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(1) Uncertainty principles (with L. Escauriaza, C.
Kenig and G. Ponce )

(2) A space time lower bound ( EKPV )

(3) New results ( with M. Agirre )

e A lower bound for a fixed time

e Uniqueness

(4) About the proof.



Hardy's uncertainty principle (Cowling, Price)

Define for & € R”

Then



Morgan and Paley-Wiener

If )
/]f\Qe_le dr < 400
/|ﬂ26_€|p dé < 40
1 1
p D
then u = 0.

Paley—Wiener
Iﬁfvuwzwux<+m,e>m

then fcan not have compact support.



Free Schrodinger Equation

1Au reR"” teR
U

S.E. { u%‘;’




Hence 12

Hardy’s uncertainty principle:

af < 4T then u=0

Time/Energy uncertainty principle (Wave Packets)

|| 2

u(x,t) = . e A+
- 2

\u\2 = ! _2(|t2|+1>

(t2 + 1)n/26
o up(z,t) =u(Rz, R%*) is also a solution.

o uo(x,t) = u(ac, t— to) is also a solution.



Schrodinger Equation with a Potential

u = u(x,t)

Oru = i(A+ V)u r € R"

o e|z_|2u(0) e L?
|2

o e8%u(T) e L? » — u=0

B

e «af small enough |



With C. E. Kenig, L. Escauriaza and G. Ponce

Theorem 2—u € C ([0,T] : L*(R™)) solution of

Ou=1i(A+V)u xeR" tel0,T].

z|2 |z |2

u(O)e|_2 € L? ; u(T)e 72 € L~
and o < 47T, then u = 0.

Hypothesis on the potential:

H1 V = Vy(x) + perturbation with a gaussian decay
Vo real and bounded

H1* V =V(x,t)
T
lim sup |V]dt =0
R— o0 0 |CE|ZR



Theorem 3.—There exists a non-trivial u € C (R : L*(R")) solu-

tion of
Oru = i(A+V)u reR" teR,

with V' =V (z,t) € C and |V (,1)| < 1375, such that

2
|2 ||

u(0)e = € L? ; u(l)e #* € L2,




About the proofs in the constant coefficient case (key words):
» Uncertainty principle:

e Positive Commutators.

» Hardy’s theorem:

e Analyticity, Cauchy—Riemann equations,
Log convexity.

e Liouville’s theorem.



Log-Convexity (a dynamic uncertainty principle)

S symmetric; A antisymmetric:

&;v — (S + A)U

H(t) = (v, ) + (v, v)

(S+ A)v,v) + (v, (S + A)v)
= 2(Sv,v).
H(t) = 2(Svy,v) + 2(Sv,v;)
2((S + A)v, Sv) + 2(Sv, (A + S)v)
4(Sv, Sv) + 2((SA — AS)v,v).



g H(E)" <Z> :HHH;H2
1

= oy [480.50)(0,0) = 4(Sv,0)? 4 2((SA = AS),v))

2((SA— AS)v,v)

1V

Hence if 2((SA — AS)v,v) > 0 then

H{(t)

NIV

H(0)' " H(1)"
More generally if

2((SA— AS)v,v) > (t)(v,v),
then

with



A Particular Example

Ort = 1Au

e|m2|2 =0

H(t) = [[u(®)[|72 = (v(t), v(t))
ov = (elw2|2 z'Ae_lwzlz) v

= i)z —0j)(x; — O;)v
= i(Jz*-22-V-1+A)v

(C-R)



Ov=(S+Av ; Sv=—i2z-V+1v ; Av=i(A+|z]?)
SA— AS = —4A + 4|z|?
<SA — ASU,'U> = 4(||Vo|]* + ||lzv||?) > 4(v,v).
Hence

(g H(t)) =8

and

H(t) < H(0)'""H(1)"
e Therefore u has a gaussian decay for 0 <t < 1!!l

Remark.— If ug has gaussian decay then e**“u, does not necessar-
ily have it for ¢t > 0 (uo = (sigx)e_|$|2> :



A space time lower bound

Theorem (with L. Escauriaza, C. Kenig and G. Ponce).—
Let u € C ([0,1] : H'(R™)) be a strong solution of

iOu+ Au+Vu=0, tel0,1], xe&R"

If
1
/ / (|u\2 + \qu\2) (,t)dxdt < A?
O n

1/241/8
/ / (2, £)dzdt > 1,
1/2-1/8 Jl|z|<1

V| Loe r x[0,1]) < L,

and

then there exists Ry = Rg(n,A,L) > 0 and a constant ¢ = ¢(n)
such that for R > Ry it follows that

, 1/2
o= </ / (Jul* + [Vul?) (m,t)dmdt) (z,t)dzdt > ce™ R .
0 JR-1<|z|<R



Lemma (Carleman estimate).— Assume that R > 0 and ¢ :
0,1] — R is a smooth function. Then, there exists c(n) =
c(n, [|¢'||co + [[¢”||oc) > 0 such that the inequality

53/2

c(n)R?

leclEre®eal g1, < |7l re®al’ Ga, + A)g,

holds when o > ¢(n)R? and g € C$°(R"*!) has its support con-
tained in the set

{(az,t) : ‘% +g0(t)61‘ > 1}



Theorem (with M. Aguirre).— Let u € C([0,1] : Hﬁ)c
solution of

(R™)) be a

Oru = i(Au+ V(x,t)u)
u(x,0) = ug(x)

where V' € L>*(R" x [0,1]) is a complex potential and

|V || Loe (mm xj0,17) < L

Let R; > Rp > 0 be such that for some ¢y > 0,

/ |u0\2d:c = 0(2),
Br,

and

sup / (Ju(z, t)]? + |Vu(z, t)]?)dz = A* < +o0.
0<t<1J Bpg,

2
Then there exists t* = min <R3, L2 80’313, (1263132 )2> such that if
0<t<tfandp> Ry

2
(lu(y, )P+5/Vyuly, ) )dyds > 2

2
pc(n) 2

t
t /t/2/p<1+s/t><|y<p<1+s/t>+x/%



Theorem.— Assume that for any ug € H!(R") there exists a
unique solution u € C([0,1] : H*(R™)) of

u=i(A+V(z,t))u zeR", te€(0,1)

U(ZB, O) = Uo,

with V e L™ (R” x [0, 1])
If there exist R; — oo, j € N such that for some u

lim — ec(” = / / u(z, 8) 245 |Vu(z, s)|” deds = 0,
tl0 1 t/2 R(1+s/t)<|y|<g 1+s/t)+Vt

then u = 0.



About the proof
Lemma.— If u(y, s) verifies
Osu =i(Au+V(y,s)u+ F(y,s)), (y,s) € R" x[0,1]

and o and [ are positive, then

(e, t) = ( vapB )n/zu( Vapx Bt )647;((3(1@5125@
" \a(l—t) + pt a(l —t)+ Bt a(l —t)+ Bt

verifies

with
- B af vaBz pt
Vo) = a2 (a(l —t)+ Bt al -6+ 5t>
and
) ) JaB n/2-+2 JaB Bt 4i(§_16—)t|m—||—2t
Flat) = <a(1 —t) +Bt> g (a(l —t)+ 8t a(l—t) +5t> e



The goal is to use Carleman’s estimate (referencia) in a suitable
way so that we can control both u and Vu by the initial data. For
this purpose we want to build a function g with specific functions.
First, let v > 1 and define R = Rg,/7. Define also the following
cut-off functions, Or,n € C°(R™), ¢ € C*(|0,1])

1L <R NENEY
93(9"')—{0, 2> R+1 ”(f”)—{ | < 3/2

)

(4, te[3/8,5/8
p(t) = { 0, te0,1/4]U[3/4,1]



We define the new unknown v,

v(z,1) = o) 2u(a(t)z, s(t))e 28 (2 ) e R™ x [0,1]

Given vy, define o, 8 and s

@ 1 _ 1 o
(87 = -
V2L =) + 712 7 A2(1—t) T A1/2
1 1
B(t) = — < <4
1—t+~1 ~Q—t)+t = 1—t+~l
s(t) 1 1

R TR

4
Y



We use all the information gathered above to define the function g
as follows:

g(z, 1) = Op(x)n (% + gp(t)el) o(z,t) , (z,t) € R™ x [0,1]

R = Roy'/?

Observe that due to the nature of the test functions, g is compactly
supported and,

e g=10pvon (z,t) € {lz| <R+ 1} x[3,8,5/8]
o V,u(z,t) = a(t)V2e sFOIF (o) Vu—if(t)z-u)

o suppg C {|% + pe1| > 1}
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