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Summary

e Uncertainty Principle (Heisenberg).

e Examples: Schrodinger stationary equation (Heisenberg,
Coulomb, Hardy).

e Dirac Equation (Pauli, Dirac, Hardy).

e Fourier Transform (Heisenberg, Paley—Wiener, Hardy, Mor-
gan).

e A “dynamic” uncertainty principle: Schrodinger evolution
equation and wave packets.



Uncertainty Principle

S symmetric Sff) = (f5])

A skewsymmetric (Af, f) = —{(f, Af)

(S+ A, (S+A)=(Sf.S5F)+ (Af, Af) + ((SA—AS) [, f)

Hence

((AS = SAVF. f) < ISFIIZ2 + [ AS 172



A — +£2A ; S — -8

((AS = SA)f, £)| < 2(1SfllezllAf |2

A= A—(Af, Y1 ; S—=S—(Sf, )1



Examples
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d d
AS—SA:%:U—x@—]l.

112> < 20 f |lz2ll2f |22
(S+Af=0 < f(z)=ce*/?

(S—A(S+Af=—f"+2°f—f=0 Harmonic Oscillator
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(/ (d2‘x‘22 mz) ( /\Vf\ ) Hardy’s Inequality
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Dirac Equation

Angular momentum:

L=xANiV; L= (Li,Ls,L3), xR
CR: [Ly; Lo = —iLs;  [(Laf, f)| < 2| Lafl [[L2f]] -

Pauli matrices:

. _ —t __
o= (01,02,03); 0jox+o0xo; =205, O =o0.

CR: [01;00] = —2ios;  [(osf, f)| < |lovfl lo2f]-

((o1L1 4+ 02L2) f, (01L1 + 02L2) f)
< ||<71LlfH2 T ||<72L2fH2 + ((09Loo1 Ly + 01L109L3) f, f)
(o3Lsf, f) < |or Ly fI* + loaLaf])?

As a consequence:

|+ - L)fl = [If]]



(with J. Dolbeault, M. Esteban, M. Loss)

dx
/WW < /|:c| o Vo|? da

d : 2
/WP% < /RB (0 Vﬁ\ + ¢2> dx (M. Esteban, E. Sere)

Ground State Hydrogen Atom
H=a iV+mb—+ %

m =1 A =vV1—0? v e (0,1)



(with N. Arrizabalaga and J. Duoandikoetxea)

Theorem 1— H = «-iV + V1 with |V(z)| < ‘U—‘, v < 1 and
x
D(H) = {¢ € L? st. Hy € LQ} is self—adjoint.

3
e Rellich, Schmincke: If v > > then H is not essentially
self-adjoint in C§° (R3 \ {0}).

e Schmincke, Wust, Nenciu:  d! self-adjoint extension such

/ w\ﬁ < / (- iV +i1) 2 |z|da

The constant is sharp.

10



Uncertainty Principle (Fourier Transform)

Define for £ € R"

F(€) = ! e (1) dx
€)= Gy [, e f@)a

AN

o Vf()=—itf(£)

o [fllz2 =1Fllz>

e Heisenberg

1£172 < 2l fllz21€F] 22
Identity holds iftf f = ce=% /2,

11



Hardy's uncertainty principle (Cowling, Price)

Define for £ € R"

Assume that

Then
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Morgan and Paley-Wiener

If )
/|f|26_’x’ dr < +00
/\ﬂ26_|€|p dé < 400
1 1
l<p<oo — + — = 1
p P
then u = 0.

Paley—Wiener

If / |f(x)]e®ldz < 400, €> 0,

then f can not have compact support.
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About the proofs in the constant coefficient case (key words):

» Uncertainty principle:

e Positive Commutators.

» Hardy’s theorem:

e Analyticity, Cauchy—Riemann equations,
Log convexity.

e Liouville’s theorem.
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Log-Convexity (a dynamic uncertainty principle)

S an A as before

O = (S + A)v
H(t) = (v, v)

H(t) = (v,0) + (v,0)
= (54 A)p,0) + (v, (A+ 5
= 2(Sv,v).

H(t) = 2(Sve, v) + 2(Sv, vy)
= 2((S+ A)v, Sv) +2(Sv, (S + A)v)
= 4(Sv, Sv) + 2((SA — AS)v,v)

15



1

(0, v)
> 2((SA—AS)v,v)

(v, v) — 4(Sv,v)* + 2((SA — AS)v,v)}

Hence if 2((SA — AS)v,v) > 0 then

>
H{(t) <

H(0)' " H(1)"
More generally if

2<(SA — AS)v, v> > P(t){(v,v),
then

H(t)e "W < H(0)' " H(1)",
with
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Plane waves
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Free Schrodinger Equation

ou = 1Au reR" teR
r -

1 7:|f’3_’y|2
u(z,t) = e . ¢ " uo(y)dy
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Hence |2 y|2

Hardy’s uncertainty principle:
aff < 4T then u=0

Time/Energy uncertainty principle (Wave Packets)

_ =2
u(x,t) = (t—|—7j)”/26 2(t+7)
2 _ 1 _2(|t€|j1)

| | o (t2_|_1)n/2€

o up(z,t) = u(Rz, R%t) is also a solution.

o ulo(x,t) = u(a:, t— to) is also a solution.
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Schrodinger Equation with a Potential

u = u(x,t)

Oru = i(A + V)u r e R"”

2 \
|2 u(0) € L?
| |2

o e82u(T) e L? r = u=0

8

® c

Q

8

e «f small enough |
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With C. E. Kenig, L. Escauriaza and G. Ponce

Theorem 2.—u € C ([0,T] : L*(R™)) solution of

Oru = (A + V)u reR" te][0,T].

2
Bk El

u(0)e «7 € L7 ; u(T)e 7> € L,
and a8 < 47", then u = 0.

Hypothesis on the potential:

H1 V = Vy(x) + perturbation with a gaussian decay
Vo real and bounded

H1* V =V(x,t)
T
lim sup |V|dt =0
R— o0 0 |£IZ|ZR
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Theorem 3.-There exists a non-trivial u € C (R : L*(R™)) solu-

tion of
ou =i(A+V)u reR" teR,

with V =V (x,t) € C and |V (z,t)| < 1+| 17572 such that
lo|? 2 212 2
u(0)e =2 € L ; u(l)e 82 € L*,

and a?3? = 4.
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A Particular Example

O:u = 1A
|2
e 2 Uu="7
H(t) = [[o(t)[|7> = (v(t),v(t))
v = (elm2|2 iAe_|m2|2) v

= i) ;(x; —0;)(z; — 9j)v
= i(Jz[*-22-V-14+A)v

(C-R)
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ov=(S+Av ; Sv=—i2x-V+1v ; Av=1i(A+|z|?)
SA— AS = —4A + 4|x]?
(SA— ASv,v) = 4(||Vu|? + |zv]|?) > 4(v, v).

Hence
(lgH(t)) =8

and

H(t) < H(0)'"H(1)"
e Therefore u has a gaussian decay for 0 <t < 1!!!

tA

Remark.— If ug has gaussian decay then e**“uy does not necessar-

ily have it for ¢ > 0 (uo = (sigm)e_|$|2) .
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MUCHAS GRACIAS POR
SU ATENCION



Theorem 5.—

H(t) = /n |u(:1:,t)|26&(t)|‘%|2 dx < C(H(0) + H(1)).

with 5
t) = f R >0,
a(t) 11+ (= 1/2)?) or some
d
- a(()) — f — 1”
4+ Ry F=1

Above R is the smallest R such that ﬁ = L.
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Misleading algebraic manipulations

Define

H(t) = <ea<t>%u,u> te|—1,1]

Then H is (formally) 1/a—log convex if a solves

3 42
(%) d—§a—+32a3:().
a

If a(x) solves (%) then ar(x) = Ra(Rx) is also a solution. This
easily leads to a contradiction!!!
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Further results

e Morgan’s theorem (Bonami, Demange, Jaming).

e Blow up profiles for non—linear dispersive equations
(Meshkov counterexample).

e Sharp version of Hardy’s theorem (joint work with
M. Cowling).

e Paley—Wiener theorem.

29



Non-Linear Schrodinger Equation

Theorem 4.— uy,us € C ([0,7] : H*(R™)) strong solutions of
Oru =1 (Au+ F(u,u)) reR" te]|0,T]

k> g . F regular ;  F(0) = 8,F(0) = 83F(0) = 0.

Assume

Then u; = us.
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