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The Loop in Adaptive Finite Element Methods (AFEM)

Adaptive Finite Element Methods (AFEM) consist of successive loops of the cycle

SOLVE == ESTIMATE = MARK = REFINE

SOLVE: Numerical solution of the FE discretized problem

ESTIMATE: Residual and hierarchical a posteriori error estimators
Error estimators based on local averaging
Goal oriented weighted dual approach
Functional type a posteriori error bounds

MARK: Strategies based on the max. error or the averaged error
Bulk criterion for AFEMs

REFINE: Bisection or 'red/green’ refinement or combinations thereof
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Model Problem (Distributed Elliptic Control Problem with State Constraints)

Let Q IR? be a bounded domain with boundary T'=Tp Ty, onln=

and let A:V - HYQ), Vi={v HYQ)| V|Fd = 0}, be the linear second order
elliptic di erential operator Ay .= —-Ay +cy, ¢=0, with ¢ >0 or meas(['p) > 0.
Assume that Q is such that for each v L%(Q) the solution y of Ay = u satis-
fiesy WY(Q)nV for some r> 2. Moreover, let ud,y? L%(Q), and ¢ W'(Q)

such that L|J|rD > ( be given functions and let a > 0 be a regularization parameter.
Consider the state constrained distributed elliptic control problem
L 1 a
Minimize  J(y,u) := y-y'ig + 5 u-u'fo,
subject to Ay =uinQ , y=0onlp , v- y=0onTly,

ly K:={v CQ|vX)<yX), x Q}.
where | stands for the embedding operator W(Q) - C(Q).
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Finite Element Approximation

Let T (Q) be a simplicial triangulation of Q and let

V ={v CQ|vi|t P(T), T T(Q, Vv |rD:O}
be the FE space of continuous, piecewise linear functions.
Let u® V be some approximation of u?, and let ¢ be the V -interpoland of (.
Consider the following FE Approximation of the state constrained control problem

L _ 1 d 2 a d 2
Minimize  J(y ,u) = > Y Y 0Q + PR YOR
over (y,u) V xVv ,

subject to ( y, V)ot(y.v)yo=WU.,V)o,Vv V.,
y K ={ V |vXsyp (x,6x Q}.
Since the constraints are point constraints associated with the nodal points, the discrete

multipliers are chosen from

M ={u MQ|uU = Kada, Ka [RR}.
aN (Q FN)
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Primal-Dual Weighted Error Representation |

We set X :=V'x L2(Q)x Vs aswell as X =V xV xV and introduce the Lagrangians
L: XxM(Q) - IRaswellasL : X xM - IR according to

L(x,0) = Jiy,u) + ( Yy, Poe — (UPoe + O y-U ,
LXx,0)=Jy,u)+(y, Ploe—-U.,plao+ 0,y —U

where x:=(y,u,p) and x :=(y ,u ,p ).

Then, the optimality conditions can be stated as

xLx,0)(¢) =0 , ¢ X,
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Primal-Dual Weighted Error Representation ||

Theorem. Let (x,0) X and (x ,0 ) X Dbe the solutions of the continuous and discrete
optimality systems, respectively. Then, there holds

1
Iy W=J(y.u) = = wllx —xx =X) + oy —§ + osc?,
where the data oscillations osc™” are given by
osc = osc(Tl) ,
TT(Q

osct) = (y —ydyd—yhor +

a
d_d 2 d d_,d d_ d 2
2 y -y or ta(u —ulu _U)O,T+§ u—u" ot

Remark: In the unconstrained case, i.e., 0 =0 =0, the above result reduces to the error
representation in [Becker, Kapp, and Rannacher (2000)].
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Interpolation Operators (State Constraints)

We introduce interpolation operators
VIV o r>Tr>2 0 PV LV, 0<5<s<2,

such that for ally V"and p V® there holds

1/r

-1 .
WD My-yf+ < yip,, 0st<1,
oy ; 112y ; 1/r
hy Py-y orT +h " Py-y 0raT N AT

1/s

—s/2 p S
F'P—=DP osot S hr paspr .,

h* Pp—p st +hy

where Dr:={T T(Q)|N(T)nN (T)= }
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Primal-Dual Weighted Residuals
Theorem. The primal-dual residuals can be estimated according to
r@y-y)l < C orpy + 07?7 , I’p-pl=C e}
TT(Q TT(Q
Here, p¥ and pf are L"-norms and LS-norms of the residuals associated with the state and
the adjoint state equation

- 1 1/r
pyr = u (r),r,T + hTr EV[ y ] (r),r,aT ’
o 1 1/s
oF =y =y her t T SVl Pl
The corresponding dual weights w¥ and wf are given by
) . 1/s
W = Pp-pier + hT PP lear
o . .y ; (2 .y ; 1/r
Wr = Fy=Yorr ¥ Nt Py=Ygrer
The residual pQ and its dual weight w9 are given by
p'lo_- = ngl Ka ! (A)-?- = iyy_y 2/r+Er T O <E< (r_ 2)/r '

a N (T
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A Posteriori Error Analysis of AFEM for Optimal Control Problems

(i) Unconstrained problems
R. Becker, H. Kapp, R. Rannacher (2000) R. Becker, R. Rannacher (2001)

(i) Control constrained problems
W. Liu and N. Yan (2000/01) R. Li, W. Liu, H. Ma, and T. Tang (2002)
M. Hintermuller/H. et al. (2006) A. Gaevskaya/H. et al. (2006/07)
A. Gaevskaya/H. and S. Repin (2006/07) M. Hintermuller/H. (2007)
B. Vexler and W. Wollner (2007)
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Model Problem (Distributed Elliptic Control Problem with Control Constraints)

Given a bounded domain Q R? with polygonal boundary ' = 0Q, a function
yd p  L*Q), and a >0, consider the distributed optimal control problem

Minimize  J(y,u) :=
over (y,u) HQ)
subject to —-Ay = u,

u K:={v L(Q|v<syae inQ}.




Department of Mathematics, University of Houston
Institut fur Mathematik, Universitdt Augsburg

Optimality Conditions for the Distributed Control Problem

There exists an adjoint state p  H3(Q) and an adjoint control ¢ L?(Q) such that
the quadruple (y, p, u, o) satisfies
ay,v) = UVv)yq . vV HyQ),
ap,v) = (Y'-y.V)jpq . vV HyQ),
au=p-0,
cz0,u=sy , (u-yY)o =0,

where a(;, ) stands for the bilinear form

a(w,z) = w- zdx , wz HiQ).
Q
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Finite Element Approximation of the Distributed Control Problem

Let T (Q) be a shape regular, simplicial triangulation of Q and let
V ={v CQI|vir P(T), T T,k N, vylse=0}
be the FE space of continuous, piecewise polynomial functions (of degree k;) and
W ={w LA(Q|w|t PT), T T(Q,k N {0}}
the linear space of elementwise polynomial functions (of degree k»).
Consider the following FE Approximation of the distributed control problem

N 1 a
Minimize  J(y ,u) = 5 Y —y¢ S,Q + o S,Q’
over (y,u) V xW |
subject to afy ,v) = (u,v)q.v V,

u K ={w W |wksy|r, T T(Q)}.

where ¢ W is the discrete control constraint.

1
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Optimality Conditions for the FE Discretized Control Problem

There exists an adjoint state p  V and an adjoint control ¢~ W such that the
quadruple (y ,u ,p ,0 ) satisfies

a(y,V):(U,V)O’Q , V V )
(

ap ,v) =
au =M p -0 ,
o =20, u <

wherey? V andM :V - W ,eg., for k; =0:

MVv)r =[TY vdx , T T(@Q.

T
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Primal-Dual Weighted Residuals (Control Constraints)

Theorem. The primal-dual residuals can be estimated according to

r®y-y)l<C ot . In®p-pl = C 07T + Wiph’
TT(Q TT(@Q
Here, pt and p?’l are L?-norms of the residuals assclnciated with th(lalzstate and the adjoint state
pr = u 3,T + h# EV'[ y | %,GT )
1 172
¥ =y Y e+ Sl plar
The corresponding dual weights w4 and wf are given by
1/2
wr = Pp-pgr+hr Ppophr
0 y ” y ” 1/2
Wr = Py=ygr t hr Py—yger

The residual p%z and its dual weight w% are given by

!2 W — b — H
"= Mp —p o1 , W} = u-u,r.
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Primal-Dual Mismatch in Complementarity (Control Constraints)
Using the complementarity conditions
usy , 020, (ou-y)yg =0, au-p+o =0,
us<sy , 0=20, Cu-Y)yg=0, au-Mp+c =0,

the primal-dual mismatch p = (x,0) can be further assessed according to
H{dnl)=0,
LANA) = S (0+0 4 ~Wopn
L(nA) =5 (0 .4 —a Dl
H(Anl) = g U=U Groa * %(p—M p,u —Uoina-

and we finally obtain
w(nA)+pAnl) <v

with a fully computable a posteriori term v (consistency error).
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Data:

1
Minimize J(y,u) = > y —y° (2),9 + g u 5,9
over (,u) Hg(Q) x L*(Q)

subject to — Ay =u inQ,
u K:={v L%Q)|v<y ae. inQ}

Q :=(0,1)?,

d ._ 200 X1 X (X1 —0.5)% (1—X3) , 0<%, <05
Y' T 200 (%= 1) (xp (x; —0.5)2 (1—X;) , 05<x; <1 °

a=00 , ¢g=1.
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Numerical Results: Distributed Control Problem with Control Constraints |
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Optimal state (left) and optimal control (right)




Department of Mathematics, University of Houston
Institut fur Mathematik, Universitdt Augsburg

Numerical Results: Distributed Control Problem with Control Constraints |

Grid after 6 (left) and 10 (right) refinement steps
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Numerical Results: Distributed Control Problem with Control Constraints |

| N gof 6h Nh 0SCh Vh
0 1212.73E-03 1.47E-02|1.17E-01/0.00E+00
1 25/8.57E-042.03E-02|6.23E-02| 2.04E-03
2 4215.09E-04|1.42E-02 | 3.44E-02 | 4.86E-03
4 138 1.52E-04 4.61E-03|1.27E-02| 1.66E-04
6 4784.24E-05/1.35E-03 4.20E-03| 3.67E-05
8 1706/9.91E-06|3.67E-042.08E-03| 4.27E-06
10 6237 2.52E-0619.95E-05/6.60E-04| 3.82E-07
12| 22639|5.92E-07|2.74E-05/1.63E-04| 1.63E-07
14| 81325 1.57E-07|7.57E-06|5.05E-05| 7.60E-09
161299028 4.65E-08 |2.05E-06 1.58E-05 1.32E-09

Error (quantity of interest), estimator, oscillations, and consistency error
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Numerical Results: Distributed Control Problem with Control Constraints 11

L 1
Minimize Jiy,u) = 2 y—yd 5,9 + % u—u 5,9
over (y,u) H3(Q)xLAQ)

subject to - Ay =f+u IinQ,
u K:={v L%Q)|v<y ae. inQ}

Dataa. Q=01 , y9":=0 , u':=10+ oa}6-A0),
— (xa=05P | (x1,%2) Qi _ _
L (x,—0.5)% , otherwise =01, 1:=0
g = b, Xy Qi Q 5 = 225(4=075)-10" , (x,%) Q
' —-1.01 ¢ , otherwise ’ ' 0 , otherwise ’

1/2
Q1 = {(x1.%2) Q| (xx—=05°+(x;—05)° <015} , Q; = {(x1,%) Q|x =075},
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Numerical Results: Distributed Control Problem with Control Constraints 11
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Numerical Results: Distributed Control Problem with Control Constraints 11

Grid after 6 (left) and 10 (right) refinement steps
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Numerical Results: Distributed Control Problem with Control Constraints |

|l Naot  On Nh 0SCh Vh
0 5/2.41E-042.58E-06/1.07E-010.00E+00
1 12 1.61E-04 5.26E-06|8.11E-02| 2.71E-07
2 26|7.62E-054.78E-06|5.25E-02| 4.19E-07
4 73|1.54E-05|2.08E-062.89E-02 0.00E+00
6 25314.09E-06 6.45E-07|1.59E-02|0.00E+00
8 053/1.16E-06 1.79E-078.39E-03| 9.86E-12
10| 3507|3.41E-07|4.87E-08|4.70E-03| 2.66E-13
12| 12684|1.03E-07|1.33E-08|2.59E-03| 3.08E-14
14| 45486|2.99E-08 |3.71E-09|1.52E-03| 2.23E-15
16165366 8.12E-09 1.05E-09|9.06E-04| 2.65E-16

Error (quantity of interest), estimator, oscillations, and consistency error
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Numerical Results: Distributed Control Problem with Control Constraints 11
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Decrease in the quantity of interest versus total number of DOFs






