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MOTIVATION AND OBJECTIVES

Multiphysics Logging Measurements

OBJECTIVES: To determine payzones ( porosity ), amount of
oil/gas ( saturation ), and ability to extract oil/gas
(permeability ).
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MOTIVATION AND OBJECTIVES

Main Objective: To Solve a Multiphysics Inverse Problem

Given multi-frequency electromagnetic, acoustic, and nuclear
measurements, the objective is to determine porosity, saturation, and
permeability distributions in the reservoir.
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MOTIVATION AND MAIN IDEA FOR THE INVERSION

1D Inversion (2D Forward) Example with 7 Parameters

Initial Inverse Solution Exact Inverse Solution

LOgl()(O') =0

Logio(o) = —2

15 Forward measurements and 7 unknowns (conductivities) for 1D | ayers
with different thicknesses. 2 MHz. 20 m x 40 m domain.
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MOTIVATION AND MAIN IDEA FOR THE INVERSION

1D Inversion (2D Forward) Example with 7 Parameters

Inverse Solution (1 Iter) Exact Inverse Solution

LOgl()(O') =0

0.28 S/m

0.27 S/m

Loglo(a) = —2

No regularization. No a priori information. Overdetermined pr oblem.
Inversion solution at the first iteration.
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MOTIVATION AND MAIN IDEA FOR THE INVERSION

1D Inversion (2D Forward) Example with 7 Parameters

Inverse Solution (2 Iter) Exact Inverse Solution

LOgl()(O') =0

Loglo(a) = —2

No regularization. No a priori information. Overdetermined pr oblem.
Inversion solution at the second iteration.
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MOTIVATION AND MAIN IDEA FOR THE INVERSION

1D Inversion (2D Forward) Example with 7 Parameters

Inverse Solution (3 Iter) Exact Inverse Solution

LOgl()(O') =0

Loglo(a) = —2

No regularization. No a priori information. Overdetermined pr oblem.
Inversion solution at the third iteration.
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MOTIVATION AND MAIN IDEA FOR THE INVERSION

1D Inversion (2D Forward) Example with 7 Parameters

Inverse Solution (4 Iter) Exact Inverse Solution

LOgl()(O') =0

Loglo(a) = —2

No regularization. No a priori information. Overdetermined pr oblem.
Inversion solution at the fourth iteration.
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MOTIVATION AND MAIN IDEA FOR THE INVERSION

1D Inversion (2D Forward) Example with 7 Parameters

Inverse Solution (5 Iter) Exact Inverse Solution

LOgl()(O') =0

Loglo(a) = —2

No regularization. No a priori information. Overdetermined pr oblem.
Inversion solution at the fifth iteration.
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MOTIVATION AND MAIN IDEA FOR THE INVERSION

1D Inversion (2D Forward) Example with 27 Parameters

Inverse Solution (10 lIter) Exact Inverse Solution

. LOQlO(J) |
| L0g10(0') = —2

No regularization. As we increase the number of unknowns of the | nverse
problem, it becomes singular and unstable.
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MOTIVATION AND MAIN IDEA FOR THE INVERSION

1D Inversion (2D Forward) Example with 27 Parameters

Inverse Solution (10 Iter) Exact Inverse Solution

Logio(o) =0

L0g10(0') = —2

With adjusted regularization. Assumed background conductivity : 0.1 S/m.
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MOTIVATION AND MAIN IDEA FOR THE INVERSION

1D Inversion (2D Forward) Example with 27 Parameters

Inverse Solution (10 Iter) Exact Inverse Solution
Logio(o) =0

0.197 S/m

L0g10(0') = —2

__________________________________________

With adjusted regularization. Assumed background conductivity 0.2 S/m.
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MOTIVATION AND MAIN IDEA FOR THE INVERSION
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Conductivities of borehole and
logging instrument are known
a priori.

The conductivities of the
formation are the unknowns
(parameter or model space ) of
the inverse problem.

Grids for the inverse problem
are different from grids for the
forward problems.

We employ h-adaptive inverse
grids and hp-adaptive forward
grids.
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MOTIVATION AND MAIN IDEA FOR THE INVERSION

Progressive (Gauss-Seidel Type) Inversion

High Frequencies Medium Frequencies Low Frequencies

,,,,,,,,,,,,,,

EN \ I B o g/\
O\ y Oy
—AMN N &) —AMN
|
x
LL
e . £
o =) o
8 Wl N T 8
— ; 8 —
N / - . = N

Measurements are classified according to the support of their
sensitivity functions
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MOTIVATION AND MAIN IDEA FOR THE INVERSION

1D Inversion (2D Forward) Example with 27 Parameters
Inverse Solution (10 Iter) Exact Inverse Solution
. . )
| Loglo(a') = —2
No regularization. Two-step 1D inversions. Miss-fit due to lack of
agreement with sensitivity functions.
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MOTIVATION AND MAIN IDEA FOR THE INVERSION

5 ozboz7 2Dhps0: A Fully automatic hp-adaptive Finite Element code

-2.851852
" -1.300000

13.07037

Sensitivity Function: One TX, one RX
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MOTIVATION AND MAIN IDEA FOR THE INVERSION

4048148 2DhpS0: A Fully automatic hp-adaptive Finite Element code

-2.940741
"~ |-1.848148 12.52222

Sensitivity Function: One TX, three RXs
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MOTIVATION AND MAIN IDEA FOR THE INVERSION

5 20k704 2Dhp20: A Fully automatic hp-adaptive Finite Element code

-2.,58/5185
- |-1.805579

1276473

Sensitivity Function: Dual Laterolog (LLd — deep-sensing mode —)
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MOTIVATION AND MAIN IDEA FOR THE INVERSION

5 170271 2Dhp20: A Fully automatic hp-adaptive Finite Element code

-2 T1gs1E
T -1.3623875 12.206850

Sensitivity Function: Dual Laterolog (LLs — shallow-sensing mode —)
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MOTIVATION AND MAIN IDEA FOR THE INVERSION

2Dhp30: A Fully automatic hp-adaptive Finite Element code

Different logging instruments pr(jvide different sensitivity func tions
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MOTIVATION AND MAIN IDEA FOR THE INVERSION

1D Inversion (2D Forward) Example with 27 Parameters
Inverse Solution (10 lIter) Exact Inverse Solution
. . )
| Logio(o) = —2
No regularization. Inversion with a subset of the 27 inverse par ameters
selected based on the sensitivity functions.
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METHOD FOR THE FORWARD PROBLEM

A Self-Adaptive Goal-Oriented hp-FEM
Optimal 2D Grid

We vary locally the element size
h and the polynomial order of
approximation p throughout the
grid.

Optimal grids are automatically
generated by the computer.

The self-adaptive goal-oriented
hp-FEM provides exponential
convergence rates in terms of
the CPU time vs. the error in
a user prescribed quantity of
interest.
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FORMULATION OF THE EM FORWARD PROBLEM

Variational Formulation (DC)

Notation:
B(u,v;0) =< Vv,o0Vu >3 (bilinear in w and v)
Fi(v) =<, fi >p20) + < v,9i >12000) (linearin v)
Li(u) =< li,u >p2) + < hj,u >p2090) (linear in )

Direct Problem (homogeneous Dirichlet BC’s):

Find 4; In V such that:
B(u;,v;0) = Fy(v) Yv eV

Dual (Adjoint) Problem:

Find ¢; in V such that:
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FORMULATION OF THE EM FORWARD PROBLEM

Variational Formulation (AC)

Notation:
B(E, F; 0‘) =< V)(]_'_“7 [,L_1VXE >L2(Q) — << F, (w2€ — ](.UO')E >L2(Q)

FZ(F) p— —]UJ < F, szp >L2(Q) —I—]w < F, JzSTZ:p >L2(89)
L adj adj
Li(E) =< J;",E >p2) + < Jgir»E >r2000)

Direct Problem (homogeneous Dirichlet BC’s):

Find E; in W such that:
B(E;,F;0) = F;(F) YVFe W

Dual (Adjoint) Problem:
Find F; in W such that:
B(E,F;;0) = Li(E) VEEeW
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FORMULATION OF THE INVERSE PROBLEM

Constrained Nonlinear Optimization Problem

Cost Functional:

Find o > 0 such that it minimizes Cj(o), where:
Cs(0) = [|[Wm(L(dc) — M)}, + Bl R(c — a0)llz, ,

where

M, denotes the ¢-th measurement , M = (M, ..., M},)
L; is the ¢-th quantity of interest ,L = (L4,..., L)

IMIE =Y M? 5 (IR — o)l = [(R(e - o0)?

3 i1s the relaxation parameter, o IS given, W,, are weights

Main objective (inversion problem): Find 6 = min Cs(0o)
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METHOD FOR THE INVERSE PROBLEM

Solving a Constrained Nonlinear Optimization Problem

We select the following deterministic iterative method:

o) — M) | o)
e How to find a search direction §o (™ ?

— We will employ a change of coordinates and a truncated Taylor’s
series expansion.

e How to determine the step size a(™?

— Either with a fixed size or using an approximation for computing
L(c™ + a™§a™),

e How to guarantee that the nonlinear constraints will be
satisfied?

— Imposing the Karush-Kuhn-Tucker (KKT) conditions or with a
penalization method, or via a change of variables.
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METHOD FOR THE INVERSE PROBLEM

Search Direction Method

Change of coordinates:

h(s) = => Goal: Find § = min C
() =0 => = min 8(s)

Taylor’s series expansion:

A) Cs(s + 0s) = Cp(s) + sV Cs(s) + 0.56s*Hc,(s)
B) L(s+ 6ds) = L(s) + 6sVL(s), R(s+ ds) = R(s) + 6sVR(s)

Expansion A) leads to the Newton-Raphson method.
Expansion B) leads to the Gauss-Newton method.

Expansion A) with  H¢, = I leads to the steepest descent
method.

Higher-order expansions require from higher-order deriva tives.
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METHOD (COMPUTATION OF JACOBIAN)

Computation of Jacobian Matrix

Using the Fr échet Derivative:

8Lz(’ﬁ,z) 8’&Z R R 3’6@ A 8h(8)
= B —, V;, h(S) +B Uiy — h(S) +B Wiy Viy —
883' 883' BSj 8Sj
|
8Sj 883’
|
8’67; - a'ﬁz
F; ( ) = B (ui, —, h(s)
88]' BSj

Therefore, we conclude:

. . OL;(1;) . . Oh(s)
Jacobian Matrix = = —B | 4, 0, ——

BSj Sj
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METHOD (COMPUTATION OF JACOBIAN)

1 52h481 2DhpS0: A Fully automatic hp-adaptive Finite Element code

-2 TERA63
-1.081481 5.103703

Jacobian Function: One TX, one RX
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METHOD (COMPUTATION OF JACOBIAN)

2 20k208 2Dhp90: A Fully automatic hp-adaptive Finite Element code
-2.1431438 -
-1.140741 £.044445

Jacobian Function: One TX, two RXs
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METHOD (COMPUTATION OF JACOBIAN)

> 01hg1s 2Dhp20: A Fully automatic hp-adaptive Finite Element code

-242P630
-1. 125926 £.059259

Jacobian Function: One TX, three RXs
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METHOD (COMPUTATION OF HESSIAN)

Computation of Hessian Matrix

Following a similar argument as for the Jacobian matrix, we
obtain:

L) _ (afai N 8h(s)> 5 (u 8v; 8h(s)> 5 ( ) 82h(s))

38j88k 8Sj Vi 8Sk " 883', 8sk > Vi stask
ou; 0v;
How do we compute —— and ?
8Sj BSJ'
ou; ou; oh
Find g such that: B ( “ ,vi,h(s)> — —B (ﬁi,vi, ﬂ) Yv;
88j 0 j 38j

. 8’&5 8’57; R 8h(s)
Find — suchthat: B | —,u;,h(s) | = —B | ¥;, uj, —— Yu;
8Sj 88j 883'

We can compute the Hessian matrix EXACTLY by just solving our
original problem for different right-hand-sides, and perf orming
additional integrations.
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METHOD (COMPUTATION OF HESSIAN)

1 725028 2DhpS0: A Fully automatic hp-adaptive Finite Element code

-2 71p518
"~ lo.4962083 £.688889

Hessian Function: One TX, one RX
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METHOD (COMPUTATION OF HESSIAN)

2210111 2Dhp20: A Fully automatic hp-adaptive Finite Element code

-2 1ER33E
-1. 466657 5718519

Hessian Function: One TX, two RXs
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METHOD (COMPUTATION OF HESSIAN)

2 27hz70 2Dhp%d: A Fully automatic hp-adaptive Finite Elament code

-2.074074.
-1.592593 5.592593

Hessian Function: One TX, three RXs
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METHOD (IMPLEMENTATION)

Main Implementation Features of the Inverse Library

e It consists of an additional independent module within the
hp-Finite Element framework.

e It inherits all properties of the  hAp-Finite Element framework:
parallel implementation, efficient forward solver, possibil ity
of considering different logging instruments, frequencies ,
and/or physics, etc.

e It Incorporates various inversion algorithms: Gauss-Newto n,
Newton-Raphson, arbitrary change of coordinates.

e The inverse grid is a subset of the forward grids.

e It enables the possibility of selecting during run-time the
Inverse elements and measurements that are going to
participate in each step of the inversion procedure.
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CONCLUSIONS AND FUTURE WORK

Conclusions

e \We propose to solve a joint multi-physics inverse problem
based on solving several small “well-posed” problems, as
opposed to one large “ill-posed” problem.

e \WWe have finished with the implementation of phase | of a
library that enables solution of inverse problems based on
the above idea. Jacobian and Hessian matrix can be
efficiently computed.

Future Work
e Expand the library to deal with real-life inverse problems.
e Perform additional numerical experimentation.

e Incorporate multi-physics measurements.
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