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Task C: Numerical Analysis of Optimal Design Problems

Continuous Adjoint Approach in Aerodynamic Optimization

In [C1] we formulate the continuous adjoint approach for the
shape optimization of an obstacle immersed in a fluid governed
by the Reynolds-averaged Navier-Stokes equations. We deal with
the Spalart-Allmaras turbulence model, which is widely used
in aerodynamic industry. The distance to the surface is also
incorporated to the model, as a new variable solving the Eikonal
equation: {

|∇u(x)| = F (x) x ∈ Ω
u(x) = 0 x ∈ ∂Ω .

Previous results by other authords focused just on the discrete
adjoint approach. We compare the accuracy on the sensitiv-
ity derivatives obtained with the continuous approach and the
ones obtained with the classical continuous adjoint with frozen
viscosity.

A finite volume method is used for the space discretization in
both direct and adjoint approaches. A time-marching strategy
in pseudotime is used in order to achieve the steady solution of
the system.

Figure: Convergence history of the turbulent and frozen viscosity adjoint meth-
ods (left) and density-adjoint variable fields for drag objective function using
the turbulent and the frozen viscosity adjoint methods (right).

New Challenges on Wave Optimal Control and Observation
In [C8] the optimal observability problem for the homogeneous
1-dimensional wave equation over the set (0, T ) × (0, π) with
Dirichlet conditions is analyzed. The aim of the study is, for a
given L ∈ (0, 1), to maximize the largest observability constant

CT (χω) = inf


∫ T

0
∫
ω y(t, x)2dxdt

‖(y0, y1)‖2
L2(0,π)×H−1(0,π)

:

(y0, y1) ∈ L2(0, π)×H−1(0, π) \ {(0, 0)}

 ,
over all measurables subsets of (0, π) of measure Lπ, where
y(t, x) denotes the solution of the homogeneous wave equation
with initial data (y0, y1).
The main result states that this optimal value is Lπ/2 and it
is attained only for L = 1/2, 0 < L < 1. In this case the
optimal problem has an infinite number of solutions. For L 6=
1/2 a convexified minimization problem is proposed for which
the existence of solutions is proved. The non gap between the
original and the relaxed problem is also proved.

In [C9] similar problems are adressed for the optimal location
of controllers. The minimization of the L2((0, T )× (0, π))-norm
of the HUM control steering the system to the equilibrium with
respect to the support of the control is analyzed. Different phe-
nomena appear depending on the choice of the initial data, re-
sulting on sets ω with a finite or infinite number of connected
sets, like Cantor sets, for instance.

Figure: Diferent optimal sets ω depending on the initial data and the volume
fraction L.

Finite Element Approximation to Optimal Design Problems

In [C2] we consider the Finite Element numerical analysis of the
1 − d problem of optimal mixture of two materials in order to
minimize a given functional, the state equation being−

d
dx

(
(αχω + β(1− χω))dudx

)
= f, in (0, 1) ,

u(0) = u(1) = 0 ,
where α, β > 0 are fixed and f ∈ L1(0, 1).
The problem is to find ω in the class of measurable subsets of
(0, 1) with |ω| ≤ κ, for a fixed κ > 0, so that the unique solution
of the problem uω ∈ H1

0(0, 1) minimizes a given functional of the
form
J (ω) =

∫
ω
F1

(
x, uω,

duω
dx

)
dx +

∫
(0,1)\ω

F2

(
x, uω,

duω
dx

)
.

To solve this we either directly discretize this problem, or a re-
laxed version of it.
The challenge now is to extend these techniques to more complex
problems and, in particular, to the multi-dimensional case.

We have shown that:
•The approximation method consisting in solving a discrete fi-
nite element version of the optimal design problem leads to a
convergent algorithm for approximating the optimal continuous
shape.

•An approach using the discretization of the relaxed problem
yields a better approximation and convergence rate with less
computational cost, even in the case that there exists a solution
to the original problem.

Figure: Optimizers obtained with a genetic algorithm with h = 2r and h =
1/10 (left) and h = 1/100 (right).

Perspectives

In optimal control problems, the cost of control has deterministic
lower and upper bounds 0 < k,K <∞. The upper bound cor-
responds to the worst-case scenario. It makes sense to consider
random random data to be controlled and to wonder about the
value of the probability that the cost of control is lower thatn c
for any k < c < K. Our aims in this context are:
1 Characterize the cost of control as a random variable using
existing results in probability theory (see [PC3]).

2 Study the dependence of that variable with respect to the pa-
rameters of the random data (mean, standard deviation, etc.).

Another open problem in the context of uncertain switching con-
trol (see [C4] and [C10]), is to develop control strategies for sys-
tems in which parameters switch randomly through time.

The following problems in optimal design of PDEs will be ad-
dressed:
1 To design projected conjugate gradient algorithms (see [PC1])
inspired in [PC2] for the bi-grid adaptive filtering of the wave
equation.

2 Optimal design problems for scalar elliptic equations with co-
efficients mixing two types of materials in several space dimen-
sions.

3 Optimal design problems related with elastic waves, wave-
guides and quantum dots.

4 Optimal damping for wave equations.
5 Analysis of the convergence of numerical approximation of op-
timal sets for the observation and control of wave equations.
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