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Introduction

We are interested in the following scalar convection-diffusion equation:{
ut −∆u = a · ∇(F (u)), x ∈ RN × (0,∞)

u(x, t) = u0(x), x ∈ RN
(1)

where a ∈ RN , F ∈ C(R1) such that F (0) = 0 and u0 ∈ L1(RN ).
This equation is a model for the regularizing effect of a viscosity in a hy-

perbolic conservation law. It appears, for example, in the displacement of a
fluid through a porous media (cf. [2]), when taking capillarity into account;
or in contamination between batches in multi-products pipeline transport (cf.
[6]).

Our aim is to make a numerical approach to the asymptotic properties of
this kind of equations. We will consider the case for N = 2, a = (1, 0) and
F (u) = |u|q−1u for q ∈ (1,∞).

Existing analytical results

Let us consider the homogeneous non linear case presented above, given
by: {

ut −∆u = ∂x(|u|q−1u), x ∈ R2 × (0,∞)

u(x, 0) = u0(x), x ∈ R2 (2)

For an initial data u0 ∈ L1(R2), we have that

‖u(t)‖p ≤ Cpt
−
(

1−1
p

)
, ∀t > 0 (3)

for all p ∈ [1,∞] with Cp = Cp(‖u0‖1). We will distinguish three different
situations:
• For 1 < q < 3

2 the asymptotic behavior is given by self-similar entropic
solutions of the following hyperbolic-parabolic equation:{

ut − uyy = ∂x(|u|q−1u), x ∈ R2 × (0,∞)

u(x, 0) = Mδ, x ∈ R2 (4)

where M =
∫
R2 u0(x)dx. In fact, it holds that

‖u(t)‖∞ ≤ Ct−3/2q. (5)

• For q = 3
2, the equation (2) admits self-similar solutions of the form

u(x, t) = 1
tf
(
x√
t

)
. In [1, 3, 4], it is shown that f is the unique solu-

tion for

−∆f − x · ∇f
2
− f = ∂x(|f |1/2f ), x ∈ R2 (6)

such that
∫
R2 f (x)dx = M and, therefore

t
1−1

p‖u(x, t)−MG(x, t)‖p→ 0 when t→ 0 (7)

where G(x, t) = (4πt)−1e−|x|
2/4t is the heat kernel.

• For q > 3
2, the decay rate (7) is sharp and u behaves, as t → ∞, as the

linear Gaussian heat kernel, as shown in [3, 4].

Numerical approach

For the numerical simulation of the three situations, we make use of the
corresponding variational problem. Defining the convective derivative as
Dtu := ut + v · ∇u, for a fluid velocity v = (q|u|q−1, 0) we have∫

R2
[ϕDtu +∇u∇ϕ] dS = 0, ∀ϕ ∈ H1

0(R2) (8)

We use the Characteristics-Galerkin method to approach the convective
derivative. This consists on approaching the convective derivative by an ap-
proximation of the characteristics of the fluid velocity:

Dtu(x0) ≈ 1

∆t

(
um+1(x0)− um(Xm(x0))

)
(9)

where Xm(x0) = χ(t−∆t) ≈ x0−v(x0)∆t and χ is the characteristic curve
given by χ̇(t) = v(χ(t), t) with χ(t0) = x0.

Taking all of that into account, we use FreeFem++ [5] to recreate the
analytical behaviors, using different finite elements and initial conditions.

Simulations

Our preliminary results show that the asymptotic behavior also holds for
the numerical approach. Here we show the outcome for two different initial
conditions:

(i) u0(x) = 2e−|x/2|2
(ii) u0(x) = χ[−2,2]×[−4,4](x)

We use P2 finite elements and restrict the domain to a finite but enough
big one, [−500, 500]2, whereas t goes from 0 to 100.

For the first example, we can clearly observe the decay (3):

Even if the initial data is discontinuous, the second one also behaves in
same way. Besides, we can also appreciate the regularizing effect of the vis-
cosity:

Other numerical simulations done still confirm the analytical results de-
scribed above.

Future research

On the one hand, there is a lack of theoretical base for the numerical re-
sults. We need to assure that what we see on the simulations has a foundation
on the discrete version of the problem.

On the other hand, we have to adapt our simulations in order to catch
more analytical results.
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