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Task D: Numerical methods for flow control in the presence of shocks

Unsteady mixed flows in non uniform closed water pipes: a Full Kinetic Approach.

Objectives: Our aim is to develop efficient numerical approxima-
tion schemes for the modeling of unsteady mixed flows in closed
water pipes. The model under consideration is the so-calledPFS
(Pressurized and Free Surface, see [D2]) :$''''''''&
''''''''%
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whereA is the equivalent wet area,Q the discharge and z � Zpxq
is the altitude of the main pipe axis. The terms Pr, G and K
denote respectively the pressure source term, a curvature term
and the friction.

Our main contributions: In [D3], we provide an efficient numer-
ical kinetic scheme, the so-called FKA, for “Full Kinetic Ap-
proach”. It allows to deal with multiple transition points when
the changes of state between free surface and pressurized flow
occur. We introduce two approaches, namely, the “ghost waves
approach” and the “Full Kinetic Approach” to treat these tran-
sition points. We show that this kinetic numerical scheme has
the following properties: it conserves the wet area, under a CFL
condition it preserves the wet area positive, it treats “naturally”
the drying and flooding area and it preserves every stationary
flow.

(a) Wiggert’s test
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Figure: Numerical experiment versus laboratory experiment : Wiggert’s test

Optimization of BBM equation with moving bottom

Objectives: Our aim is to design a optimal wave maker on a sim-
plified 1�dmodel. The waves are generated by a moving obstacle
under the water. We consider the generalized Benjamin–Bona–
Mahony (BBM) equation with moving bottom
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where ηpx, tq is the free-surface elevation, ξpx, tq � h0 � ξ0px �

x0ptqq is the topography of a moving body at depth h0; x0 is
the trajectory of the bottom, and ξ0 is the shape of the moving
bottom.
Our main contributions: In [D4], we are interested in finding
the shape of the bottom and the trajectory that generates the
highest wave at given time T ¡ 0 in some interval rA,Bs. For
we minimize the functional
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pηpx, T q � η1pxqq

2dx,

where η1 is a given final state of free surface with the desired con-
figuration. Several constraints are imposed on the bottom form
and on the energy needed to generate the waves. In particular,
we impose that

sup |ξ0|
»

9x2
0ptqdt  M for all t.

This condition guarantees that the available energy is limited.
The height and form of the generated wave is very sensitive to the
bottom one. Numerical experiments are performed combining
finite-difference schemes and optimization algorithms.
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Figure: Numerical experiment on optimization of the 1 � d wave maker

Local exact controllability for 1-d compressible Navier-Stokes equations

Objectives: Despite the extensive literature on the control of
flows, up to now there was no result on the controllability of
viscous compressible fluids. The boundary controllability of the
compressible Navier-Stokes equations is a particularly relevant
problem in this area:
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up0q � u0, ρp0q � ρ0 in Ω,
ppρq � Cργ.

Here ρ is the density; u the velocity; ppρq is the pressure, assumed
to satisfy p1pρq ¡ 0, typically ppρq � Cργ, C ¡ 0, γ ¥ 1 and
ν ¡ 0 is the constant viscosity .
The problem can be formulated as follows: can we find a solution
of this system (the boundary conditions are not prescribed and
play the role of controls) such that at time T we have

pupT q, ρpT qq � pū, ρ̄q

where (for example) ū and ρ̄ are constants? In dimension N ¥ 2
the problem is open.

Our main contributions: In [D6], we show that for any pρ̄, ūq P
R�

� � R� and T ¡ L{|ū| there exists ε ¡ 0 such that for all
pρ0, u0q P H3p0, Lq2 satisfying

||pρ0, u0q � pρ̄, ūq||pH3q2 ¤ ε,

there exists a controlled trajectory pρ, uq

ρ P H1pp0, T q � p0, Lqq
u P H1pp0, T q;L2p0, Lqq X L2pp0, T q;H2p0, Lqq

satisfying
pρpT q, upT qq � pρ̄, ūq.

The method of proof needs ū � 0 and the result requires the
control time to be large enough: T ¡ L{|ū|. As the velocity u
remains close to ū, due to the hyperbolic character of the density
equation, this condition guarantees that density waves travel at
velocity u and cover the whole space-time domain. Furthermore,
it can be shown that the linearized problem around pρ̄, 0q is not
controllable. In that case, it can be shown that there exist density
waves which are essentially not moving. This does not prove
that the nonlinear problem is not controllable near ū � 0. But
such a result would need the use of other methods, of genuinely
nonlinear nature.

Sensitivity analysis of 1 � d steady forced
scalar conservation laws

Objectives:
We consider a simplified model problem based on the 1�d scalar
steady driven conservation law#

Bxf pvpxqq � vpxq � gpxq, x P R,
lim

xÑ�8
vpxq � 0. (1)

Our main goal is to perform a rigorous sensitivity analysis of
solutions v of the steady problem with respect to perturbations
of the forcing term g.
Our main contributions: Let vε � v � εpδvqε P L

1 X L8pRq be
the solution of the perturbed problem with forcing gε � g � εδg,
where v P L1 X L8pRq is the unique solution of (1).
Then

pδvqε Ñ δv weakly-* in MpRq as ε Ñ 0,
where pδvq is the unique duality solution of the linear problem
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Moreover, the sensitivity of the shock location with respect to
variations of the forcing term may be characterized as follows:
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where ϕ and ϕε stand for the shock location of the reference
solution v and the perturbed one vε � v � εδvε.
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Figure: Multiple steady shocks

Perspectives
1 Effect of singularities of solutions of models in fluid mechanics
on the efficiency of optimization algorithms.

2 Extension of the alternated descent method for general hyper-
bolic systems in 1-D (well-posedness of the adjoint problem
with corresponding inner Dirichlet boundary conditions, re-
gion of influence of shocks, optimal way of implementing the
method).

3 Extension of the method to multidimensional scalar equations
and systems.

4 Numerical and computational version of the analysis (image
processing techniques to identify location of singularities, de-
velopment of numerical schemes, simulation of gradient flows
on surfaces).

5 Possible use for viscous systems.
6 Controllability properties of systems describing propagation of
the sonic boom from the aircraft to the ground level, which is
known as the Augmented Burgers equation.
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