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Topic A: A posteriori analysis techniques for the propagation of numerical waves

Numerical methods for singular PDEs
We have analyzed the performance of finite element schemes
based on P1 continuous piecewise linear elements for singular
elliptic problem of the form

−∆u− λ

|x|2
u = f in Ω, u = 0 on ∂Ω. (1)

Assume that f ∈ L2(Ω) and Ω ⊂ RN , N ≥ 1, is a Lipschitz
domain such that 0 ∈ Ω (smooth at x = 0 when 0 ∈ ∂Ω). We
suppose that either λ ≤ (N − 2)2/4 or λ ≤ N 2/4 so that the
corresponding optimal Hardy inequality holds when 0 ∈ Ω or
0 ∈ ∂Ω.
Due to the presence of the singularity, the standard elliptic regu-
larity property fails for (1) and therefore, the classical FE method
provides weaker convergence rates than for the Laplacian (which
corresponds to λ = 0). We then analyze whether the lack of
regularity can be compensated in the computational cost of the
finite element approximations by mean of well chosen numerical
meshes. We apply an adaptive FEM (see e.g. [PA3], [PA4], [PA5]
and references therein) in which the error is quantified and dis-
tributed on heterogeneous meshes that are finer at the origin
x = 0.

For the 1-d problem, we use a priori estimates to show optimal
convergence rates. In the 2-d case, we have performed some
simulations based on a tutorial code by [PA6] showing the
pathological behavior of the numerical solutions of (1) for vari-
ous values of the parameter λ. We considered Ω = [−1, 1]×[0, 1]
(the singularity x = 0 is located on the boundary) and λ ≤ 1.
By means of the a posteriori algorithm implemented in [PA6],
heterogenous meshes appear in the neighborhood of the origin.
For λ > 1 the problem (1) is ill-posed. The figure below
corresponds to the critical case λ = 1.

Efficient mesh adaptivity

Various mesh adaptivity procedures are widely used in modern
finite element calculations as they help to get sufficiently accu-
rate numerical results for reasonably small costs (computational
time, computer memory, etc). In most cases, the mesh adaptiv-
ity is driven by the information on the error distribution over
the current mesh obtained via the so-called a posteriori error
estimates.
However, the practical realization of suitable mesh reconstruc-
tion usually meets serious algorithmic, geometric, and also cod-
ing problems e.g. due to the appearance of the so-called hanging
nodes (as highly nontrivial mesh post-processing is needed to
provide the overall mesh conformity) and due to desired mesh
regularity properties used in construction of most of available er-
ror estimators, and also demanded for principal convergence in
various norms. The realization becomes even harder in dimen-
sions 3 and higher.

In [PA2] we proposed a new bisection algorithm, suitable for any
kind of mesh adaptivity. This technique never yields any hanging
nodes (or lines) at all, and is also suitable for easy coding in any
dimension.
In [A11] we considerably weakened the regularity requirements
on the finite element meshes required for principal convergence in
theH1-norm. This result together with the algorithm from [PA2]
can be used to propose more advanced adaptivity techniques
with controllable mesh properties.
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Figure : Performance of the bisection algorithm from [A11]

Bi-grid techniques for numerical waves on non-uniform meshes
The objective is to design bi-grid techniques for the numerical
approximation of the wave equation on non-uniform meshes.
The bi-grid technique due to R. Glowinski [PA1] is one of the
filtering techniques able to cure the lack of uniform propagation
with respect to the mesh size parameter h for finite difference
(FD) or finite element (FE) numerical approximation schemes
for waves on uniform meshes (cf. [A9] and [PA1]). It consists
in considering initial data on a coarser grid and constructing
the values at the remaining nodes of the fine grid by interpo-
lation. In [A18], we considered the FD approximation of the
1-d wave equation on a non-uniform mesh gh obtained by ap-
plying a diffeomorphic transformation g to the uniform mesh xh
(gj = g(xj), xj = jh):

u′′j (t)−
2

gj+1 − gj−1


uj+1(t)− uj(t)
gj+1 − gj

− uj(t)− uj−1(t)
gj − gj−1

 = 0,

uj(0) = u0
j, u

′
j(0) = u1

j, j ∈ Z.
We consider for instance, the diffeomorphism g(x) = tan(πx/4)
and the initial data uh,0 = exp(−γ(xh − x0)2) exp(ixhξ0/h),
γ = h−0.9, with x0 = 0 and ξ0 ∈ [−π, π], and uh,1 so that
ûk,1 = iλkûk,0, where ûk,i is the k-th Fourier coefficient of uh,i

and λk is the square root of the k-th eigenvalue of the discrete
Laplacian.

The coarse grid g2h only contains the odd points g2j+1 =
g(x2j+1), j ∈ Z. Firstly, we construct the data u2h,0 and u2h,1

by keeping from the original data uh,0 and uh,1 only the values
at the odd points. We construct the new data (vh,0,vh,1) on the
fine grid gh by linear interpolation on the non-uniform one, i.e.

vi2j = g2j − g2j−1

g2j+1 − g2j−1
ui2j+1 + g2j+1 − g2j

g2j+1 − g2j−1
ui2j−1, i = 0, 1.

•The projection on the bi-grid space of the Gaussian data cor-
responding to each (x0, ξ0) produces three wave packets: two
propagating in the same direction as the original Gaussian wave
packet, corresponding to the frequencies ξ0 and ξ0−π, and one
propagating in the opposite direction, corresponding to 2π−ξ0.

•For ξ0 = π/2 and x0 = 0, the bi-grid projection produces a
solution which remains trapped in the interior of the domain
as it happens for the original unfiltered data. This can be
explained by observing that the intersection between the red
area in the phase portrait in the figure aside and the vertical
section through x0 is an interval of length larger than π.

•However, a bi-grid method with ratio 1/4 suffices to produce a
wave packet touching the boundary and having a large ampli-
tude.

A rigorous analysis of the convergence of these methods and their
adaptation to the multi-d case is still to be done.
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Figure : Bi-grid solutions of the FD wave equation on the grid gh =
tan(πxh/4)

Figure : Phase portrait of the FD wave equation on the grid gh = tan(πxh/4)

Perspectives
Numerical methods for singular PDEs:

1 Elliptic problems with multipolar singularities and their asymp-
totic behavior when they collapse into a point.

2 Develop efficient numerical finite element approximations to
the wave equation with a singular quadratic potential using a
posteriori analysis.

Bi-grid techniques for numerical waves on non-uniform meshes:

1 To design and analyze bi-grid techniques for the numerical ap-
proximations of the 2-d wave equation on non-uniform meshes.

2 To design adaptive conjugate gradient algorithms for the con-
trol of waves, by local filtering of oscillating solutions.

Efficient mesh adaptivity:
1 Prove the regularity properties of simplicial meshes generated
by the adaptivity technique (based on bisections) from [PA2]
for dimensions 2 and 3.

Numerical microlocal analysis:

1 To define the symbol of a numerical approximation scheme for
the wave equation on heterogeneous grids.

2 Describe possible high frequency numerical pathologies induced
by the heterogeneity of the numerical grids.
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