
m

Ford, ¥ ‘Odense of G m a relaxation is obtained
reemplacing Mnm) by 61— 0621 —0 — 1
Grabovski Bellido, Pedregalog arbitrary .
Maestre, MunchPedregalwaveequation
Munch, Pedegal, Periagcheat equation
Allaire, Gutiérrez. 61,02 non scalar but ©% 0ols

small,not rotationgeneral functional.



Difficulty: To pass to the limit ifsimilar with rotations)

a
|I£T] FPayd:,n0;
"Ql1 0
€
where
) a
IP . “"Q /4 "N .
div 0%,.0 N0g = Qin m
Q1

T

0; = 0 onT m,



Remarklf the sets 2=1 “haveaperiodic structure, i.e.

1 O= - O Q, 0O

O ye
we know
: 6
NO. W~N0 W + I ©® WNy0q, —
a1 ]



Then

lim "Fad.,no. Qo
"Ql1 Q
= lim F o ,no+ T @u0g — .50 —
@1 ‘a1l

Qw

- P @O0+ TH@N00,0 Qdd
Qlm o Q1



JCD, J. Couc&€alvo, J.D. MartinGomez (2008)
0,02 arbitrary , not rotation, general functional
Definition: We write
b: e L E -8 O 6, —LE

if

00 _Qin j )

6z x 0 in G m

L x 4 in 02 mbV

div,; © div, in Ol m.



We define

a
A (,)111 1_11é 1_(] — “g"fz(héan'é ’Qb
'@11 0
a
6L LE . = Puon6,0%F6
"Ql-| 0
a a
—= .9 , = 6%.0 16 , =109 0%.0 0ONO
‘1 ‘21

1 E 8 4. = +H> in another case



Theorem(C-D, CouceCalvo,MartinnGomez)

mMOmx 3 x99 x g0 xg¢ m g+
such that the lower semicontinuous envelopaf  with
respect to thé-convergences given by

(’)111 1_11E 1_d — "qd)é’rl(’)1n 1_11E 1_(] )’Qb
n)

N



The functionOcan be defined as (case without rotations)

"O(hi”’—,r‘ll’é,r‘]d — |!]m"Q (hini_’r‘]l’é;hd

G
Q@ ai,,,—nYLE A% = inf Pai,n0 +, QW
a1l o
OHE.F Oh &% @%=n, @R=®
6
div 0%go(M0 +,) =0insaY
@1
L periodic

620 +,) U — <
o @1



Theorem(JCD, J. Couc&€alvo, J.D. MartinGomez)
A relaxation of (CP) is given by

~
~

mln "qdl(,)an'é”11_11E 1_('1)’@)

) ,
a
RCP L1E, 90 2 1, =1 R
~91, )
O Nfi L E,—9 aeinm

dlvuflo = Qinm
0=0 onT m



Ifo =1

Qa
O(*)l,”_,nl,é,hd — r]QgP(JQl,
Q1
a (ony 1
N
- b‘_Q ) )
Q1

+ H> In another case



If 0 > 1,the functionOis not known in general.

We have the following properties

=

MDom™©O = a,,—0LE A% =~ fi AL E Q% , .
{'In its domain "Ois measurable with respect tavand continuos with
respect to the other variables.

180a@, ,—nLE.N* s 61+dg+3g8+s¢
1 Osatisfies the following convexity property

Oalfa+ 1 Fofa+ 1 [ o
A+ LT BEAY + 1 7 RS
I—)"Odlyl’_lsh]]_-1é 1'1]:? + 1 r "OGQ’Z’_Zsh:ZL’E ’r‘]g

|fr N 0,1, y 2 v 1 :)—2 — = 0.



If we replace the functionalby

a

~
~

" 6,0n6] LE] Y o+ "Faod W+ Quo NOQ
"Ql-| KO m

+ Quo 06w+ awo 0o N6

m m
Then the functiorOis replaced by
&
"O(hi,,,—,hl,é 1r‘]a + r‘]!ﬁg}}d}é +"Q(hi ’
Q1

+ Q@i 0, +aai 0, Q



9MIn the case without rotations and= 2, we have

"Od)ini_ir‘]l!r‘lz -
2 5
NP @i, 52 82 T2 0 Q
a1 il
in T Dom O.
9In the case with rotations
"O(hi”’_,r‘]l’é’na -
(o =_r] _ - ﬂ N N \
N%E Qi : 0 T =" lq L ¥i N —+_Nn ¥n 9Yq,
a1 | LA . | LAL B
in T Dom O.
‘e U
_A = . ¥n= %
R1L = 21

In both casesthe mixture giving the value of H is obtained by one lamination.



Exampleavhere’Ocan be explicly calculated

case without rotations, a = 2. We assume

" H,0n0] LED Y = MQao 0o oo+ "Owo,n6
71 1 2
0 ai,, =0a&i,, Qai 62, 3 convexin, .
Then
, Ny \1 ‘2 Y7 N ‘2’?' N 1 -‘2 nl 1 ul
O(’an 1_1r] 1r] — le ’ 3_+ r] U ml,h_z 0) o - 0) y

This value of Ois obtained using two laminations.



Corollary:0t = | Q%=1 Q| <7,

~
~

! é1i‘)n‘c’)1—| 11E 1—| a :‘l glégz,m)

n)
If 1 >0, nN (0,1)
Oai, i = la e 18
If 1t >0, NN (0,1)
Oai,,,—n"n? :|l——a hZTl —% I

Remark:Forr >0, this gives theesults of
Bellido - Pedregal, Grabovsky



Case without rotationsg = 2,

~
=

' 6,06 LE] ¢ = "O®moO,no6
q

with '@ ,, ) convex in, and such thdbr everyi N a4 and a.ewN m
there exists-N a%\ 0, satisfying that

_0 "O@i,, +_— islinear,}, v qY,
Y7 N 7 1 \ . . 1 © © ©
ThenO @i ,, ,— N N2 = /o Sl 02 ot 1062 -
\2,‘ N 7 1 n2 “1 1 nl
+n< 0O cm,h—z o) o) — 0,

This value of Ois obtained usinghteelaminations.

Particular caséOai,, = 0 wi , 3, where the smaller eigenvalue of
0 wi iszero.



G. Allaire. Shape optimization by the homogenization metBpdngerVerlag 2002.

J.C. Bellido, P. PedregaExplicit quasiconvexification for some cost functio
depending on derivatives of the state in optimal desigridngrr. Contin. Dyn. Sys
8,4 (2002), 967982,

J. Casaddiaz, J. Couc&alvo, J.D. MartinGomez Relaxation of a control proble
in the coefficients with a functional of quadratic growth in the gradi&h&M J
Control and Optim. 47 (2008), 1428 509.

Y. Grabovsky Optimal design dr two-phase conducting composites with we
discontinuous objective functionalsdv. Appl. Math. 27 (2001), 68304.

K.A. Lurie. Applied optimal control theory of distributed systeRignum Press, Ne
York, 1993.

K.A. Lurie, A.V. CherkaevExactestimates of the conductivity of a binary mixtur
Isotropic materials. Proc. Royal Soc. Edinburgh 104 A (19863821

F. Murat. Un contreexample pour le probige du contrdle dans les coefficie
C.R.A.S Sci. Paris A 273 (1971), +381.

F. Murat, L. Tartar. H-convergenceln Topics in the Mathematical Modelling
Composite MaterialsBirkauser Boston, 1998, 213.



S. Spagnolo.Sulla convergenza di soluzioni di equazioni parabo
ed ellittiche.Ann. Scuola Norm. Sup. Pisa2, 3 (1968), 57-597.

F. Murat, L.TartarOn the control of coefficients in partial differen
equations.In Topics in the Mathematical Modelling of Compc
Materials Birkauser, 1998, -8.

L. Tartar Estimations fines de coefficients homogéneisegnnio di
Giorgi colloguium. Pitman, 1985, 16837.

L. Tartar. Remarks on optimal design problenmia Calculus of
variations, homogenization and continuum mechawosld
Scientific, 1994, 27296.

L. Tartar. An introduction to the homogenization method in opt
design In Optimal shape desigispringerVerlag, 2000, 47156.



Numerical Analysis

To simplify, let usconsider the problem ,; > 0

inf "Qw0,10)
m
div | 5. +T .yy 10 ="Qnm
0=0¢geT m
2



We want to solve the relaxed problem

min  Qwo,16,0 o,

m
o — 1, X ‘', L Nfi —aeinm
m
div D6 ="Qinm
0=0onTm

Dificulty . We do not explicitely know the functioi®



A discretization using an upper approximation

Let us consideiOsuch that
Oai,,,—n lower semicontinuous, with

"O(hi”1_1r‘] "O(hiﬂi_’r‘]
"O(hi”1| 111 — "O(hi”1T11O — “O(hin

Forh>0, we consider a triangulatiadm= ¥ ;Ql

Mh
W=8T,,, T, measurableTT >0, diam(T,,,) ¢ h

=1

\Ti,thj,h\:o, if i, ],

and a sequence of closed subsp&c&sH (W), then weconside



Discretizedproblem

n)

0 — 1, —X % 0N fi — aeinm
y
bod @2 Do UII= Doy | DN GF

.M . g o
U .o —pconstants in the elements ¥y



RemarkIf cn="G m, ! "Qthen we are solving the PDE problem
exactly. To have &rue discretizationu, mug be

finite-dimensional For example a finite dimensional space.

So, in generalyis associatetb a triangulation which is not
necessaril\given bydo Usually it will be arefinement oD

We assume
1)
I '), - — _l YN
,!glmeUrpflgﬁﬂ) UofEt(m = O, VN
1)

im min A)- U, = 0,
D 0 0 o o} QCEQ% m

| O-oN Ga bounded in"G m i« N 8 m



im 006600, 0—0 X  QW6,10,, ,—YLd

P 0
1 C')"ng 6 iIn"'G m, 6N Uy i ax - in0? m°
| —-QXZ —in 0" m, 0 — laeinm
. 1 s

lim max — w0 NUL= 0.

W 00g LA EQ
Properties i), ii), iii) are satisfiefbr V., = H_(W).

If V. Is a usual space of finite elements, It satisfies 1), Ii).



In the examples where we have an explicit representatisln of

every sequence of closed subspatesatisfies iii).For example
| <T, O@o6,n6 = 96¢

and then

So we need to prove

| 1 NOn+ 1 S I oS Qo
I _” ”, O” ,l' O"

1 O+ 1 T nos Qo
= EEEE



It Is enough tshow

im 30w , N0
‘® 0
q q
: y " T n'(’) 3~ J T n‘(’) 1~
; 30 Q"ézm S ézm
@O0 —0 —
q q
The first one immediately follows from
| . N0L=0
Im max — »O U= 0.
® 00 o A
hm )
For the second one use that the applicatopn © 2 is

convex inga x q+.



Remark Assumption
i, in0r Vet = 0
| 0-oN G bounded in"G my,} o N B m
allows us tgorove a discrete version of the diurl lemma

If c,),QX (’) in ,,QL m 1 c’)"QN % 1 "QX b in 02 m 6

1
im min — b w N0C= 0.

® 00 o Alofegy
/4 m m r = m
Then ,q30gx , JOINT Fm.




Theorem:Thediscrete problem has a solution, M, ,q, )
Ogx 0 InG m
Upto asubsequence 0-dloqx 016 inl* m?

. 1\I_b
QX nuv- n

e inf fH (x,u,Bu, MBu,q)dx
1 W
(u,M, g) solutionof | - div(MBuU)=f inW, u=0 onpuw
llo¢q¢1 MI K(g) a.e, fgdxem
W

lim va']-l(x u.,Bu ,M Bu g, Jdx= vaj—l (x,u,Du, MPu,q)dx



Example 1. B
H(x, Ax,1) = H(x,Bx,0) = F(X,s,xX)

H(x,h, p) =+ ootherwise.

In this case, we are solvirgdiscrete version of the origina
(unrelaxed) problem.e.

nf @6y 0 N6 o
) , ,
] O"QN (0t 'o)
1y
P ot T i o 10OgCI= "D Qi ) UM O

W | m
1 -oa union of elements ob, $ S



Remark:Contrarily to the continuous problem, it always has a
solution. This is due to the fact that the set of controls is cont
In a finitedimensional space.

It provides gohysicalcontrol and noarelaxed one.

If the solution of the relaxed problem is a finite mixture of the
materials andf the convergence can be very slowly.

The construction of algorithms is difficult. The controls are
characteristic functions which only take the value one or zerc

We camot use step methods.



Example 2{0 2) Sincewe know the values dDin the
boundary of its domain, we can take

Oai,, —n
N B - |,

=nN0O wli,- + (1 Owl, ‘
ol {1 Woal.m——

if —NTfi (n),

Oai,,,—,n = +H elsewhere

Recall
—NTfion, - _n, 9- ¥n, =0
‘ (I ‘ ‘ ‘
=n=ﬂ+ l ¥n =N+ (@ n

| I |



Remark:ln this case we are dealing withediscretization of a
partially relaxedcontrol problem.

The controls obtained are natysicalcontrolsin general. However
we know that these controls can be obtained by using one lamir
Therefore, we can givample methods to obtain a physical contre
from the relaxed one.

We hope that the convergence is quickly because we are able t
directly with some fine mixtures.

The set of controls is a differentiable manifold and thus we ca u:
more effective lgorithms to compute a solution of the discrete
problem.



Clearly, when we know the functio®@we can just take
‘O= "0

We hope to obtain the faster convergence

A lower approximation ofO

Herel 2.

We considerO wi ,, ,—, N lower semicontinuous, with
"£)d-)1111_1‘ Oml”, ,
Forh>0, we consider a triangulatiadr,= "¥q Qgi as above

and closed subspaén, O "G m) satisfying properties i) and ii)

as above and



lm  0@ogN6n,0 0@  A@O16n,0—0®
n)

nr] I4 . Yy ’ ’ . 1\2 4
| 0gx 0 IN'Q m, 0N Uy baox » iINUTmM°
| oy —in0®m, 0 — 1laeinm

1
lim min — 2w N0= 0.
@ 00 oAU ofEt 2

m
We denote

w=co 0,nq:0 Nfi(R)



Discretizedproblem

n)

0 — 1, — 2% 0 N wae.inm
y
doN B2 Do U= Doy | O @°

.M . § .
L .o —pconstants in the elements ¥y



Remark:For every, ¥ qY,the set
—f Nabx 01:=nfi(n), .
Therefore, if -0 N w ae.inmanddé N "G m there
existsu N fi (= such thab n6 = 0 no.
So, in the discretized problem
(W0"0q U dlog—
belongs to the domain

Recallthat thecontrol problem only provides no.



TheoremThediscrete problem has a solution,M, ,q; )
ooy 0 @G m
Upto asubsequence 0-dléqx D N6 "@0* m
—x — Q0% m
e inf pH (x,u,Du, MBu,g)dx
1 W
(u,M,g) solutionof | - div(MBu)=f inW, u=0 onuw
1I0¢q¢], MI K(g) ae, fgdx¢m
W

lim Vﬁ;l(x u.,Du.,M Bu g, )Jdx= Vﬁj(x,u,E)u, MBu,g)dx



Remark:Since’ O "Q it is clear thathe functions

(0,0 ,— given by the theorem, satisfy

Owbd,n0,016,—Qv min(RCB.
m
If
O Owb,n0,06,—="0wW0H,10,0 16,—aeinm,
Then(0,0 ,—) is a solution of (RCP).

Can we give some condition dnto assure (1)?



Optimallity conditions

We assumé& smooth enough and we consider a solution

(0,0 ,— of

min "Owd,10,0 16,—Qw
m
div 0 nd = "Qin m
0=0ont m

L, (D) w
)

We can assume N fi — a.e. inm



Take U,—, U N fi —a.e. inm,, —Q
ForO< - < 1,wedefine(0_,—) by

0.=0+-0 0, —=—+-

ando. as the solution of

div D.n6. = "Qinm
0. = 0ontm

Then,

‘O wo,16,0 No,—w "Owo.,n6,0_no6.,— Qa
) n)



Owo.,no.,0, "0.,,— ©Owobd,"0,0"0,—,

m
Taking the limit when tends to zero and denoting

Z= ®wo,"0,0"o0,— and
0. O

oaz lim
_00

we get

0.



1,0Z 6&+ 1 '0Z JoEw
) )

1-'0Z O(L 0L)WO+ LNOAE W
n)

+ TR0 Z( ¥ 0.
m



Derivatingin div 0. 6. = "Qinm, 6. = 0on Fm
we deduce thaiags the solution of

div (D 0)MO+ 0Ndxe= 0inm, 0%*= 0 on Hm
We introduce the adjoin statgds the solution of

div onHET{0Z div! O0Z +071_0Z inm

Nk 0 on Fm

Then 1,0Z 6%+1 "'OZ J6%1_0Z I noa™
n)

0 0 6L



Then,(0,0 ,—) satisfies

(0 0)160770Z nAHE+ 140Z (— Qb 0
m m
b o,—Nw, 0 Nfi —a.e. inrr],>vm—’§1b L
If —=—we canreplace byl .;. +0 .y N fi — aeinm

with] O mmeasurableWehave

(0 0)M0IJT_0Z nnH 0O 17
1
.e. (U 0)MODT_'0Z kU O a.e.in .



We have then proved

ODN6DT_0Z nfAHE min 0N6DT_0Z nnHU

UONfI —

a.e. inmand thus,

(3}

LoNTfi —0 ae.in 1_'O0Z nnHuUO.

Remark:There exist some results showing that in some c
It Is always possible to obtain a solution such that

(3}

LnioNTfi —NO ae.in m

without taking into account the valueTefOZ  nntU

Ae.in 1_.'0Z n1nHu O the optimal matrix is obtained |
a simple lamination.



Taking in account the last result, we wdke ‘Osuch that

"_O (hlni 1r] — Omln1 ’
\ \ v J — \ _ - |
= N0 Qi ,- + (1 O wl, ‘
oAby * 1 Woaha T
for =NTfi n,.
TheoremWe assume thaD .,i,, ,—n is Fréchet derivable fc
n~N (0,1) and

W H(x.h, p)+u,H(x.A, p) ¢
Bx-H |Ax- hl¢
+ 9

¢ Cab+ x|+ +
P 1- p |-

G




If the solution(o,n,— of

min "O0®wo,16,0 o, —Qw
m
div 06 = "Qin m

0=0 onT m —w (o) w

m
given by the convergence theorem satisfies

1 _'O0wo,n6,0 no,— nHH 0 ae. inm
then (0,n,— is a solution of (RCP).



Example of functionQO
Assumedwi,, ) convex in, and@.,1,, ) smooth.
Then, the function
0 Qi i
:r‘]"O(hi,‘T’ _ + (1 nN)O i, — -
nt | (1 i |
for ai,,,—Q "mxaxaxqgdx[01], =~NTfi n,,

IS IN the conditions of the above results.
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Gradient &gorithm for the resolution
of the discrete problem

Let us use the previous calculus to give an algorithm to so
the relaxed control problem

min "Owod,no,0 16, —Qw
m
div 0 né = "Qinm
0=0onTm

- ', L)V w
m



To simplify the exposition, we present the algoritm applied direct
the continuous problem and to the functiOnvhich we assume
smooth.

Assuming an approximation ; ,— of a solution, let

us try to construct
Ugrp=0g+- 0 Vg , 541= ¢+- — —+,

with - N (0,1) smallgiven and U ,—, with0 N fi —, Qo *,
to choose in such way that

OWOe+1,10:41,0¢4+1M0z41,—+1 (WO

O Wb ,N0;,0;:10;,—+



The functiong; ,0; . 1 are the solutions of the corresponding

stateequationsWe use a first order Taylor expansion to write

Qi Q>
) )

+ - 0 0;n6:071_Q 1M o+ T1,Q(— W,
m m

where we used the indexin ‘O(ideme¢ + 1) to mean that the
functions are valuated iy 6;,16;,0 : N0; ,— .



The functionr); is defined by
div g, =17;Q div 'Q+0,:1_Q inm
N: = 0ontm
Let uschoo® (U ,— minimizing

0 0 "6:07T_Q 1 Qo+ T,Q(— )W
m m

or minimizing 0 106; O1_"Q 11, Qo+ T, QX
m m
whenu N fi — ae.n L —CX) ‘L

Fixing —we deduce that

LN, IT_Q 1z = min LNOIDT_Q nry .

OnNfi —



Taking into account that

-Nfi n, - _n, O- sn, O
N I ‘ ‘ ‘
=n=|—+T , SN =In+1r (1 n)
We have that
—+ _
2 r
S — _— S10; S

; —T1.Q@ nn
2 1-Q )
a.e. wher@d 6., _"Q 1 are not zero.



Inserting this expression in

brog OT7Q A o+ TQ-
m m
We deduce thatds a minimum of

[ —t _— ., . L s
> 0, O1_Q nng (W
y
[ — —— . . L v~
> $0:87_-Q nn o+ T, QLI

I m



This is a convex problem.h& Kuhn Tucketheorem asserts tha
IS equivalento findi 0, with

such that4ds a minimum of

[ —F_— , . L s
> 0, IT_Q 1
y
[ — —— ., . L s . C
> o;ST_Q 1 Qo+ ThQ+l—§lu

m m
when0 — 1.



Thus, a.e. iInm, —= —Is a minimum of

[ —+t_— , . ‘
B, —= > o, IT_Q Ny
[ _2=_31é‘s$T Q@ oy +1,Q+1 —
when0 — 1.

For iy 1,,we have
Bi, & Bi, » =Bi, & o 11 =5
Bi, &3 o 11 =Bi, 2 1 5

l.e. — ae.inm



Sincewe are looking for 0 such that
—Qn ' and | — Qo
m m
we can choose
| =0 if — o
m
l=min i 0 Q="



The above rule gives us a procedure to comput®
Then, we take

++1- ¢t - — <+, Vg1 =Vt - U U

for some- N (0,1]. How can we choos€?

Assume aboundecclosedconvex set of a Banach space and
"Oi © g such thathere exists

B 0 aw w, ! N
with  "C® 0 Q0 © LA oP.
We want to solve the problem

min 'O



As above, we consider a descent metimocbmpute the minimum.
Givenw letustakey,; = @ + -(w &) as above,
with wominimizing

0q +-'Fa (@ @)
whenwN i | i.e.(the minimum exists if for example the space is
reflexive)

Fa w= r(pyiin Fa w
A second order Taylor expsion gives for someoN (w,0 +1),

2
0@,y =704 +-CFa & G +F0 0 Q.0 @
2

06 +-Fa @t QA



Thus, we choose minimizing

2
TG B G U QA

in 0,1, I.e.
T @
-=min ————— 1
LAY o)A
which gives
s . TR @ 0F
Oow,q Oow 20 /s Gy 8 f-<1.
o~ o LAY QA
Ow.q Ow > if- =1

Remarklf ' @@ w=0 "CCn @ = mng: Fa w
then, we cannot decrease and the algorithm shopsother case

06,1 <0G .



Since'Ow is decreasing (assumimgf; "O> Hb), we have that
"‘Ow converges.

If - < 1, the inequality
TR @ 0
20 A0 ) A2

Ow.1 0O
and! boundedshows that
T @ 0w=Cn u r(rk]yip"(?dg w©O 0.

Analogously, if- = 1we haveahat w & tendsto zero which alst
Implies the above statement.



If we assumehe spacdinite dimensional andd¢ontinuous, we
have (ecallthat the algorittm will be applied to a discretization o
the Control Problem)

TheoremThere exists a subsequengeof i3 andaf™ i, such that
W, © of anddjsatisfies

Fud v o O, N i
l.e. ajsatisfies the usual optimality conditions for the problem

min"O

Proof.Sincel is compact we can assume the existeneg.génd
off 1, suchthaty. © of Using that

Fa T,JP"GBQ wO 0,

we get the result.



Summarizing
We fix 0 > 0 large enough.
For—,0;,with0; N fi —« a.e. hm,wm — Qv ', we define
0; ,N; as the solutions of

div 0gnd; = "QAnm

0; =0onTm
div i‘)éﬂr‘]é :T("Q dIVTQ + UgT _"Q |nn]
N = 0ontm

Theindexs in 'Omeans that the functions are valuated in
W0 ,N0:,0:N0:,—¢ .



We denoté¢ = no;, —=1_"Q nN);
Fort 0O,wetake—as

i %f—|+T43+T|:ﬁw$+MQ+i 0,

then ——= 0.

1 TZT—' [ +1 =3 T | ssEs+T,Q+1 0

then —= 1.

In anoher case

1 T st =T
T ] sss -0 21:,Q+]




Then,wetake 1 =0 if —

l=min i 0 ——Qo=" ifnot

and define

f—) =0+ 0(®)=1"0, IfF—c)=1+ D(e)=|"O

If —w N 0,1 , we distinguish several cases

If I () and— w = 0,then0 (—w) N fi (&) can be arbitrarily
chosen



fI w3 =93 WSS s thenwe take

3 = ) WAl ® b v ) "Ordo&rcb
= $ 0¥ § 0¥
f 1(0) 3w = g WS ws thenwe consider anitary vector

+ w orthogonal t¢ w andwe take

0 @=_—0 fwatw +¥—0 O Ffwndfw

In another case, we take

‘ W — W
T w = — + ‘
g WS S WS
oy ‘ T wdio ‘ ’ Twadio
CEQL W =_ —W : + ¥ —

‘ O —
= YRR YN



Finally, for- equals to the minimurof

U ¢ U No; Of _"Q N Qo+ - I V]Q = Qw

>V

O .80 0 MO+ $0; 0 N
and 1 we define

Vg1 =V +-0 U, =41=+- — —+



Numerical experimentsO<a < b.

min  fPudx
(0.1
- di ((a c+b ¢ 2 \W)E)u):l in (0,1Y

u=0 on u(0,1¢, (0,1/\w ¢ m

(CP)

——) —) — —>-> —> (D:
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