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The Operator

• @t = iH ; H = H0 + V ,  =  (x, t)
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|x|



General Questions

(a) Self–adjointness.

(b) Spectrum: Characterization of the ground state by the “right

inequality”.

Similar questions for a non linear V always assume some

smallness condition on V.

(c) What is a small/big perturbation of H0?



The Laplacian

H = ��+ V , V (x) 2 R

hHf, fi = R |rf |2 + R
V |f |2

(a) V � 0 or

R
|V ||f |2 < 1

� R
|rf |2

(b) min
kfkL2=1

n

R

|rf |2 + V |f |2
o

(V  0)

Example: V (x) =
�

|x|2Z

R3

|f |2

|x|2  4

Z

R3

|rf |2

f = f(|x|)
Z 1

0
|f(r)|2dr  4

Z 1

0
r

2|f 0(r)|2dr

� > �1/4

(Hardy’s inequality)



Dirac: ↵j =

✓
0 b�j
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◆
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Remark: If (H0 + V ) 0 = a 0,  0 =

✓
�0
�0

◆
and eV (x) =

�V (�x), e 0 =

✓
�0(�x)
�0(�x)

◆
, then (H0 + eV ) e 0 = �a e 0.

In particular if V = 0 then the spectrum is (�1,�m] [ [m,1).



Coulomb Potential

• H0 �
�

|x|

(a) Self–adjointness: Rellich ’53, Schminke ’72, Wust ’75,

Nencim ’76, Kato ’80– ’83 (Kato–Nencin inequality)

Final answer: |�| < 1.

(b) “Ground state” (� � 0) Minimization process (Dolbeault,
Esteban, Séré ’00):

– Variational inequality for �

✓
 =

✓
�
�

◆◆
.

– Hardy–Kato–Nencin type inequalities (Dolbeault,
Duoandikoetxea, Esteban, Loss, Vega ’04 ’07).



• b� ·A b� ·B = A ·B + ib�A ^ B

• b� x

|x| b� ·r =
x

|x| ·r+ ib� x

|x| ^ r = @r �
1

r

b� · L

• (1 + b� · L)2 � 1





(a) Self-Adjointess

If � 6= ±2 =) H + V� is self-adjoint on D(H + V�).0

@
[Arrizabalaga, Mas, Vega, 2014],

more general [Posilicano, 2008]

⌦ ball �! [Dittrich, Exner, Seba, 1989]
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�2
= 4 [Durmieres, Bonafos, Vega ’17]: Essentially self-

adjoint.

g 2 H1/2
(⌃) if �2 6= 4. Boundary identity is in H1/2

(⌃).

g /2 H1/2
(⌃) if �2

= 4. Boundary identity is in H�1/2
(⌃).

• �4

�
C0

@⌦(↵ ·N)

�2
= N : outer normal

•
�
↵ ·N,C0

@⌦

 
= ↵ ·NC0

@⌦ + C0
@⌦↵ ·N

= i
�
C⇤
± � C±

 

C⇤
± � C± is a compact operator.

C± : Calderón projector operator.



Therefore, ker(H + V� � a) 6= 0 =) |�| 2 [�l(@⌦),�u(@⌦)]

(
(a)
=) |�| � �l(@⌦) > 0 and �l(@⌦)  2
(b)
=) |�|  �u(@⌦) < +1 and �u(@⌦) � 2

(b) Point Spectrum on (�m,m) for H + V�





Theorem [AMV2016].– ⌦ ⇢ R3
bounded smooth domain. If
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In both cases, = holds () ⌦ is a ball.







[Esteban,Séré, 1997]





Recall Birman–Schwinger principle:

d

da
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�(a)

◆
⇠ h(H � a)�2ga, gai = k(H � a)�1gak2 � 0

(assume ga independent of a)

This suggests another way of obtaining the ground state for the

Coulomb potential V (x) = � �

|x| :

m
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(Arrizabalaga, Duoandikoetxea, Vega ’13; Cassano,
Pizzichilo, Vega ’17)

The inequality is optimal and it is achieved for A > 0 by the ground

state of Va(x) = �m

2 � a

2

m

2

1

|x| .



The proof is a consequence of the ‘uncertainty principle”.

• 2Re hS , A i = h(SA�AS) , i if S⇤ = S and A⇤ = �A.

• 2Re hA1 , A2 i = �h(A1A2 +A2A1) , i if A⇤
1 = �A1 and

A⇤
2 = �A2.

In our case the right choice is:

#
A1

2Re h(↵ ·r+ i(m� + a)) , (1 + � · L) ↵ · x

|x| (m� + a)i.
#
S

#
A2
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