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Task E: Numerical Versions of Qualitative PDE theory

Domain Decomposition Methods and Decay Estimates for Kinetic Models

•Domain decomposition methods for the Kol-
mogorov Equation: We design a Domain Decomposition
Method for the Kolmogorov Equation, prove its convergence.
We analyse the existence and uniqueness of solutions to the
Kolmogorov Equation with different boundary conditions.

•Long Time Behavior of some Kinetic Models: L.
Desvillettes and F. Salvarani [PE3] considered the Goldstein-
Taylor model and some related equations$&

%
Bu
Bt �

Bu
Bx � σpxqpv � uq,

Bv
Bt �

Bv
Bx � σpxqpu � vq.

They proved that when σ is greater than a positive polynomial
and belongs to H2, one can prove that the solutions decay poly-
nomially as t tends to infinity towards the equilibrium points.

We consider the following undamped system:$&
%

Bϕ
Bt �

Bϕ
Bx � 0,

Bφ
Bt �

Bφ
Bx � 0,

with the initial condition
ϕp0, xq � ϕ0pxq, φp0, xq � φ0pxq.

and prove inequalities of the form» T1

0

»
T
σpϕ � φq2dxdt ¥ C

»
T
rpϕ � ϕ8q

2 � pφ � φ8q
2sdx. (1)

We show that p1q is equivalent to the exponential decay property
of the Goldstein-Taylor model and improve previous results on
polynomial decay rates. We also extend this result to the case
of the linearized Boltzmann equation.

Regularity of the HUM-control with respect to the final time

Our aim is to establish some regularity results for the control
with respect to the time horizon for abstract controlled systems.
The motivation of this study is the time optimal control problem.
Let us consider a time reversible abstract controlled system:

y1 � Ay �Bu, on p0,8q; yp0q � y0, (2)
where A is the generator of a strongly continuous group on a
Hilbert space X . We will assume that the problem is null con-
trollable for some T �. Under suitable regularity conditions of
the control operator B, we prove the C1 regularity of the map
T ÞÑ vT where vT is the HUM-control for final time T and initial
datum y0. Using a weighted in time HUM-control, as in [E3].

The following pictures show the evolution of the norm of the
control with respect to the final time for the 1D-wave equation
controlled by one side and its first and second derivatives (from
top to bottom). In such case, the control operator does not
satisfy the conditions on B and the C1 regularity on the non-
weighted control fails (in red) but the time weighted method still
applies and we obtain more regularity on the weighted control
T ÞÑ }ṽT }L2 (in blue).
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Schrödinger equations on graphs

We analyze quantitative properties of discrete Strodinger equa-
tions on graphs.
The discrete Laplacian of a graph is given by:

p∆duqpvq �
¸

wPEv

pupwq � upvqq, (3)

where the above sum is taken over all the neighbors w of the
vertex v.

Figure : A tree consisting in two vertices, one finite and four infinite edges

We consider the system$'''&
'''%

iutpt,vq � ∆dupt,vq � 0, t � 0, v P V, degpvq � 2,
∆upt,vq � 0, t � 0, v P V, degpvq ¥ 3,
up0,vq � u0pvq, v P V, degpvq � 2.

(4)

This model corresponds to a system of discrete linear Schrödinger
equations on each edge of the tree, coupled at the vertices of the
network by a discrete Kirchhoff’s-type coupling law.
We proved the following dispersive estimates under natural as-
sumptions of coupling at the blue point connecting infinite edges:
There exists C ¡ 0 such that

}uptq}l8pΓq ¤
C

p1 � |t|q1{3
}u0}l1pΓq.

holds for all initial data u0 P l
1pΓq.

As a consequence, we prove that: For every u0 P l2pΓq, the
solution u of system (4) satisfies

}u}LqpR,lrpΓqq ¤ Cq,r}u0}l2pΓq

for any pair pq, rq satisfying
1
q
¤

1
3
p
1
2
� rq.

More general discrete Schrödinger equations will be further ana-
lyzed including dynamic coupling conditions at the blue vertices,
etc...

Asymptotic Behavior of the Solution the Augmented Burgers equation

One of the main research interests in aeronautics is related to
the production of civil supersonic aircrafts. A big issue in this
topic is the creation of sonic booms, which arise when a plane
flies above the speed of sound. Related to this phenomenon,
we are studying a simplified version of the Augmented Burgers
equation, which describes the propagation of the sonic boom
from the aircraft to the ground level.

The corresponding model is as follows:$&
%
ut � uux � uxx � ux �K � u � u, px, tq P R � p0,8q
upx, 0q � u0pxq, x P R

(5)

where the kernel K is defined as Kpzq :� χp0,8qpzqe
�z. We have

proved the existence and uniqueness of solutions, as well as time
decay estimates for the Lp norms.

Perspective

1 Characterization of discrete versions of the hypoellipticity property of numerical schemes.
2 Determe the optimal location of controllers for 1 � d wave equations with varying coefficients (a general Sturm-Liouville problem)
both in the context of smooth and low regularity coefficients. We will consider the same problem in several space dimensions. We
will address the same problem for heat equation and other parabolic systems.

3 Analyze various models involving nonlocal dissipative effects of the type:
ut � J � u � u � f puqx.

They are related to the propagation of the sonic boom on supersonic flows and peridynamics.
4 Extension to L8 context: Usually, time optimal control problems deal with L8 in time controls (bang-bang controls), but here our
study deals with L2 in time controls. Extension to time irreversible problems.
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