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The Operator

e b =iHY ; H=Ho+V , o =1(x,1)

1
e Hy=-aV +mp

[/

o H:! = —A+m?

a-a=1 a = (o)
af +af =0
ajop+ora; =0  jF#k ; af=1 ' =1,2,3

o If z € R? then ¢ = ( i ), ¢, x € C? (spinors).
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e V: “critical )\V ()\> V()

—A
Example: Coulomb V = ﬁ]l
x




(General Questions

(a) Self-adjointness.

(b) Spectrum: Characterization of the ground state by the “right
inequality”.

Similar questions for a non linear V always assume some
smallness condition on V.

(c) What is a small/big perturbation of Hy?



The Laplacian

H=-A+V, V(r)eR
(M )= [V + [VIfI?

(a) V>0 or [|V]f?<1 [|Vf]

(b) min {[1VP+ VIR (v <0)

1 £l 2=1
Example: V(x) A
xample: V(z) = —
. ]2
2
ﬂ < 4 |Vf|2 (Hardy’s inequality)
3

R3 |$|

7 = f(le) / 1) Pdr < 4 / T2 ()P

A>—1/4



Dirac: aj =

Remark: If (Hy +

—V(—x), o = ( Xo( -
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n the spectrum is (—oo, —m] U [m, 00).



Coulomb Potential

A
OHO—H

(a) Self-adjointness: Rellich ’53, Schminke 72, Wust ’75,
Nencim 76, Kato 80— ’83 (Kato—Nencin inequality)

Final answer: |A| < 1.

(b) “Ground state” (A > 0) Minimization process (Dolbeault,
Esteban, Séré ’00):

— Variational inequality for ¢ (w = ( zz ))

— Hardy—Kato—Nencin type inequalities (Dolbeault,
Duoandikoetxea, Esteban, Loss, Vega ’04 ’07).
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Electrostatic Shell Interactions:

) ¢ R3 bounded smooth domain
o = surface measure on 09X

N = outward unit normal vector field on 9f2

Electrostatic shell potential V) = Adsq:

A
A €ER, Va(p) = 5 (p+ +¢-)

¢+ = non-tangential boundary values of ¢ : R3 — C4
when approaching from Q or R°\

Electrostatic shell interaction for H: H + V)



(a) Self-Adjointess

IfAN#4+2 = H+ YV, is self-adjoint on D(H + V).

[Arrizabalaga, Mas, Vega, 2014],
more general [Posilicano, 2008]
(2 ball — [Dittrich, Exner, Seba, 1989]

a € (—m,m)

—vm2—a? |z|
a € ; X
% (x) = pp [a +mpB + (1 —v/m? — a2 |a:|) i - W]

= fundamental solution of H — a
DH+Vy) = {go . o =¢° x (Gdzx + gdo), G € L2((R)3)* g € L?(69)4,
A(9° % (Gda))| g = — (1+2C80) 9)}

where Cjq(g)(z) = lim . ¢*(x —y)g(y)do(y) , = € ON.
r—Y|>€



A = 4 [Durmieres, Bonafos, Vega ’17]: Essentially self-
adjoint.

g€ H2(X) if A\? # 4. Boundary identity is in H'/2(X).

g ¢ H'/2(X) if A2 = 4. Boundary identity is in H~1/2(X).

o —4(C (- N))2 =1 N : outer normal

o {oz-N,CgQ} =a-NCYq + Chqa- N
=i{CL —Cxs}

Cy : Calderén projector operator.

Ci — C. is a compact operator.



(b) Point Spectrum on (—m,m) for H + V)

Birman—Schwinger principle: a€(—m,m), A& R\ {0},

ker(H+Vy—a)#0 << ker(%—l—CgQ) # 0

(problem in R?) (problem in 0Q)

Properties of C3,, a¢€|[-m,m]|:

(a) C&, bounded self-adjoint operator in L2(9)%.

3
. 5 1 _ multiplication
(b) [CBQ (c - N)] = _ZId' (a V= Zl a;iN; operator )
J:

(a)
! > (042 0) <2
ker (X+C§Q) £+ 0 { j Al >N (02) >0 and A\ (09) <

— A <A (092) < 400 and A, (002) > 2

Therefore, ker(H +Vy —a) #0 = |A| € [A(0Q), Ay (09)]



Main result:

Question: How small can [A;(02), A, (69)] be?

(Isoperimetric-type statement w.r.t. §2)
(Find optimizers)

Examples:  C R? bounded smooth domain

1
e Isoperimetric inequality: Vol (Q)? < 26 Area (69)°.

e Pdlya—Szego inequality:

-1 v probability
dv(x)dv(y)
Cap = 1nf Borel measure
47I'|£L‘—y| suppv C

1/3

Cap () > 2(67*Vol (Q)) <—  [Pdlya, Szegd, 1951]

In both cases, = holds <= () is a ball.



Theorem [AMV2016].— Q C R® bounded smooth domain. If

Area(09) 1

m — > —F=

Cap() ~ 4v2

then

sup {|\| : ker(H + V) —a) # 0 for some a € (—m,m)}
2
> 4 mArea(@_Q) v Area((?_Q) N 1
Cap(£2) Cap(€2)* 4

inf {|A| : ker(H + V), —a) # 0 for some a € (—m,m)}
2
<4 (_mArea((?Q) N \/m2 Area((?_Q) N 1>

and

Cap(£2) Cap(€2)? 4

In both cases, = holds <= () is a ball.



Proof:

1

(1) ker (m +ng) £0) —

CgQ — (H — a)_l

—

—

1
Céada = O Igall = 1
1 1 )
Aa)  Aa) (92> 9a) = (CdaYas Ja)

;a (/\(la)) ~((H —a)""9a, 9a) = |(H — @) ga|l* > 0

(assume g, independent of a)



K
1@ =4 | = g%
1 . ~
Wf(z)= yym 21_1;% |a:—'y|>ez .0

[W—



1 m m 1
ker(x+059)7é0 — CaQQ=X9 9=(Z)

2mKpu+Wh = —ip,
—
Wup = —lh
=7

U 3 € L2(80)2, f+0 such that (—STmKH—/l\—gW)f:o

Multiply by f and integrate on 9:

2
decreasing 4 2 8m T _ 2
el (;) [ w3 kpg= [ i

>0

Quadratic form inequality:

2
Ao =infdA>0: (é) W2+ [ krF< [ 1f2 vfeL209)?
A) Jaa A Joq o0

[Esteban,Séré, 1997]



Theorem [AMV2015].—

1
w)4Gmeg+¢EWK%Q+i)

<o <4 (m|[Klloa + v/m?[K[Bq + W)

(b) If)\>0andker(§+0g§')) #0 = A< ).

1
(c) If \g > 2v/2 (<—> (—), equality is attained and minimiz-

4v/2
ers — ker (i + 05’53) # 0.
AQ



Recall Birman—Schwinger principle:

i (A(Z)) ~{(H =) ga,ga) = [I(H — a) "' gal* > 0

(assume g, independent of a)

This suggests another way of obtaining the ground state for the

Coulomb potential V (x) = —W:
x

m”—a” ﬁS/‘(loz-vwwﬁﬂz)w
1

m? ]

2
]

(Arrizabalaga, Duoandikoetxea, Vega ’13; Cassano,
Pizzichilo, Vega ’17)

The inequality is optimal and it is achieved for A > 0 by the ground

2 _ 2
— 1
state of V,(z) = _m—d

m2 x|



The proof is a consequence of the ‘uncertainty principle”.
o 2Re (S, AY) = ((SA — AS)yp, ¢y if §* =95 and A* = —A.

e 2Re <A1'¢,A2¢> = —<(A1A2 -+ A2A1>’¢,¢> if AT = —Al and
A% = —A,.

In our case the right choice is:

2Re (- V4+i(mB+a)),1+0-L)1la- —(mp+a)).

} oo
Aq S A
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Ingredients of the proof:

1

(1) The monotonicity of A(a) in ker (— + ng) reduces the

(2)

(3)

Aa)
study of (x) to a = £m.

The quadratic form inequality relates
sup{|A| : ker(H + V) —a)) #0 for some a € (—m,m)}

in (%) with the optimal constant of an inequality involving
the single layer potential K and a SIO. (Here appears the

1/44/2)

Isoperimetric type statement for K in terms of Area (0€2) \
Cap (92).



Review :

(3) — Isoperimetric—type result for Aq.

(2) — Theorem (b) and (c) ensure

Aq = sup{|A| : ker (1/X + Cjg) # 0}.

(1) — Use monotonicity to replace “for some a € (—m,m)” by
a=m.



1
(3) @ball = [W5a=/

(“ - » Hofmann, Marmdejo—QOlea, Mitrea, )
Pérez—Esteva, Taylor, 2009

— Ao =4 (mIIKllaQ +v/m?| K3 + ||W||g9)

(2 general,
inf D
do(y) do(xz) _ Area(09)
K||9q = sup Kf-f> / / 2 Q
| Klaq Pl ||f||aQ 20 Am|x — y| o(0N2) Cap (Q2)

(f=1)

”

(“ = <= ()is a ball: Gruber’s conjecture)



e Neumann eigenvalue problem (2 C R?)

/

—Au = pu in Q @) C
< = m(Q) <
| X =0 on a0 Y= Area ()
[Szegs, 1954]
(disks give “=")

e Steklov eigenvalue problem (2 C R?)

[ Au=0in Xt

| py —wuon o Length (0€?)

[Weirstock, 1954]



Free Dirac operator in R°: H=—ia-V+mp
(m =mass > 0)

0 o 0 o 0 o
a = (a17a27a3) — (( 31 01 ) ) ( 82 02 ) ) ( ’0_\3 03 ))
17 \1 0 270 A N0 Q- |

(L 0 Z=p=1; i=123
B_( ) = {{ai,ﬁ}={az‘»aa’}=0 i #j

(Clifford Algebra Structure)

'

H local version of v/—A + m2

H? = (A +m?I; = ( Istorder symmetric differential operator

| Introduced by Dirac (1928) — electron



a € (—m,m)

e—vVm?—a?|z|

A7 ||

¢ () =

[a+m,8+ (1—\/m2—a2|:c|) o - #]

= fundamental solution of H — a

D(H+V3) ={¢: ¢=¢"x(Gdo+gdo), G € L*((R)?*)* g € L*(99)",

A (¢0 * (de)) |aQ == (1 + ’\CgQ) 9)}

where Cpq(g)(z) = lim ¢*(z —y)9(y)do(y) , © € ON.

e—0 |:L‘—y|>€

If A\ #+2 = H+ V), isself-adjoint on D(H + V}).

|[AMYV, 2014], more general [Posilicano,2008|
Q2 ball —[Dittrich, Exner, Seba,1989]



