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The Loop in Adaptive Finite Element Methods (AFEM)

Adaptive Finite Element Methods (AFEM) consist of successive loops of the cycle

SOLVE =⇒ ESTIMATE =⇒ MARK =⇒ REFINE

SOLVE: Numerical solution of the FE discretized problem

ESTIMATE: Residual and hierarchical a posteriori error estimators
Error estimators based on local averaging
Goal oriented weighted dual approach
Functional type a posteriori error bounds

MARK: Strategies based on the max. error or the averaged error
Bulk criterion for AFEMs

REFINE: Bisection or ’red/green’ refinement or combinations thereof
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Model Problem (Distributed Elliptic Control Problem with State Constraints)

Let Ω ⊂ lR2 be a bounded domain with boundary Γ = ΓD ∪ ΓN , ΓD ∩ ΓN = ∅,

and let A : V → H−1(Ω) , V := {v ∈ H1(Ω) | v|Γd
= 0}, be the linear second order

elliptic differential operator Ay := −∆y + cy , c ≥ 0, with c > 0 or meas(ΓD) > 0.

Assume that Ω is such that for each v ∈ L2(Ω) the solution y of Ay = u satis-

fies y ∈ W1,r(Ω) ∩ V for some r > 2. Moreover, let ud
, yd ∈ L2(Ω), and ψ ∈ W1,r(Ω)

such that ψ|ΓD
> 0 be given functions and let α > 0 be a regularization parameter.

Consider the state constrained distributed elliptic control problem

Minimize J(y, u) :=
1

2
‖y − yd‖2

0,Ω +
α

2
‖u − ud‖2

0,Ω ,

subject to Ay = u in Ω , y = 0 on ΓD , ν · ∇y = 0 on ΓN ,

Iy ∈ K := {v ∈ C(Ω) | v(x) ≤ ψ(x) , x ∈ Ω} .

where I stands for the embedding operator W1,r(Ω) →֒ C(Ω).
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Finite Element Approximation

Let Tℓ(Ω) be a simplicial triangulation of Ω and let

Vℓ := { v
ℓ

∈ C(Ω) | vℓ|T ∈ P1(T) , T ∈ Tℓ(Ω) , vℓ|ΓD

= 0 }

be the FE space of continuous, piecewise linear functions.

Let ud

ℓ ∈ Vℓ be some approximation of ud, and let ψℓ be the Vℓ-interpoland of ψ.

Consider the following FE Approximation of the state constrained control problem

Minimize Jℓ(yℓ, uℓ) :=
1

2
‖yℓ − yd‖2

0,Ω +
α

2
‖uℓ − ud

ℓ‖
2
0,Ω ,

over (yℓ, uℓ) ∈ Vℓ × Vℓ ,

subject to (∇yℓ, ∇vℓ)0,Ω + (cyℓ, vℓ)0,Ω = (uℓ, vℓ)0,Ω , vℓ ∈ Vℓ ,

yℓ ∈ Kℓ := {vℓ ∈ Vℓ | vℓ(x) ≤ ψℓ(x) , x ∈ Ω} .

Since the constraints are point constraints associated with the nodal points, the discrete

multipliers are chosen from

Mℓ := {µℓ ∈ M(Ω) | µℓ =
∑

a∈Nℓ(Ω∪ΓN)

κaδa , κa ∈ lR} .
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Primal-Dual Weighted Error Representation I

We set X := Vr × L2(Ω) × Vs as well as Xℓ := Vℓ × Vℓ × Vℓ and introduce the Lagrangians

L : X × M(Ω) → lR as well as Lℓ : Xℓ × Mℓ → lR according to

L(x,σ) := J(y, u) + (∇y, ∇p)0,Ω − (u, p)0,Ω + 〈σ, y −ψ〉 ,

Lℓ(xℓ,σℓ) := Jℓ(yℓ, uℓ) + (∇yℓ, ∇pℓ)0,Ω − (uℓ, pℓ)0,Ω + 〈σℓ, yℓ −ψℓ〉 ,

where x := (y, u, p) and xℓ := (yℓ, uℓ, pℓ).

Then, the optimality conditions can be stated as

∇xL(x,σ)(ϕ) = 0 , ϕ ∈ X ,

∇xLℓ(xℓ,σℓ)(ϕℓ) = 0 , ϕℓ ∈ Xℓ .
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Primal-Dual Weighted Error Representation II

Theorem. Let (x,σ) ∈ X and (xℓ,σℓ) ∈ Xℓ be the solutions of the continuous and discrete

optimality systems, respectively. Then, there holds

J(y, u) − Jℓ(yℓ, uℓ) = −
1

2
∇xxL(xℓ − x, xℓ − x) + 〈σ, yℓ −ψ〉 + osc

(1)

ℓ ,

where the data oscillations osc
(1)

ℓ are given by

osc
(1)

ℓ

:=
∑

T∈T
ℓ

(Ω)

osc
(1)

T ,

osc
(1)

T := (yℓ − yd

ℓ, yd

ℓ − yd)0,T +
1

2
‖yd − yd

ℓ‖
2
0,T + α (uℓ − ud

ℓ, ud

ℓ − ud)0,T +
α

2
‖ud − ud

ℓ‖
2
0,T .

Remark: In the unconstrained case, i.e., σ = σℓ = 0, the above result reduces to the error

representation in [Becker, Kapp, and Rannacher (2000)].
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Interpolation Operators (State Constraints)

We introduce interpolation operators

i
y

ℓ
: Vr̄ → Vℓ , r > r̄ > 2 , i

p

ℓ
: Vs̄ → Vℓ , 0 < s̄ < s < 2 ,

such that for all y ∈ Vr and p ∈ Vs there holds

(
h

r(t−1)

T ‖i
y

ℓ
y − y‖r

t,r,T

)1/r

. ‖y‖1,r,DT
, 0 ≤ t ≤ 1 ,

(
h−r

T ‖i
y

ℓ
y − y‖r

0,r,T + h
−r/2

T ‖i
y

ℓ
y − y‖r

0,r,∂T

)1/r

. ‖y‖1,r,DT
,

(
h−s

T ‖i
p

ℓ
p − p‖s

0,s,T + h
−s/2

T ‖i
p

ℓ
p − p‖s

0,s,∂T

)1/s

. hT ‖p‖1,s,DT
,

where DT := {T′ ∈ Tℓ(Ω) | Nℓ(T′) ∩ Nℓ(T) 6= ∅}.

1
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Primal-Dual Weighted Residuals

Theorem. The primal-dual residuals can be estimated according to

|r(iy

ℓ
y − y)| ≤ C

∑

T∈T
ℓ

(Ω)

(
ω

y
Tρ

y
T + ωσ

T ρσ
T

)
, |r(ip

ℓ
p − p)| ≤ C

∑

T∈T
ℓ

(Ω)

ω
p
Tρ

p
T .

Here, ρ
y
T and ρ

p
T are Lr-norms and Ls-norms of the residuals associated with the state and

the adjoint state equation

ρ
y
T :=

(
‖uℓ‖r

0,r,T + h
−r/2

T ‖
1

2
ν · [∇yℓ]‖r

0,r,∂T

)1/r

,

ρ
p
T :=

(
‖yℓ − yd

ℓ‖s
0,s,T + h

−s/2

T ‖
1

2
ν · [∇pℓ]‖s

0,s,∂T

)1/s

.

The corresponding dual weights ω
y
T and ω

p
T are given by

ω
y
T :=

(
‖i

p

ℓ
p − p‖s

0,s,T + h
s/2

T ‖i
p

ℓ
p − p‖s

0,s,∂T

)1/s

,

ω
p
T :=

(
‖i

y

ℓ
y − y‖r

0,r,T + h
r/2

T ‖i
y

ℓ
y − y‖r

0,r,∂T

)1/r

.

The residual ρσ
T and its dual weight ωσ

T are given by

ρσ
T := n−1

a

∑

a∈N
ℓ

(T)

κa , ωσ
T := ‖i

y

ℓ
y − y‖2/r+ε,r,T , 0 < ε < (r − 2)/r .
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Model Problem (Distributed Elliptic Control Problem with Control Constraints)

Given a bounded domain Ω ⊂ R
2 with polygonal boundary Γ = ∂Ω, a function

yd
,ψ ∈ L2(Ω), and α > 0, consider the distributed optimal control problem

Minimize J(y, u) :=
1

2
‖y − yd‖2

0,Ω +
α

2
‖u‖2

0,Ω ,

over (y, u) ∈ H1
0(Ω) × L2(Ω) ,

subject to − ∆ y = u ,

u ∈ K := {v ∈ L2(Ω) | v ≤ ψ a.e. in Ω} .

1
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Optimality Conditions for the Distributed Control Problem

There exists an adjoint state p ∈ H1
0(Ω) and an adjoint control σ ∈ L2(Ω) such that

the quadruple (y, p, u,σ) satisfies

a(y, v) = (u, v)
0,Ω , v ∈ H1

0(Ω) ,

a(p, v) = (yd − y, v)
0,Ω , v ∈ H1

0(Ω) ,

α u = p − σ ,

σ ≥ 0 , u ≤ ψ , (σ; u −ψ)
0,Ω = 0 ,

where a(·, ·) stands for the bilinear form

a(w, z) =

∫

Ω

∇w · ∇z dx , w, z ∈ H1
0(Ω) .

1
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Finite Element Approximation of the Distributed Control Problem

Let Tℓ(Ω) be a shape regular, simplicial triangulation of Ω and let

Vℓ := { vℓ ∈ C(Ω) | vℓ|T ∈ Pk1
(T) , T ∈ Tℓ(Ω) , k1 ∈ N , vH|

∂Ω = 0 }

be the FE space of continuous, piecewise polynomial functions (of degree k1) and

Wℓ := { wℓ ∈ L2(Ω) | wℓ|T ∈ Pk2
(T) , T ∈ Tℓ(Ω) , k2 ∈ N ∪ {0} }

the linear space of elementwise polynomial functions (of degree k2).

Consider the following FE Approximation of the distributed control problem

Minimize Jℓ(yℓ, uℓ) :=
1

2
‖yℓ − yd

ℓ‖
2

0,Ω +
α

2
‖uℓ‖

2

0,Ω ,

over (yℓ, uℓ) ∈ Vℓ × Wℓ ,

subject to a(yℓ, vℓ) = (uℓ, vℓ)0,Ω , vℓ ∈ Vℓ ,

uℓ ∈ Kℓ := {wℓ ∈ Wℓ | wℓ|T ≤ ψℓ|T , T ∈ Tℓ(Ω)} .

where ψℓ ∈ Wℓ is the discrete control constraint.

1
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Optimality Conditions for the FE Discretized Control Problem

There exists an adjoint state pℓ ∈ Vℓ and an adjoint control σℓ ∈ Wℓ such that the

quadruple (yℓ, uℓ, pℓ,σℓ) satisfies

a(yℓ, vℓ) = (uℓ, vℓ)0,Ω , vℓ ∈ Vℓ ,

a(pℓ, vℓ) = (yd

ℓ − y, vℓ)0,Ω , vℓ ∈ Vℓ ,

α uℓ = Mℓ pℓ − σℓ ,

σℓ ≥ 0 , uℓ ≤ ψℓ , (σℓ, uℓ −ψℓ)0,Ω = 0 ,

where yd

ℓ
∈ Vℓ and Mℓ : Vℓ → Wℓ, e.g., for k2 = 0:

(Mℓvℓ)|T := |T|−1

∫

T

vℓ dx , T ∈ Tℓ(Ω) .

1
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Primal-Dual Weighted Residuals (Control Constraints)

Theorem. The primal-dual residuals can be estimated according to

|r(iy

ℓ
y − y)| ≤ C

∑

T∈T
ℓ

(Ω)

ω
y
Tρ

y
T , |r(ip

ℓ
p − p)| ≤ C

∑

T∈T
ℓ

(Ω)

(
ω

p
Tρ

p,1
T + ωu

Tρ
p,2
T

)
.

Here, ρ
y
T and ρ

p,1
T are L2-norms of the residuals associated with the state and the adjoint state

ρ
y
T :=

(
‖uℓ‖2

0,T + h−1
T ‖

1

2
ν · [∇yℓ]‖2

0,∂T

)1/2

,

ρ
p,1
T :=

(
‖yℓ − yd

ℓ‖2
0,T + h−1

T ‖
1

2
ν · [∇pℓ]‖2

0,∂T

)1/2

.

The corresponding dual weights ωu
T and ω

p
T are given by

ω
y
T :=

(
‖i

p

ℓ
p − p‖2

0,T + hT ‖i
p

ℓ
p − p‖2

0,∂T

)1/2

,

ω
p
T :=

(
‖i

y

ℓ
y − y‖2

0,T + hT ‖i
y

ℓ
y − y‖2

0,∂T

)1/2

.

The residual ρ
p,2
T and its dual weight ωu

T are given by

ρ
p,2
T := ‖Mℓpℓ − pℓ‖0,T , ωu

T := ‖iu

ℓu − u‖0,T .
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Primal-Dual Mismatch in Complementarity (Control Constraints)

Using the complementarity conditions

u ≤ ψ , σ ≥ 0 , (σ, u −ψ)
0,Ω = 0 , αu − p + σ = 0 ,

uℓ ≤ ψℓ , σℓ ≥ 0 , (σℓ, uℓ −ψℓ)0,Ω = 0 , αuℓ − Mℓ pℓ + σℓ = 0 ,

the primal-dual mismatch µℓ := µℓ(x,σ) can be further assessed according to

µℓ(I ∩ Iℓ) = 0 ,

µℓ(A ∩ Aℓ) =
1

2
(σ + σℓ,ψℓ −ψ)0,A∩Aℓ

,

µℓ(I ∩ Aℓ) =
1

2
(σℓ,ψℓ −α−1p)0,I∩Aℓ

,

µℓ(A ∩ Iℓ) =
α

2
‖u − uℓ‖

2
0,I∩Aℓ

+
1

2
(p − Mℓ pℓ, uℓ − u)0,I∩Aℓ

.

and we finally obtain
|µℓ(I ∩ Aℓ) + µℓ(A ∩ Iℓ)| ≤ νℓ

with a fully computable a posteriori term νℓ (consistency error).
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Numerical Results: Distributed Control Problem with Control Constraints I

Minimize J(y, u) :=
1

2
‖y − yd‖2

0,Ω +
α

2
‖u‖2

0,Ω

over (y, u) ∈ H1
0(Ω) × L2(Ω)

subject to − ∆y = u in Ω ,

u ∈ K := {v ∈ L2(Ω) | v ≤ ψ a.e. in Ω}

Data: Ω := (0, 1)2
,

yd :=

{
200 x1 x2 (x1 − 0.5)2 (1 − x2) , 0 ≤ x1 ≤ 0.5

200 (x1 − 1) (x2 (x1 − 0.5)2 (1 − x2) , 0.5 < x1 ≤ 1
,

α = 0.01 , ψ = 1 .
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Numerical Results: Distributed Control Problem with Control Constraints I

Optimal state (left) and optimal control (right)
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Numerical Results: Distributed Control Problem with Control Constraints I

Grid after 6 (left) and 10 (right) refinement steps



Department of Mathematics, University of Houston
Institut für Mathematik, Universität Augsburg lsrmnROMUNHS0

Numerical Results: Distributed Control Problem with Control Constraints I

l Ndof δh ηh osch νh

0 12 2.73E-03 1.47E-02 1.17E-01 0.00E+00

1 25 8.57E-04 2.03E-02 6.23E-02 2.04E-03

2 42 5.09E-04 1.42E-02 3.44E-02 4.86E-03

4 138 1.52E-04 4.61E-03 1.27E-02 1.66E-04

6 478 4.24E-05 1.35E-03 4.20E-03 3.67E-05

8 1706 9.91E-06 3.67E-04 2.08E-03 4.27E-06

10 6237 2.52E-06 9.95E-05 6.60E-04 3.82E-07

12 22639 5.92E-07 2.74E-05 1.63E-04 1.63E-07

14 81325 1.57E-07 7.57E-06 5.05E-05 7.60E-09

16 299028 4.65E-08 2.05E-06 1.58E-05 1.32E-09

Error (quantity of interest), estimator, oscillations, and consistency error
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Numerical Results: Distributed Control Problem with Control Constraints II

Minimize J(y, u) :=
1

2
‖y − yd‖2

0,Ω +
α

2
‖u − ud‖2

0,Ω

over (y, u) ∈ H1
0(Ω) × L2(Ω)

subject to − ∆y = f + u in Ω ,

u ∈ K := {v ∈ L2(Ω) | v ≤ ψ a.e. in Ω}

Data: Ω := (0, 1)2
, yd := 0 , ud := û + α−1(σ̂ − ∆−2û) ,

ψ :=

{
(x1 − 0.5)8

, (x1, x2) ∈ Ω1,

(x1 − 0.5)2
, otherwise

, α := 0.1 , f := 0

û :=

{
ψ , (x1, x2) ∈ Ω1 ∪ Ω2,

−1.01 ψ , otherwise
, σ̂ :=

{
2.25 (x1 − 0.75) · 10−4

, (x1, x2) ∈ Ω2,

0 , otherwise
,

Ω1 := {(x1, x2) ∈ Ω |
(
(x1 − 0.5)2 + (x2 − 0.5)2

)1/2

≤ 0.15} , Ω2 := {(x1, x2) ∈ Ω | x1 ≥ 0.75} .
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Numerical Results: Distributed Control Problem with Control Constraints II

Optimal state (left) and optimal control (right)
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Numerical Results: Distributed Control Problem with Control Constraints II

Grid after 6 (left) and 10 (right) refinement steps
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Numerical Results: Distributed Control Problem with Control Constraints I

l Ndof δh ηh osch νh

0 5 2.41E-04 2.58E-06 1.07E-01 0.00E+00

1 12 1.61E-04 5.26E-06 8.11E-02 2.71E-07

2 26 7.62E-05 4.78E-06 5.25E-02 4.19E-07

4 73 1.54E-05 2.08E-06 2.89E-02 0.00E+00

6 253 4.09E-06 6.45E-07 1.59E-02 0.00E+00

8 953 1.16E-06 1.79E-07 8.39E-03 9.86E-12

10 3507 3.41E-07 4.87E-08 4.70E-03 2.66E-13

12 12684 1.03E-07 1.33E-08 2.59E-03 3.08E-14

14 45486 2.99E-08 3.71E-09 1.52E-03 2.23E-15

16 165366 8.12E-09 1.05E-09 9.06E-04 2.65E-16

Error (quantity of interest), estimator, oscillations, and consistency error
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Numerical Results: Distributed Control Problem with Control Constraints II

Decrease in the quantity of interest versus total number of DOFs




