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Summary
Oyu = i(02u + |ul*u) (NLS)
e “Theorem” (V. Banica, R. Luca, N. Tzvetkov, LV)

(i) If

e~ 1 yu(z,1) is 4r—periodic in HO" (2T)
then u(x,t) “blows up” at t = 0.

(ii) If
i€ U(€, 1) is 2m—periodic in HO" (T)
then u(x,t) “blows up” at t = 0.

Nevertheless, u can be continued for ¢ < 0 as a “geometric”
solution.



Two (universal?) examples:

- | T 2 .
(i) Ea(a},t) = ﬁez%euaﬁlgt
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e ¢ "1 Fy(x,1)=ua

e Observe that AE,(\z, \2%t) = eilal* 182 g

o 1&8 e~ilal’letp (1 ¢) = ad (Kenig — Ponce — V)



e Ozawa’s (long range) scattering result

- If feS(R) (small) then

\%eii—ff (%) ()8t | Rz 1)

solves NLS with R(z,t) - 0 when t — oo.

= Take fa(&) = f(A), the corresponding solution con-
verges at least formally to E, with a = [ f(x)dx

when A | 0.

= The ode P .
—u(&,t) = ZJolo

gives the leading profile.
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(Banica — Bravin — V)
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0<t<1

Rj (t) — 0

it t—0



rm =4k €Z : 2k/m} m=2(j1—Jj2)(j —j1) Fr(m)=cardr(m)

Hence the “Theorem” is a result that interpolates example (i) and
example (ii)
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Theorem For initial data

uo(z) = €% f(x),

at time ¢ = 1, with f a periodic function in H%(0,47) and s € (0, 5) there exists a
unique solution of the 1D cubic NLS equation that blows up in finite time in the
following sense: the solution belongs for t € (0, 1] to the functional framework

w(t, &) = eitSQf&(t, £) is 2m-periodic,

w € C((0,1]; H5(T)), and falls out of this framework at ¢ = 0. More precisely, if
A;(t) are the Fourier coefficients of w(t), then

sup |[{A;(t)}jezllizs < CUf s 0,47))5

t€(0,1]

and there exists a sequence {a;};ez € 1** such that

Ay (t) — T2V 2 0.0 18 0| < O fll 12 0,0m)) . Vi € Z,t € (0,1).

Finally the solution can be written as

e(m;ﬁj)z 1 =2 (a1
u(t,x):ZA](t)T:—te t v ;,z .




Hence the “Theorem” is a result that interpolates example (i) and
example (ii)
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a2
e 'a u(g;’ 1) — ZA(l)ezjg-HT

e a; €l? p < +4oo at least assuming smallness. (Bravin — V)



Observe that for solutions of the free Schrodinger equation
Uy + Ugy = 0,

it is immediate to see that if e @(1,¢) is 2m—periodic then €€ (¢, ¢) is also
2m—periodic, for every t € R. In fact

eite” u(t, &) = up(& Zake

It is not so obvious that the periodicity of

w(t, €) == e h(t, €),

holds, at least formally, for solutions of the nonlinear problem. However let us
notice that the equation for w is:

1

wy(n, 1) = =

36—it772/6it(51 £2+(77 §1+§2 (51’ )w(€27t)w(77_£1 —|’£2,t) dfldfg

The phase can be factorized as (1 —&2)(£1 —n), so it is invariant under translations.
Thus the equation of w is compatible with periodicity; the solutions we construct
are in this framework.



Functional Setting

Symmetries (xg,to, o, \)
e Translations (xg,%o) tg — efto€’
e {: Galilean Invariance

e )\: scaling

We look for a functional setting that remains invariant under

(3307507)\)'

In particular “£,” implies that translations in Fourier space should
be harmless.



Previous Results

e Sobolev spaces:

s > (0 Cazenave — Weisler, Ginibre — Velo,
Tsutsumi, Bourgain.

s <0 Il posedness: Kenig — Ponce — V, Christ—
Coliander — Tao, Carles — Kappelev, Kishimoto, Oh.

—1/2<s5<0 Well posedness: Koch — Tataru, Killip—
Visan — Zhang, Harrop-Griffiths — Killip — Visan

e Fourier-Lebesgue (ug € LP,p < 00):

Vargas — V, Grunrock — Herr.

e At the critical level:

Banica — V, Bravin — V, Guérin.



About the proof

Am = Az ()17 — [Ag, (07 + [Agy )1 — [A;(6)]

rm =1k €7 : 2k/m} m = 2(j1 — j2)(J — J1)

d v —tmt —1
° %lBj(?fN2 = 2Re — Z;,O (Z)e ‘e”""18'B; Bj, Bj,B;

Assuming > |B;|?(j)¢ < 400 RHS is (conditionally) integrable.
Hence:



1B ()" — |a;I’
ei|aff|21gtBj — a;

P =M —[a? M= YIAOF = Zlal
J
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e Intermittency: a; =



The related systems

® Xt = Xa N Xaz (Binormal Flow)

Related to the evolution of vortex filaments (LIA)

Example (i) One corner (Gutierrez — Rivas — V)

ATz x>0
A 2z <0

Xa(0,7) = {

Example (ii) Regular polygons (M-sides)
(Jerrard — Smets, De la Hoz — V, Banica — Bravin — V)

Xe =T T =1 Landau—Lipschitz equation

o I =T NT,, Ferromagnetism (Heisenberg chain)



The conection (Hasimoto’71)

It
T, = ael + Pes
1, = —al
€24 — _BTa

then

u= (a+1i8) satisfies

yu = i(02u + (Jul? — A(t))u)

A(t) eR (Gauge invariance).



e The geometric structure implies that the singularities of u
are “harmless” and the solution can be continued as a geo-
metric object.

e There is however a blow up of the frame of the normal plane
N(z,t) = (e1 + ie2)(z, t).

e The selfsimilar solutions associated to F, are crucial in this
step:



The selfsimilar solutions associated to FE, are crucial in this step:

Xa = Vt G, (a:/\/)

T.(€,1) :

=  Jump (T(400) —T(—)) at £ =0
- Re (e_iGQ lg|£|+i§2_]§7(:|:00)> £ — oo

The matching problem: complete integrability.



X(s.tpq) : tpg = 2m.0/(M?q), M = 3, q = 1260. 2(t) = —1[(X1(0,8), Xa(0,0))]| + iX3(0,8), ¢ € [0.27/A12)
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Resonances and cascade of energy for T

The equation for T' (SM) is
Tt — T N Txa:

¢ T, |* = 0, (flux)

Hence |T,|°dx is a natural energy density.

Moreover

27 , 2w(n+1) 5
| e npag = T, 1)) de
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Theorem  (Banica — V 2021)

Assume
{ a_1=a=ay; a#0

a; =0 otherwise

Then there exists ¢ > 0

supﬁﬂ;(g,t)‘2 > c|lgt] t > 0.
3

e Colliander — Keel — Staffilani — Takaoka — Tao

e Hani — Pausader — Tzvetkov — Visciglia



e This cascade can be understood associated to a linear problem.

(T, e1,e2) orthonormal frame

T, = aeq + Bes

e1, = —al’

€2r = _BT
Tt = - 5:661 _I_ &$€2
err = BT + (Jul* = M(t))es

ear = —a, T — ([ul]* — M(t))e;

a—l—iﬁ—iei@f@ x 1 = u(x,t)
VA ot’t )

(Chevillard et al.)



About the proof

T, = ReuN
N, =uT’
1 e 2t
R nice, T ~T*® z— 400, i O U ~ U.

Vit xr—r

Nf:\/iZar Pt T(x,0) if z—7r>t

r—T

) .x(r—y ].
TxQZa_jarLe’ E )T(T,O) for §>x—r>\/%

X —T
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Energy Transfer (with De la Hoz)

M =3; q=120000; 1920000 freq.

T
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max(| kT3 (k)|
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p/q, where%ed(p, q) = 1
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Figure 10: |v2max;,, [|T1.(tpe)lle — aln(g) — b], for a = 0.258039752572419, b = 0.152992510344641.
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T(8, tyy) 2 1pg = (2m/M3)(p/q), M = 3,q = 1260, p = 500
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