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Task B: Dispersive properties in discrete heterogeneous media

Dispersion for the Schrödinger equation on networks

Motivation: We consider the Schrödinger equation on a network
formed by a tree with the last generation of edges constituted by
infinite segments.
The motivation for studying thin structures (and networks as
their asymptotic limits) comes from mesoscopic physics and nan-
otechnology. Mesoscopic systems are those that have some di-
mensions which are too small to be treated using classical physics
while they are too large to be considered on the quantum level
only. The problems addressed here enter in the framework of
PDEs on metric graphs or networks.
Applications: Carbon nano-structures, photonic crystals, high-
temperature granular superconductors, quantum waveguides,
free-electron theory of conjugated molecules in chemistry, quan-
tum chaos, etc.

Our main contributions: In [B2], we give an explicit description
of the solution of the linear Schrödinger equation with constant
coefficients defined on a tree (bounded, connected graph without
closed paths) and prove dispersive estimates, which in turn are
useful for solving nonlinear Schrödinger equations. We assume
that the tree does not contain vertices of multiplicity two, since
they are irrelevant for our model. The main result is the following
one: The solution of the linear Schrödinger equation on trees is
of the form
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Controllability for Schrödinger equations

We consider the controlled Schrödinger equation:
i 9z � �∆z � V pxqz � uptqQpxqz, x P D, (1)

z|BD � 0, (2)
zp0, xq � z0pxq, (3)

where D � Rd, BD P C8, d ¥ 1, V,Q P C8pD,Rq are given
potentials, u is the control and z is the state.
State of the art: In [PB2, PB3] it is proved that the 1 � d
Schrödinger equation is exactly controllable in finite time in a
neighborhood of any finite linear combination of eigenfunctions
of the Laplacian. In [PB4] it is proved that 1 � d Schrödinger
equation is globally exactly controllable in infinite time.
Our main contributions : In [B8], we prove that (1)-(3) is exactly
controllable in infinite time near any point which is a finite lin-
ear combination of eigenfunctions of the Schrödinger operator,
extending the results of [PB4] to the multidimensional case.

It is well known that the linearized system around the trajectory
e�iλk,V tek,V with u � 0 and z0 � ek,V is not controllable in finite
time (since there is no gap condition for the frequencies ωmk,V �
λm,V � λk,V ).
We find a space H where the nonlinear problem is well posed
and the linearized problem is controllable in infinite time. Ap-
plying the inverse function theorem in the space H, we get the
controllability for (1)-(3). This space H is sufficiently large so
to contain the Sobolev space H3d. Thus, in particular, we prove
the controllability in H3d.
The result is optimal in the sense that the multidimensional
Schrödinger equation (1)-(3) is not exactly controllable in finite
time.

Wave propagation in descrete non-uniform meshes

Objectives: Define the notion of rays of Geometric Optics for
the propagation of high frequency numerical approximations of
the wave equation on non-uniform meshes and analyze their
dynamics.

State of the art: The solution of the constant coefficient
wave equation propagates at constant velocity along straight
characteristic lines reflecting on the boundary according to the
Descartes-Snell law (cf. [PB1]). When the continuous model is
replaced by a finite difference (FD) or by a piecewise linear and
continuous finite element (P1-FE) scheme on an uniform mesh,
the numerical solution still propagates along straight character-
istics, but possibly at arbitrarily small group velocities (cf. [B3]).

Applications: Control, stabilization and inverse problems for
waves.

Figure: Solutions and phase portrait of the FD approximations of the 1 � d
wave equation on the grid gh � tanpπxh{4q

Our main contributions: We consider the FD approximation
on a non-uniform mesh gh obtained by applying a diffeomorphic
transformation g to the uniform one. We define the symbol of the
corresponding discrete Laplacian as ppx, ξq :� 4 sin2pξ{2q{|g1pxq|2,
so that the bicharacteristic rays with respect to the uniform grid
variable x solve the following Hamiltonian system of ODEs:
x1ptq � 	Bξp

?
pqpxptq, ξptqq, ξ1ptq � �Bxp

?
pqpxptq, ξptqq,

xp0q � x0, ξp0q � ξ0. (4)
Set yptq :� gpxptqq and y0 :� gpx0q. In Fig. 1 we represent three
numerical solutions on the interval r�1, 1s, with homogeneous
Dirichlet boundary conditions, corresponding to the initial data
uh,0 � expp�γpxh � x0q2q exppixhξ0{hq with γ � h�0.9, x0 � 0,
ξ0 � π, π{2, π{4 and null initial velocity. From the phase
portrait drawing pyptq, ξptqq on the horizontal/vertical axises, we
observe the following three shapes of concentrated solutions for
the mesh gh � tanpπxh{4q;  one non-propagating wave cor-
responding to ξ0 � π;  waves trapped in the interior of the
domain without getting reflected on the boundary, correspond-
ing to cyclic trajectories on the phase portrait which do not reach
the endpoints y � �1 (e.g. ξ0 � π{2);  waves reflected on the
boundary (e.g. ξ0 � π{4).

Work in progress: For the bilinear FEM approximation of the
2 � d wave equation on the non-uniform mesh ghi � tanpπxhi {4q
(xhi , i � 1, 2, is the uniform mesh of size h in the horizon-
tal/vertical directions), we obtain the cyclic and Lissajous-type
characteristics in Fig. 2. The bicharacteristic rays solve a similar
system to (4), in which Bx and Bξ are replaced by ∇x and ∇ξ and
the symbol of the discrete Laplacian under consideration is

ppx1, x2, ξ1, ξ2q :� 1
|g1px1q|2

6p1 � cospξ1qq
p2 � cospξ1qq

� 1
|g1px2q|2

6p1 � cospξ2qq
p2 � cospξ2qq

.
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Figure: Bicharacteristic rays for the bilinear FE approximation of the wave
equation in 2 � d

Perspectives

1 Development of numerical methods with the right dispersive
and convergence properties for variable coefficient PDEs and
non-uniform meshes.

2 Obtention of well-posedness results for dispersive PDEs as lim-
its of the numerical ones.

3 Generalize the existing estimates on clusters of eigenfunctions
to numerical schemes for equations in bounded domains and
manifolds. Give examples where these estimates fail. Char-
acterize the schemes and or frequency ranges where they are
fulfilled.

4 To build transparent boundary conditions and efficiency anal-
ysis of the method of perfectly matched layers.

5 Find phase portrait-type criteria to identify all the possible
shapes of the 2 � d bicharacteristic rays.

6 Analyze the reflection-transmission on grids interconnected
through interfaces.
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